Commun Nonlinear Sci Numer Simulat 68 (2019) 1-14

Contents lists available at ScienceDirect

Commun Nonlinear Sci Numer Simulat

journal homepage: www.elsevier.com/locate/cnsns

Research paper

The risk matrix of vector-borne diseases in metapopulation )
networks and its relation with local and global Ry S

A. Anzo-Hernandez"* B. Bonilla-Capilla®, J. Veldzquez-Castro?, M. Soto-BajoP,
A. Fraguela-Collar®

A Facultad de Ciencias Fisico-Matemdticas, Benemérita Universidad Auténoma de Puebla, Avenida San Claudio y 18 Sur, Colonia San
Manuel, 72570, Puebla, México

b Cdtedras CONACYT - Benemérita Universidad Auténoma de Puebla Facultad de Ciencias Fisico-Matemdticas, Benemérita Universidad
Auténoma de Puebla, Avenida San Claudio y 18 Sur, Colonia San Manuel, 72570, Puebla, México

ARTICLE INFO ABSTRACT

Article history: The basic reproduction number Ry is an index worldwide commonly used by public health

Received 16 February 2018
Revised 30 May 2018
Accepted 5 June 2018
Available online 26 July 2018

Keywords:

Basic reproduction number
Vector-borne disease
Metapopulation networks
Human mobility

organizations as a key estimator of the severity of a given epidemic. In this work we use
a Lagrangian approach to model vector-borne diseases (SIR-SI) into a metapopulation net-
work in order to derive an expression of the basic reproduction number and we analyze its
dependency on human mobility. We prove that this index can be computed by evaluating
the spectral radius of the risk matrix W, whose entries Wj; are the number of secondary
cases in patch j produced by the inclusion of a single infected human in patch i. Based on
the risk matrix, we propose a risk index which locally describes the epidemic vulnerability,
while Ry give us an estimation of the global vulnerability. Further, we numerically analyze
the effect of human mobility over the values of Ry in a system composed of two and three

patches, and for a network connected in a star topology configuration.
© 2018 Elsevier B.V. All rights reserved.

1. Introduction

Vector-borne diseases, particulary those transmitted by mosquitoes, are one of the most important concerns in public
health, mainly due to its growing impact and fast spreading in endemic areas. In particular, Dengue (DEN), Zika (ZIKV)
and Chikungunya (CHIKV) are the main three arboviruses that are transmitted to humans via the bite of two mosquito
species (among the 3500 mosquito species in the world) named Aedes aegypti (Stegomyia aegypti), which is adapted to a
peri-domestic environment and urban areas [1]), and Aedes albopictus (Stegomyia albopicta). For instance, Dengue arbovirus
causes approximately 100 million annually at worldwide level, mostly in tropical and sub tropical countries [2]. In addition,
according to the World Health Organization [3], in June 2016, 61 countries reported cases of ZIKV disease, and in May
2017 such a number grew up to 84. Currently, CHIKV have received considerable public health attention due to its recently
incursion in the Americas, with 146,914 confirmed cases in 2016 [4].

How and where a vector-borne disease will occur is one of the main research problems in epidemiology. Since these
mosquitoes rarely travel long distances (the maximum dispersa of Aedes aegypti is ten meters and, Aedes albopictus one is
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400-600 m [5]), one of the key factors to amplify or dampen a disease outbreak is the mobility of people among different
spatial regions [6-8,11,12]. Take as an example the recent spread of ZIKV in Americas, which according to the analysis pre-
sented in [13], it is estimated that the first introduction of ZIKV occured in Brazil between the Soccer Confederation Cup in
2013 and the Soccer World Cup in 2014, and the subsequent spread over 47 countries was caused by the daily human flow
[13]. This reflects the importance of incorporate, in the classical SIR epidemiological models, the human mobility among
different geographical zones, ranging from urban areas inside a city to global tracks between countries.

In this context, the metapopulation models, widely used in Ecology [14], have been considered in the study of disease
outbreaks. An early work in this direction can be traced back to the model of sexually transmitted diseases presented by
Arino and van den Driessche [15], which were extended later to other types of diseases as those transmitted by mosquitoes
[16].

In order to formulate a metapopulation network model, firstly the geographic territory is partitioned into patches, each
one occupied by individuals; next one consider a network of patches by adding links among them if humans of a given patch
moves towards another patch. Currently, there are two perspectives about how to model mobility of humans in a network
of patches [8]: in the first one, named the Eulerian approach, people emigrate into a neighboring patch in which they settle
as new residents. In the second one, named the Lagrangian approach, people spend a fraction of their day at some patch (by
work or personal reasons) and then return to its own patch after that. Because of the features of a vector-borne disease, in
this work we make use of the Lagrangian approach, from which human mobility is described by the dwell-time parameters
pjj, that stand for the fraction of the day that residents from patch i spend in patch j [5,17]. It is worth mentioning that
agent-based models (ABM) are another methodology currently used to analyze vector borne diseases in metapopulations
models [9]. Such models let us track spatial and temporal factors like population density and dynamics in heterogeneous
populations. However, ABM requires significant computing resources.

An important quantity in Epidemiology is the basic reproduction number Ry. This quantity represents the secondary
cases generated by an individual inside a totally susceptible population [20]. In simple single patch epidemic models this
quantity can be derived from the stability analysis of the system, but it can also be calculated directly from the model and
its meaning [10]. With the stability analysis it is also proved that if Ry <1, then the disease-free equilibrium (DFE) state
is asymptotically stable, and unstable if Ry >1 [19]. In multi-patch models the traditional interpretation of Ry is not valid
anymore because the secondary cases generated by the insertion of an infected individual depend on the patch of insertion.
For this reason, in multi-patch models it becomes necessary to employ the NGM methodology. This method consists in
decomposing the Jacobian matrix into two matrices called the transmission and transition parts; from which the NGM is
determined [20]. Ry is then the spectral radius of the NGM. In this models Rj is used to indicate when the disease free
equilibrium is stable or unstable [18]. On the other hand, Keeling and Rohani [10] gave a biological interpretation of this
value as “the average number of secondary cases arising from an average infected individual in an entirely susceptible
population, once initial transients have decayed”. Even with this interpretation, it is difficult to calculate Ry directly from
the model and even more from a vector borne disease.

