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Sec. 27 Homomorphisms

(b) If gug™" € U for all g€ G, ue U, prove that U is a normal
subgroup of G.

. Let U = {xyx" 'y~ ' | x,y € G}. In this case U is usually written as

G’ and is called the commutator subgroup of G.

(a) Prove that G’ is normal in G.

(b) Prove that G/G’ is abelian,

(c) If G/N is abelian, prove that N = G".

(d) Prove thatif His a subgroup of Gand H 5 G’, then H is normal
in G.

If N, M are normal subgroups of G, prove that NM/M =~ N/N n M.

Let V be the set of real numbers, and for a, b real, a # 0 let

T:V = V defined by 1,(x) = ax + b. Let G = {1, a, b real,

a # 0)and let N = {1,, € G}. Prove that V is a normal subgroup

of G and that G/N = group of nonzero real numbers under multi-

plication.

. Let G be the dihedral group defined as the set of all formal symbols

X')", i=01 j=0,1,...,n =1, where x? =¢ YV =¢ v=

7 'x. Prove

(a) The subgroup N = {e, »,»*,..., "'} is normal in G.

(b) That G/N =~ W, where W = {l, ~1} is the group under
the multiplication of the real numbers.

Prove that the center of a group is always a normal subgroup.

Prove that a group of order 9 is abelian.

If G is a non-abelian group of order 6, prove that G & S,.

If G is abelian and if N is any subgroup of G, prove that G/N is
abelian.

Let G be the dihedral group defined in Problem 8. Find the center
of G.

Let G be as in Problem 13. Find G’, the commutator subgroup of G.
Let G be the group of nonzero complex numbers under multiplication
and let N be the set of complex numbers of absolute value | (that is,
a + bie Nifa> + b* = 1). Show that G/N is isomorphic to the
group of all positive real numbers under multiplication.

Let G be the group of all nonzero complex numbers under multi-
plication and let G be the group of all real 2 x 2 matrices of the form

( s b , where not both a and b are 0, under matrix multiplication.
~b a

Show that G and G are isomorphic by exhibiting an isomorphism of
G onto G.



