72 CHAPTER VI

n = 4. We can think of A and B as made up of blocks of size 2x2: A = [A” Alz]

Ay Ap
and B = [B” Blz]. We now calculate matrices Py,...,Ps € Mjyx2(F') as
Bz1 B
above and use them to compute C = Cu Clz] = AB. To do this we need a
Ca1 Ca

total of 49 multiplications and 198 = 7 .18 + 4 - 18 additions, as opposed to 64
multiplications and 46 additions using the ordinary method. In general, if n =
2" then the number of multiplications needed to compute AB by the Strassen-
Winograd method is M(h) = 7" and the number of additions is A(h) = 6(7" — 4").
Thus M(h)+ A(h) < 7"*! and we see that the number of arithmetic operations in
F' needed is on the order of n¢, where ¢ < logs7 = 2.807.. ., as opposed to an order
of n3 by the ordinary method. If n is large, this can lead to a considerable savings
in computational power. More sophisticated algorithms of this sort can reduce the
number of arithmetic operations needed to an order of n¢, where ¢ < 2.4.

Problems

1. Find the linear transformations from Q* to Q3 represented by the matrix

1 3 4
1 4 3
2 1 4

with respect to each of the following pairs of bases:

W NN

(i) {{1,0,0,0),[0,1,0,0],[0,0,1,0},[0,0,0,1]} and {[1,0,0],[0,1,0],[0,0,1]};
(i) {[1,1,1,1],[0,1,1,1],[0,0,1,1],[0,0,0, 1]} and {[1,1,1],[0,1,1],[0,0,1]};
aiy {[1,0,0,1}[0,1,0,1}[0,0,1,1],[0,0,0, 1]} and {[2,0,0],[0,3,1],[0,0,1]};
(iv) {[172’0 0]’[ 1’2)0]’[ 70’172]’[0’0)0’1]} and {[1’2’3]7[2’1’2]7[272’2]}‘

2. Let V be the subspace of R[X] consisting of all those polynomials having
degree at most 2 and let W be the subspace of R[X] consisting of all those polyno-
mials having degree at most 3. Let a: V — W be the linear transformation defined
by a:a+bX +cX?— (a+b)+(b+c)X +(a+c)X2+(a+b+c)X3. Find ®pp(a)
when

(i) B and D are the canonical bases;
(i) B={1,X+1,X’+X+1}and D={X3- X2 X? - X, X - 1,1};
(i) B={X% X,1} and D= {X®*-3,X2-3,X - 1,-1}.

3. Let a:IR3 — R? be the linear transformation defined by
a:la,b,c]— [a+b+ec, b+

Find the matrices which represent « with respect to the following bases:

(i) The canonical bases;

(i) {[-1,0,2],[0,1,1], [3 —1,0]} and {[-1,1},[1,0]};
(i) {(3,-1,0],[0,1,1], [ ,0,2]} and {[1,0}, [-1,1]};
(iv) {[0,1,1] [3,—1,0],[-1,0,2]} and {[-1,1],[1,0]}

)


clopez
Line

clopez
Line

clopez
Line


LINEAR TRANSFORMATIONS BY MATRICES 73

4. Let o be the endomorphism of the vector space R3 defined by [a,b,c] —

[3a + 2b, —a — ¢, a + 3b]. Find ®pp () for each of the following bases B of R3 over
R:
(l) {[1,—1,0],[1,0,—1],[0,1,0]};
(11) {[_1)_1)_1])[2)0,3])[1,2) 3]})
(111) {[1,1,2],[1,0,0],[0, —5)0]}

5. Let a be the endomorphism of the vector space R3 over R represented with

- 0 2 -1
respect to some basis by the matrix [—2 5 —2] . Is & idempotent?
-4 8§ -3

6. Let V be the subspace of R[X] consisting of all polynomials of degree at most
2,and let B = {1,X,X?}and D= {1,1+ X,34+4X + 2X?} be bases for V. Let
1 11
a be the endomorphism of V satisfying ®pp(a) = |:0 2 2j| . Find ®pp(a).
0 0 3

_7. Let V be the subspace of R3 with basis {[1,1,0],[0,1,1]} and let W be the
subspace of R® with basis {[1,1,1,0,0],[0,0,1,1,0],[0,0,0,1,1]}. Let a:V — R?®
be the linear transformation defined by

afa,b,e]—[a+b+c,a+b+c,a—b+c,—2b,0].

Show that im(a) C W and find the matrix which represents o with respect to the
given bases.

8. Let W be the subspace of R® generated by the linearly-independent set
of vectors D = {1,z,e”,ze”} and let § be the endomorphism of W defined by
6: f +— f’. Find the matrix represented § with respect to D.

9. Let D = {141,241} be a basis for C as a vector space over R and let o be
the endomorphism of C given by «:2 — z. Find the matrix representing o with
respect to D.

10. Let F = Z/(3). Let a: F3 — F? be the linear transformation defined by
a:[a,b,c]+ [a—b,2a—c] and let B: F?2 — F* the linear transformation defined by
B:[a,b] — [b,a,2b,2a]. Find the matrix which represents Ba with respect to the
canonical bases.

1 3 1 1 2 2
11. Calculate |2 1 1{|4 3 2| in Maxs3(Z/(5)).
1 2 3 1 4 2
01 2 3
122 If A=1]1 3 4 0| € M3xa(R), find all matrices B € M,y 3(R) satisfy-
3 2 0 1
1 00
mg AB={0 1 0
0 01
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1 -1 2
0 1 2 .
13. If A = 1 3 1l € Max3(R), find all matrices B € M3zxa(R)
2 1 -1
1 00
satisfying BA=10 1 0].
0 0 1
14. Find the set of all matrices A € Myx3(R) satisfying
FER T
A=A|10 0 1].
0 0 0 1 00 0
00 0 0

15. Let n be a positive integer. A matrix [a;;] € My, xn(R) is called a stochastic
matriz if and only if a;; >0forall1<i,j<nand } |  a; =1foralll1<j<n.
Show that the set of all stochastic matrices is closed under matrix multiplication.

1 0 -1 0 4 —-1 -1 0
10 1 0 -1 -1 4 0 -1

16. Do the elements A = 1 0 -1 0 and B = 1 0 9 —1 of
0 1 0 -1 0 1 -1 2

My 4(Q) satisfy AB = BA?

17. Let F be a field, let n be a positive integer, and let H € Mpxn(F) be a
given matrix. Let a: M, xn(F) — M, x,(F) be the function defined by a: A —
AH + HA. Is « an endomorphism of the vector space My xn(F)?

18. Let o be the endomorphism of R* represented with respect to the canonical
bases by the matrix
3 -1 0 0
-1 2 -1 0
0 -1 2 -1
0 0 -1 1

If v € R* is a vector satisfying the condition that all components of a(v) are
nonnegative. Show that all components of v are nonnegative.

19. Let V and W be vector spaces over a field F', which are not necessarily
finitely generated over F. Pick bases {v; | 1 € Q} and {w; | j € A} for V and W
respectively. Let p:§2 x A — F be function satisfying the condition that the set
{7 € A | p(i,j) # Of} is finite for all i € Q and let ap: V — W be the function
defined as follows: if v = Eie[‘ a;v;, where T' is a finite subset of Q2 and the a; are
scalars in F', then a,(v) = Y {a;p(i,j)w; |t € I';j € A}. Show that «, is a linear
transformation and that all of the linear transformations from V to W are of this
form.

20. Let k and n be positive integers and let v € R™. If A € Mgxn(R), show

0 0
that AvT = |:] if and only if AT AvT = |::| .
0 0


clopez
Line