An analysis and an inspiring work for our research is the result presented by Bichara and Castillo-Chavez in [5]. There, a
metapopulation network model for vector-borne diseases is proposed assuming a SIS epidemic model for humans and a SI
framework for mosquitoes, and considering that the network is composed by N human groups and M patches occupied just
by mosquitoes. That is, the system is a bipartite network from which an expression of Ry is obtained in terms of the spectral
radius of products of matrices. Further, it is also shown in [5] that the DFE state is globally asymptotically stable (GAS) if
Rg <1, and the endemic equilibrium state is GAS if Ry > 1, under the assumption that the dwell-time matrix P = [p;;]n«n is
irreducible.

On the other hand, based on the Bailey - Dietz model, which considers a metapopulation system with human migration,
Iggidr et al. [21] distinguish three different Ry involved in this type of systems: (a) the global one derived from the NGM
methodology, (b) the uniform one, obtained by assuming that the patches are homogenous, and (c) the local one (which
we denote as Ry;, with i the label of the patch), obtained when the patches were disconnected. Furthermore, the authors in
[21] derive an expression for Ry assuming that the mobility time-scale within the patch is larger than when it is compared
to either the demographic or epidemiological time scales, where some additional parameters are included such as the vector
alternative blood sources.

In this same direction but assuming a reduced system of two connected patches, Lee and Sunmi [22] consider a SEIR
(Susceptible - Exposed - Infected - Recovered) framework for humans and a SEI for mosquitoes, and analyze three human
mobility scenarios: (i) unidirectional motion, (ii) symmetric bidirectional, and (iii) asymmetric bidirectional motion. In other
words, they fix the values of the dwell-time parameters p; while varying the local reproduction numbers Ry; and Rgy; in
order to show that larger asymmetry in the mobility patterns lead to larger final epidemic sizes.

In this paper we show that for vector-borne diseases Ry can be found as the spectral radius of a risk matrix W of
dimension N x N. This allows to greatly reduce the computational difficulty of finding Ry. In addition to this, we give an
interpretation for the elements of W making it possible to calculate them directly from the model. Specifically, the entries
Wj; are the secondary infection cases that are generated in patch j due to the inclusion of a single infected human in patch i
and because of the human mobility among patches. In this sense, the risk matrix describes the mobility influence of a given
patch over the propagation of a vector-borne disease in the entire metapopulation network.

In order to show these results, we used a specific model where the dynamics of each patch is described by a compart-
ment SIR model for humans and SI for vectors. Two patches are connected if humans travel between them; that is, from the
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Lagrangian approach, we assume that the dynamical network is connected with weighted and directional links described by
the dwell-time parameters pj;.

Once having the expression for Ry, we numerically analyze the case of two patches, where we explore three possible
scenarios: (a) the local basic reproduction number of patch i is Ry;>1 and Ry; < 1; (b) both indices are smaller than one;
and (c) both are bigger than one. We find the values of p; for which the disease outbreak is triggered or not in each patch.
Next we extend this study to the case in which a third patch, with label k and local basic reproduction number Rg; > 1,
is connected to the above system of two patches. Here we analyze the effect of the out-flow and in-flow of humans in
the new patch k and we observe that the in-flow can produce a major number of secondary infection cases in the entire
metapopulation network. We found two potential effects of human mobility in a system. The first one is that it can trigger
a disease outbreak in a metapopulation (Ry> 1) even if for the same patches but without human mobility there isn’t an
outbreak, i.e. Ry; <1, Vi. The second one is that in certain cases, human mobility can dampen a disease outbreak (Ry<1)
compared to the same isolated patches, i.e. 3 i such that Ry; > 1. Finally, we study the case of N patches connected in a
star topology configuration and we find the values for the dwell-time parameters that can reduce the number of infected
humans in the central patch.

This paper is organized as follows: in Section 2 we present some preliminaries. Specifically, we describe a single pop-
ulation model with the SIR-SI epidemic model for vector-borne diseases. Next, we use this model to describe the NGM
methodology. In Section 3 we find the basic reproduction number for a metapopulation network connected in an arbitrary
topology configuration. In Section 4 we analyze numerically the effect of the mobility for a system of two and three patches,
and for a metapopulation network with a star topology configuration. Further, we assess the basic reproduction number for
each one of the above examples by varying the dwell-time parameters. In Section 5 we present some concluding remarks.

2. Ry for a single and isolated patch

With the aim of deriving a mathematical model for a metapopulation network with human mobility, first we describe
the compartmental local model SIR-SI which describes the vector-borne disease dynamics of an isolated patch; i.e., when it
is not connected to the network. Taking this model into account, we obtain the expression of the local basic reproduction
number following the NGM methodology.

2.1. Single population model

Consider an isolated patch i occupied by a homogeneously mixing population of Np; humans and N,; vectors. Further-
more, assume that human population is classified at every time instant ¢ as susceptible S;(t), infected I;(¢t), and recovered R;(t)
(with Np; = S;(t) + [;(t) + R;(t) Vt), while vector population can be classified into susceptible M;(t) and infected Vj(t) (with
N, (t) = M;(t) + V;(t)). Other compartments can be incorporated to the model, as for example the exposed hosts or vectors
in aquatic phase, which includes egg, larva and pupa states [23]. In this paper we do not incorporate other compartments
because we are more interested in the general properties of vector-borne diseases. Hence we use a SIR (Susceptible-Infected-
Recovered) model for humans and a SI model for vectors, given by the following set of nonlinear differential equations:

. S
Si = wpi(Np = 5;) — ,BiviNill. ,
1
; S:
hUMAns ) i — (g, + pa)ls + lgiViNi;' : M
1

Ri = yili — pwiRi,

M; = Aj — piM; — ﬂiMi% ;
vectorsq I hi (2)
Vi = —poiVi + BiMi— .

Np;

Here, B; is the number of vector bites per human per time unit. Then, 8;V;S;/Ny; is the total number of susceptible hosts
that become ill by the bite of the infected vectors, and S;M;I;/Ny; is the total number of susceptible vectors that contract
the arbovirus due to their interaction with the fraction I;/Ny; of infected hosts. On the other hand, uy; and w,; are the per-
capita birth and natural mortality rates in humans and vectors respectively, and y; is the per-capita human recovery rate.
In this model we assume that the natural growth of susceptible vectors is described by the constant recruitment rate A;. In
Table 1 we present some numerical values from the above described parameters reported in the literature for the Dengue
case [24,25].

In order to illustrate the dynamics of the vector-borne disease for a single and isolated patch, we show in Fig. 1
the numerical solution of the SIR-SI model (1) and (2), by using the fourth order Runge - Kutta method (RK4) and the
parameters values given in Table 1, with 8 =0.67, and initial condition S;(t = 0) = 10,000, ;(t =0) =1, R;(t =0) =0,
M;(t =0) = 8,000, Vi(t =0) =0.
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Fig. 1. Numerical solution of the SIR-SI model (1) and (2) with the fourth order Runge-Kutta method (RK4) and with the parameters values given in
Table 1; with B; = 0.67, and initial condition S;(t = 0) = 10,000, [;(t = 0) =1, Ri(t = 0) = 0, M;(t = 0) = 8000, V;(t =0) = 0.

Table 1
Description and parameters values of the SIR-SI model (Eqgs. (1) and (2)) for the Dengue case [24,25].
Parameter  Description Numerical value
i Per-capita birth/mortality rate of humans (per day, per capita) 4.57 x 10~ humans/days
i Per-capita mortality rate of adult female mosquitoes (per day, per capita) 1/8 mosquitos/days
Vi Humans recovery rate (per day, per capita) 1/7 humans/days
A; The constant recruitment rate of vectors 1000 mosquitoes/days
Bi Effective vector biting rate (global number of bites, per day, per mosquito)  [0.2,0.67] bites/mosquitoes x days

2.2. Computing the local Ry; with the NGM methodology

The key idea in the Next Generation Matrix (NGM) methodology is interpreting the infection process as a demographic
one with consecutive generations of infected individuals. Such a process can be characterized by the NGM, since the basic
reproduction number is defined as the spectral radius of the NGM [20]. In what follows we briefly explain this methodology
using the SIR-SI model (1) and (2) as an example. In order to distinguish between the basic reproduction number for a
metapopulation network and the basic reproduction number of a single patch (when it is isolated from the network), we
denote with Ry; the local basic reproduction number of the ith patch.

The first step consists in separating the compartmental model into two subsystems: infected compartments, also named
the infected subsystem, and the disease-free subsystem. For the SIR-SI model (1) and (2), the infected subsystem is com-
posed by the state variables x = (x1,X;) = (I, V;) € R%, while the state variables y = (S;, R;, M;) € R correspond to the
disease-free subsystem. Then the right-hand side of the infected subsystem is split as follows:

fi=— ol +BViS;, and Vi=— uuVi +BMil;, 3)
S~ — =
Hxy)  Ti(xy) Ha(xy) T(xy)

where we have defined oy; = ¥; + Wy, S; = S;/Np;, and If = I;/Np; in order to reduce the notation. Here, #; (for k=1, 2)
incorporates the transition terms (births, deaths, disease progression, and recovery), while 7 is the rate of appearance of
new infections (i.e the transmission term) [26]. The selection of the transition and transmission terms of Eq. (3) should be
performed by considering the following assumptions [19,26]:

H,(0,y) =0 and T7,(0,y) =0, for all y>0 and k =1, 2. That is, the first condition says that there is no immigration
from disease-free subsystem to the infected one; and the second condition states that all new infections arise from the
infected compartment only.

H(x,y) < 0 whenever x, =0 for k=1, 2. The above says that each element of the transitional term represents the net
outflow and must be negative (inflow only).

Te(x,y) > 0 for all nonnegative x and y, and k = 1, 2. This means that new infections can only be produced.

Z%ﬂ Hy(x,y) > 0 for all nonnegative x and y, i.e. the total outflow of all infected compartments is nonnegative.

The disease-free subsystem (corresponding to I; = V; = 0) has an unique equilibrium point (S;, R;, M;) = (Np;, 0, Aj/yi)
which is globally asymptotically stable.
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Fig. 2. Schematic representation of the interaction between two patches.

It is straightforward to show that the selection of the transition and transmission terms defined in (3) satisfy the above
assumptions. Next, we compute the following matrices:

. - 0 1
we Gl | = (% )= | al A o) )
X Ipdasa Hoi Xk Ipd 22 WyiNhi

for j,k=1,2, and where D = (Ny;, 0,0, A;/1L,;, 0) is the disease-free equilibrium (DFE) state. The matrices H and 7 are
called the transition and transmission matrices respectively. It is straightforward to note that the above process is equivalent
to linearize the infected subsystem around the DFE state and rewrite the resulting Jacobian matrix as J = 7 — H.

The matrix K = 7#~! is called the NGM [20] which, for the SIR-SI model (1) and (2) becomes:

o B
K= A, Hevi
" NyiOhiui

Hence the local basic reproduction number is given by the spectral radius p(K) of the NGM. Then, by using the charac-
teristic polynomial p(A) = det(K — AI,) (with I, the 2 x 2 identity matrix) we get the following mathematical expression of
Rg; (for the SIR-SI model (1) and (2)):

A.
Roi=pK) =B | ——1 . (5)
o 'V Nyionin;

For the parameters values given in Table 1, the local basic reproduction number for a single and isolated population is
Rg; = 4.48. According to the results of Diekmann et al. [20], the DFE state is asymptotically stable if Ry; <1 and, it is unstable
otherwise.

In the next section we use this NGM methodology in order to get an expression of the basic reproduction number for a
system of N connected patches.

3. Ry for a metapopulation network and the risk matrix W

In order to get a mathematical expression for the basic reproduction number Ry in a system of N connected patches, we
first derive the model from the Lagrangian approach by assuming that the dynamics of each patch is given by the SIR-SI
model (1) and (2) and the connection among patches is described by human mobility patterns. After that, we use the NGM
methodology in order to derive an expression for the basic reproduction number Ry of the metapopulation network.

3.1. Metapopulation network model

We consider a network composed of N patches, each one inhabited by an homogeneously mixing population of Ny
humans and N, vectors, where k € {1,2,..., N} is the patch label. Let Si(t), I(t), Ri(t) be the number of residents that are
susceptible, infected and recovered; let M, (t) and V,(t) be the number of susceptible and infected vectors in the kth patch,
respectively.

We assume that there exists a flux of human mobility among patches, while vectors remain in the same patch all the
time (in Fig. 2 we draw an schematic representation of the human mobility between two patches). In order to incorporate
human mobility in the SIR-SI model (1) and (2), we consider the dwell-time matrix P = [p;;]y.n, Whose entries p; >0, for
i,j=1,...,N, describe the fraction of time during a day hosts in patch i spend in patch j [5,17]. The dwell-time matrix
should satisfy Y} ; p;; = 1 for all i.

The effect of human mobility in the spread of a vector-borne disease is introduced by substituting the last term at
right hand of the Eq. (1) by the function f;, which describes the human mobility over the metapopulation network of
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susceptible residents from kth patch, and how they contract the arbovirus due to the bite of infected vectors that live in
patches that they visit. Additionally, the last term at right hand of the Eq. (2) is replaced by the function g, which describes
the human mobility over the metapopulation network of the infected residents from any patch, and how they interact with
susceptible vectors in patch k. In this context, the SIR-SI model with human mobility between the N patches is expressed
as the following system of 5N non-linear ordinary differential equations:

Sk = tnk(Nnke = Si) — fi (S Iv)
e ==+ e + fie (S Iv)
Patch kR = Vil — iRy . (6)
My = Ay — pyeMy — 8k (M, In)
Vie=—tucVi + 8 (M., In) ;

where k=1,2,...,N is the index that label each patch; ppr, Uy Yk and Ay are the parameters described in Table 1 for
the kth patch; Iy = (V1,V;,...,Vy) and I, = (I, I, ..., Iy).

Let wy; = Z’;’zl p:iNp, be the effective number of humans that spend their time in patch i, including both own residents
and visitors of the neighboring patches. We interpret wy; as the tourist attraction of the patch i since it indicates the amount
of humans that daily visit it. Then, the term Sipy;/wy; is the proportion of susceptible humans that travel from patch k to
patch j and, I;pjy/wy is the proportion of infected hosts of patch j that travel to patch k. With these terms we can define
the functions f; and g, for patch k as:

al SkDkj
fiCSisIy) = Z,ijj W ‘] , (7)
j=1 h
and
Mo t) = 3 v, 1P (8)
gk My, Ip) = kkth-

j=1

The dynamical behavior of the metapopulation network (6) for N=2, N =3, and for N = 6 patches connected in a star
topology configuration, and for different values of the dwell-time pj;, it will be illustrated in the section Numerical examples.
But before that, in the next section we compute the basic reproduction number Ry using the NGM methodology described
previously.

3.2. Computing Ry with the NGM methodology

As we described in the previous section, in order to get the NGM we separate from the Eq. (6) the infected subsystem
as follows:

fe=-omh + fiSelv).
~— ~——
Hik Tk
Vie=—puVe  + My, In);
~—— ~———
Hak Tok
for k=1, ..., N. Here, op = ¥ + 1p- It is straightforward to show that the collection of transition functions Hj, Hy; and

transmission functions 7y, 7 satisfy the assumptions proposed in [19,26] and also described in the Section 2.2 of this
paper. Then, the transition and transmission matrices are given by:

R ] [ 931y ] di
. : 1ag{ Oy @
| L M ol L Dol | g{on} N
I IHy;i ] [ OHy;i ] 10) di .
=T v N iagf{ ey}
L% Ipdnen L %5 Ipdnen 2NN
and
[ ATy [ OTqi
a; D:| W On [7iPijIyn
L DAINxN
T = L NxN o
% ] % ] [KiPjily.n On 2Nx2N
| L "V IDINxN L "/ IDANxN
for i,j=1,...,N. Here, diag{o;} is a Nx N diagonal matrix, Oy is the null matrix of dimension N, n;; = B;Np;/wy;, and

Ki = IBiAi//’LUiWhi- Note that the DFE state is D = (Nh], 0,0, Ay/mp1,0, ..., NhN’ 0,0, AN/tyN, 0) e RN,
Then, according to Diekmann et al. [20], the NGM is given by the following 2N x 2N block matrix:

a1 (On B
K=TH _(B” ON)’ (9)
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where B = [1;p;;/ityjIn<n and BV = [k;p;i/opjInxn for i, j=1,....N.
Using the result given in [27,28] for the determinant of a block matrix, and the property det(«A) = odet(A) with A a
square n x n matrix and o R, we get the following characteristic polynomial of the NGM (9):

_ph
—p0v) = MV B et |aty — B! (Aly) B |det ATy | = det 221y — W] .
—-B”  Aly
Here, Iy is the N x N identity matrix and we have defined W = B"BY, whose entries are given by:
Nui \2 N N,
W;; =R(2),-< ﬁ ) piipji‘i‘ZR%k(%)pikpjk (10)
1 —
~ ’li;} hk
! Dir

Ro; is the local basic reproduction number for the ith patch (given by Eq. (5)), p; = Ny;/wp; represents the density of
residents from patch i and ¢;; = Ny;Np; /wﬁ f is a gravitational-like term that amplifies or dampes the influence of the mobility
of the residents of i.

The above result shows that the basic reproduction number is the square root of the spectral radius of the W matrix,
that is:

Ro=+/pW). (11)

It is worth noting that in the absence of mobility (py; =--- = pyy =1 and p;; = 0Vi # j) we get W = diag{R%], . ..,R%N}
and the basic reproduction number for the metapopulation network becomes equal to the maximum of the local basic
reproduction numbers Ry;. This reflects the fact that even in the absence of mobility, the index Ry is able to indicate that
a disease outbreak can occur in the metapopulation network although it only occurs in a single patch. As a side note, due
to its relation with the risk matrix, the global Ry (Eq. (11)) also depends on the parameters described in Table 1 throughout
the local Ry; (Eq. (5).

On the other hand, it is worth highlighting the case of N =2 patches (Fig. 2), from which we get the following charac-
teristic polynomial of the 2 x 2 matrix W:

A2+ Wy Wiy 4492
p(A) = Wy 02 Wyl T A — A Trz(W) + det(W),
where
Wi = piphi RS + ¢12bhRS (12)
Wiz = p?pupaRS + ¢p1ap12p22R’, ; (12)

and Wy,, W5, are obtained by changing 1 — 2 in Eq. (12). Since the dwell-time parameters are always positive, the maximum
eigenvalues and therefore the exact expression of Ry for two patches is given by

1/2
Ry = /p(W) = % (Trz(W) +/(Trz(W))2 — 4det(W)) . (13)

Note that in the particular case in which there is not human mobility, ie. pj; = pp;1 =0 and py; = pyy = 1, the risk
matrix is given by W = diag{R3 . R2,}. That is, the eigenvalues of W are A, = R3, and A, = R%,. which implies that Ry =
max{Ro1, Rgz}. On the other hand, when the mobility is extreme, that is, the residents of a given patch spend most of
their time in the other patch, we have that p;; ~p,; ~0, which implies that p;; ~p,; ~ 1. According to (12), we have that
W~ diag{q&uR%z, ¢21R(2n}, which implies that Ry = max{\/qERoz, \/ER()]}. Furthermore, in this case the gravitational-like
terms are ¢15 = Nyy/Np; and @1 = Ny /Ny = 1/¢12, while, according to Eq. (12), the risk in patch 1 is Wy = ¢12R(2)1 and
in patch 2 is Wy, = R(Z)Z/qﬁu. From the above expressions we corroborate that if Ny, > > Ny, then the risk in patch 1 could
increase while in patch 2 could decrease.

On the other hand, we propose to call W the risk matrix for the metapopulation network, since we can assess with its
entries Wj; the secondary cases generated in patch j due to the presence of an infected human in patch i and the human
mobility among patches. The above is calculated under the assumption that the residents in all the patches are in the
susceptible state. It is worth mentioning that Wj; is similar to the basic reproduction number in the sense that it estimates
the severity of the disease over the patch j due to the inclusion of an infected human in the patch i.

With the entries of the W matrix we define the risk of a vector-borne disease in patch j due to the presence of an
infected human in some neighboring patch as follows:

N
Risk in patch j=)"W,;. (14)
k=1
In the next section we use the expressions of Ry for two patches (Eq. (13)) and N patches (Eq. (11)) and the patch risk
(Eg. (14)) in order to analyze, numerically, the effect of the dwell-time parameter p; on the values of the basic reproduction
number.
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a) R, for the case 1 ; ' b) P1»=0.4 {:md P2; =0.8

— Patch1
== Patch2
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P12 time

Fig. 3. (a) Ry for the case 1 (Rg; = 1.04841 and Ry, = 0.89536) and for different values of the dwell-time parameters. (b) Dynamics of the infected humans
in each patch with p;; = 0.4 and py; = 0.8, from which Ry = 0.97662. (c) Dynamics of the infected humans in each patch with p;; =0.99 and p,; = 0.7,
from which Ry = 1.119.

4. Numerical examples

Due to the great variety of factors involved in a metapopulation network, including the topology configuration, the num-
ber of patches, the heterogeneity on the local parameters, the direction of the links, in this section we select some specific
scenarios to illustrate the role of human mobility on the dynamics of the vector-borne disease. In particular we numerically
analyze the two and three patches systems, and a network of patches connected in a star topology from which we obtain
some conclusions that are expected to be valid for more complex topologies.

4.1. The two patches system

In order to illustrate the effect of human mobility on the disease spread of two patches (Fig. 1), in particular to the value
of Ry, we assume that both subpopulations have the same number of humans (Nj; = Ny; = 10,000) and the same entomo-
logical parameters and human birth-mortality rates given in Table 1. Hereafter, we will use these same parameter values in
all the numerical examples to define the dynamics of each patch. In what follows, we select the constant recruitment rate
of vectors A; (for i = 1, 2) according to the criteria A; < Nhiahiuﬁi/ﬂiz for selecting the local basic reproduction number such
that Ry; <1; or we select A; > NhiUhiM,z,,-/ﬂiz to guarantee that Ry; >1 (See Eq. (5)). The different values of the parameter
A; in each patch can be interpreted as a scenario with ecological diversity in the metapopulation network, where some
geographical zones have better conditions for the vector reproduction (as climate, temperature, pluviosity).

We consider the following three cases of study: Case 1) without mobility, the local reproduction number of patch 1 is
Rg1 > 1 and Rgy <1 for patch 2. This case is selected in order to look for the possibility that even if Ry; > 1 the mobility
could led to a global Ry < 1. Case 2) both are smaller than one (Ryp; <1 and Ry, < 1). In this case, we analyze if the mobility
could make an epidemic to appear Ry > 1 even when without mobility there would not be an epidemic. Finally, case 3) both
are bigger than one (Rg; > 1 and Ry, > 1). This case is chosen to investigate the possibility that human mobility could avoid
an epidemic to appear in this extreme situation.

Case 1: We search for the existence of values for the mobility p; that could avoid an epidemic. In absence of human
mobility (p = p21=0) this case is characterized by a potential outbreak in patch 1 (Ryp; > 1) but not in patch 2 (Ryp, < 1).
Here we consider A; =55.4208 and A, = 40.4208; using Eq. (5) we get the following values for the local reproduction
number: Rg; = 1.04841 and Ry, = 0.89536. In Fig. 3a we show the values of Ry (see Eq. (13)) by varying the dwell-time
parameters pi; and p,; in the range [0,1].

In Fig. 3b we show the dynamics of human infections in both patches. In this example we select the dwell-time parame-
ters p13 = 0.4 and p,; = 0.8, which according to (13), the basic reproduction number is Ry = 0.97662; that is, the DFE state
is stable and thus there would not be a global epidemic. Furthermore, the risk in patch 1 (defined according to Eq. (14)) is
1.00552 and for patch 2 is 0.895318. We observe that the risk index is a good indicator of local outbreaks.

As an other example of the risk index utility to predict local outbreaks, we select p;; = 0.99 and p,; = 0.7, from which
Ro = 1.07184; and the risk in patch 1 is 0.630716 and 1.27012 for patch 2. In Fig. 3c we can see that a disease outbreak
occurs mainly in patch 2 as indicated by the risk index, even though its local basic reproduction number is less than one.

Case 2: We want to know if human mobility can led to an outbreak even if in the absence of mobility there would not
be one. In this case we select A1 = 47.4208 and A, = 49.4208; which according to (5), the values of the local reproduction
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a) R, for the case 2 _ b) p;2=0.3 and p,; =0.98
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Fig. 4. (a) Ry for the case 2 (Rg; = 0.9697 and Ry, = 0.9900) and for different value of the dwell-time parameters. (b) Dynamics of the infected humans
in each patch with p;; = 0.3 and p,; = 0.98, from which Ry = 1.0614. (c) Dynamics of the infected humans in each patch with p;; =0.98 and py = 0.2,
from which Ry = 1.0505.

a) R,,, for the case 3 Riis b) Infected hosts for p,; =0.4 and p; =0.2

— Patchi
1.09 0.8 L,
== Patchj

1.0

0.8

1.06
0.6 1 A
= ><( 0.0
o c) Infected hosts for p;; =0.3 and p; =0.99
0.4l 1.04
1.03
0.2 1.02

0.4 0.6 : 1.0
Pi;

Fig. 5. (a) Ry for the case 3 (Ry; = 1.0005 and Ry, = 1.0002) and for different value of the dwell-time parameters. (b) Dynamics of the infected humans in
each patch with pi; = 0.5 and py; = 0.7, from which Ry = 1.0012. (c) Dynamics of the infected humans in each patch with p;; = 0.97 and py; = 0.3, from
which Ry = 1.0664.

numbers are Rg; = 0.9697 and Ry, = 0.9900 for patch 1 and 2 respectively. In Fig. 4a we show the values of Ry by varying
the values of the dwell-time parameters in the range [0,1]. As a first example, we select p;; = 0.3 and p; = 0.98, and
using Eq. (5) we get Ry = 1.0614. We thus conclude that human mobility can drive to an epidemic. Even more, by using
Eq. (14) we get that the risk in patch 1 is 1.3107 and for patch 2 is 0.6098, that is, a disease outbreak is observed mainly in
patch 1 as we can observe in Fig. 4b. On the other hand, by selecting p;, = 0.98 and p,; = 0.2, we get Ry = 1.0505 and the
largest number of infected humans occurs in patch 2 (Fig. 4c); whose risk is 1.2955 while for patch 1 is 0.6251. We observe
that the local risk as defined above is a good indicator of the local severity of the outbreak.

Case 3: This set of simulations are selected to evaluate the risk index as an estimator of the epidemic severity in each
patch. For this case we select A =50.4408 and A, = 50.4708; then, according to (5), the values of the local reproduction
numbers are Ry; = 1.0002 and Ry, = 1.0005 for patch 1 and 2 respectively. In Fig. 5a we show the values of Ry by varying
the parameters p;, and p,; in the range [0,1]. In this case there are not values for Ry less than one. Thus we weren't able to
find a value for the mobility that can avoid a global outbreak when both local Ry; > 1. Even throw, we observe that the risk
index of each patch indicates which one will be more affected by the epidemic. For example, if p;; = 0.5 and py; = 0.7, we
get from Eq. (5) that Ry = 1.0012 and, the risk is 1.042 for patch 1 and 0.9589 for patch 2. On the other hand, if we select
P12 = 0.97 and pp; = 0.3 we get Ry = 1.0664 and the risk in patch 1 is 0.6723 and in patch 2 is 1.3290, which according to
Fig. 5¢, it is the patch with the highest number of infected humans.
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a) Patch 3 b) Patch 3

Patch 2 Patch 1

Fig. 6. The proposed scenarios for the human mobility in three connected patches. (a) An out-flow of humans of patch 3 to patch 1 and 2 is described by
the dwell-time matrix Poy. (b) An in-flow of humans that comes from patch 1 and 2 and arrive to patch 3 is described by the dwell-time matrix P;,.

a) Ry for N=3 patches g b) p3;=0.2 and p3;=0.6

— Patch 1 [
== Patch 2

0.8 Patch 3 /|

0.6

P32

C) P33 =0.6 and p3; =0.4

0.4

0.2

0.2 0.4 0.6 0.8 ' o 20 40 60 80 100
P31 time

Fig. 7. (a) Ry for N = 3 patches (Rg; = 0.7767, Ry = 0.8953 and Ry3 = 4.5643) and for different values of the dwell-time parameters in the matrix Pyy. (b)
Dynamics of the infected humans in each patch with p3; = 0.2 and p3; = 0.2, from which Ry = 2.0215. (¢) Dynamics of the infected humans in each patch
with p3; = 0.6 and p3; = 0.4, from which Ry = 3.2817.

4.2. The three patches system

Here we extend the numerical analysis of two connected patches by assuming that a third one is added. In order to
analyze the effect of the mobility caused by the residents of the new patch, which we label with the index 3 from now on,
we assume that its local reproduction number is such that Ry3 > 1, while for the other patches are Rg; <1 and Ry, < 1. That
is, we consider that without the third patch, the DFE state for the two patches system is stable.

We propose the following two scenarios: (1) in the first one there exists an out-flow of humans of patch 3 to patch 1
and 2 (See Fig. 6a) and (2) there exists an in-flow of humans that comes from patch 1 and 2 and arrive to patch 3 (See
Fig. 6b). For the first and second scenario, we propose the following dwell-time matrices:

05 049 0.01 0.9 - p13 0.1 D13
Ppe=105 049 0.01), P,= 0.1 09—-px3 p2a;
D31 D32 P33 0 0 1

with p33 =1 — p3; — p3y. It is worth noting that we have fixed the values of the dwell-time parameters between patches 1
and 2 such that the Ry between them is smaller than one. Even more, for the Py,; matrix we have assumed that pj3 = py3 =
0.01 in order to guarantee that the value of the effective population in patch 3 (also named the patch touristic attraction
Wp3) is @ nonzero number.

In Fig. 7a we show the values of the reproduction number Ry by assessing the spectral radius of the risk matrix (Eq. (11))
constructed with Py and varying the dwell-time parameters p3; and ps; in the range [0,1]. We select the constant recruit-
ment rate of vectors for each patch as A =30.4208, A, =40.4208 and A3 = 1050.42; with these values we get the fol-
lowing local reproduction numbers (Eq. (5)): Rg; = 0.7767, Rgy = 0.8953 and Rg3 = 4.5643. In Fig. 7b we show the dynamics



A. Anzo-Herndndez et al./Commun Nonlinear Sci Numer Simulat 68 (2019) 1-14 11

a) R, for N=3 patches Ry __b) p13=0.05and py; =0.87
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Fig. 8. (a) Ry for N = 3 patches (Ry; = 0.9900, Ry, = 0.9491 and Ry3 = 4.5643) and for different values of the dwell-time parameters in the matrix P;,. (b)
Dynamics of the infected humans in each patch with p;3 = 0.05 and p,3 = 0.87, from which Ry = 2.3713. (c) Dynamics of the infected humans in each
patch with py3 = 0.4 and py3 = 0.2, from which Ry = 1.9761.

© Susceptible resident of patch i 4 Susceptible vector
O Infected resident of patch i A Infected vector

Fig. 9. A network with N = 6 patches connected in a star topology configuration.

of the infected humans in each patch with p3; = 0.2 and p3, = 0.6. With those values in the dwell-time parameters, the
reproduction number of the three-patch system (Eq. (11)) is Ry = 2.02156. The risks (Eq. (14)) in patches 1 and 2 are 0.8138
and, for patch 3 it is 5.9219 which corresponds to the patch with the highest number of infected humans. On the other
hand, a major damage occurs in patch 1 and 2 when p3; = 0.6 and p3; = 0.4, from which Ry = 3.2817, as we can see in
Fig. 7c. It is worth noting that for these values of the dwell-time parameters, the risk (Eq. (14)) in patch 1 and 2 is 10.9185,
while for the patch 3 is 0.4885. Showing again that the risk index is an indicator of local outbreak intensity.

Next we evaluate R, for a second example for which we use the P; matrix and we select the following values of the
constant recruitment rate of vector for each patch: A; =49.4208, A, = 45.4208 and A3 = 1050.42; from the above values
we get the following local reproduction numbers (Eq. (5)): Rg; = 0.9900, Ry, = 0.9491 and Ry3 = 4.5643. In Fig. 8b we show
the dynamics of human infections for p;3 =0.05 and p,3 = 0.87, from which using Eq. (11), we get Ry = 2.3713 and the
risk (Eq. (14)) in patch 1 is 19082, in patch 2 is 5.915, and in patch 3 is 6.4373. It is worth noting that the patch 1 has
the smallest risk value and for that reason, it has the smallest number of infected humans as we can see in Fig. 8b. On the
other hand, in Fig. 8c we show the dynamics of human infections for p;3 = 0.4 and p,3 = 0.2, from which Ry = 1.9761 and
the risk in patch 1 is 3.6078, in patch 2 is 2.070, and in patch 3 is 6.6656. It is worth noting that in the above example, the
maximum risk value corresponds to the patch with the highest number of infected humans.

4.3. A network with star topology configuration

We consider a network with N = 6 patches connected in a star topology configuration (see Fig. 9). Scale-free networks,
for example, are characterized by the presence of central nodes (or hubs) which are connected with a great number of
nodes compared with the rest of the nodes. In order to study the effect of human mobility over the disease dynamic in
the metapopulation network, we consider a situation where the local reproduction number of the central patch is bigger
than the rest of the patches as we describe in Table 2. Here we assume that each patch is occupied by Ny; = 10,000 (for
i=1,...,6) residents and we select the constant recruitment rate of vectors such that the local reproduction number in
each patch is bigger than one in each patch (See Table 2). Then the introduction of an infected human in any patch will
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Table 2

The selected numerical values of constant recruitment rate of
vectors in each patch for the star network. We also show the
corresponding values of the local reproduction numbers Ry;
(Eq. (5)) and the patch risk (Eq. (14)) for each case explored
in the numerical examples.

Patch A Roi Risk (case 1)  Risk (case 2)
1 60.421 1.094 1386 1414
2 65.421 1139 1524 1539
3 70.421 1.182 1.754 1.770
4 75421 1.233 1477 1513
5 80.421 1263 1728 1.736
6 180.421 1.891 1.771 1.081
a) Case 1 b) Case 2
500
400
400
300
300
= =
= 200 =
~ ™ 200
100 100
0 0
0 100 200 300 400 500 0 100 200 300 400 500
Time Time
Patch 1 Patch 2 Patch 3 Patch 4 === Patch 5 mm—— Patch 6

Fig. 10. Disease dynamics of the model (6) for N = 6 patches connected in a star topology. a) case 1, where the dwell-time matrix is Pcse1 (Eq. (15)) and
b) case 2, with dwell-time matrix given by Pz (Eq. (16)).

cause a disease outbreak as we see in Fig. 10a, where we solve numerically (using the fourth order Range-Kutta method)
the system (6) by introducing an infected human in the central node and using the following dwell-time matrix:

0.634 0 0 0 0 0.365
0 0.546 0 0 0 0.453
0 0 0.326 0 0 0.673
Pease 1 = 0 0 0 0.668 0 0.331 (15)
0 0 0 0 0.464 0.535

0.1666 0.166 0.166 0.1666 0.1666 0.1666

With this matrix and using Eq. (11), the reproduction number Ry of the star network is Ry = 1.277 and the risk of a
vector-borne disease for each patch (Eq. (14)) are given in Table 2. As we see in Fig. 10a, the central patch is the most
affected by the disease outbreak since 4.214% of its population become infected (also note that it is the patch with the
highest risk value), while for the patch 1 is 3.223%, for patch 2 is 3.635%, for patch 3 is 4.118%, for patch 4 is 3.682% and for
patch 5 is 4.244%.

Next, by reducing the flux of the residents of patch 6 to other patches (that is, reduce pg;, for i =1,...,5) we can change
the dynamics of human infections of the central patch as we show in Fig. 10b, where we solve numerically the system
(6) with the following dwell-time matrix:

0.634 0 0 0 0 0.365
0 0.546 0 0 0 0.453
0 0 0.326 0 0 0.673
Pease 2 = 0 0 0 0.668 0 0.331 (16)
0 0 0 0 0.464 0.535

0.0188 0.0188 0.0188 0.0188 0.0188 0.905

It is worth noting in Table 2 that for this second case we reduce the risk of the central patch (the patch with label 6)
from 1.771 to 1.081. Even more, for this second example the central patch has the smallest value in the risk index which,
according to the numerical simulation, is reflected in the fact that such patch has also the smallest value in the number of
infected humans. In specific, the number of infected residents of patch 6 is 3.063%, while for the patch 1 is 3.318%, for patch
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2 is 3.877%, for patch 3 is 4.592%, for patch 4 is 4.082% and for patch 5 is 4.794%. Compared with the case 1, we also reduce
the reproduction number (Eq. (11)) to Ry = 1.258. However, the cost of reducing the epidemic outbreak in the central patch
is to increase an average of 0.484% the number of infected humans in the other patches.

5. Concluding remarks

Using a metapopulation network model with human mobility and the Next Generation Matrix (NGM) methodology, we
prove that it is possible to evaluate the basic reproduction number R; for vector-borne diseases by calculating the spectral
radius of the risk matrix W, whose dimension is N x N (with N the number of patches). The entries of Wj determine the
secondary infections that are generated in patch j due to the inclusion of an infected human in patch i into a complete
susceptible system. The use of the matrix W reduce the computational difficulty of calculating Ry, because of in the NGM
methodology it is necessary to find the spectral radius of a 2N x 2N matrix. We prove that the elements of W depend on
dwell-time parameters py, the local basic reproduction numbers Ry, for i =1,..., N (that is, the basic reproduction number
of each patch when it is not connected), the densities of humans, and the gravitational-like term Ny;N,; /wﬁ i where Ny; and
wy,; are the number of residents and the tourist attraction of the ith patch, respectively.

We relate the matrix W with a risk index based in [17]. This index can be used to locally evaluate the vulnerability of
each patch, while the R can be used to estimate the disease damage globally. Using these theoretical results, we numerically
study the parametric sensitivity of Ry with respect to the dwell-time parameters p;. By means of particular cases we found
two non trivial effects on Ry due to mobility. The first one is that even if the local Ry; of the patches is less than one, human
mobility can led to a global Ry greater than one. The second one is that even if one local Ry; is greater than one, particular
values of the mobility led to a global Ry less than one. This suggests that in a disconnected stable scenario, i.e. Ry; <1, Vi,
some structures of human mobility can trigger a disease outbreak in the metapopulation network (Ry > 1). On the contrary,
in an unstable disconnected scenario, i.e. 3 i such that Ry; > 1, human mobility can dampen the disease outbreak (Ry < 1).
Furthermore, we observe that for a metapopulation network connected in a star topology configuration, it is also possible to
reduce the number of infected humans in the most connected patch by decreasing the flux of humans that leave the patch.
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