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is a unit in & then &' = & (see Problem 53). If, on the other hand, x is a
unit in &, then 7' e & and the relation &, = xu, becomes 4, = x 'gge d
since A is an ideal of R This implies that &7 = 4; together with 4 = IF
we conclude that I = 4. Therefore there is no ideal of & which fits
strictly between 4 and & This means that 4 iz a maximal ideal of £.

Problems
# 1 In a commutative ring with unit element prove that the relation a is
an associate of & is an equivalence relation.
# 2 In a Euclidean ring prove that any two greatest common divisors of
a and b are associates,
# 3. Prove that a necessary and sufficient condition that the element g in
the Euclidean ring be a unit is that 4{2) = 4(1}.

# 4. Prove that in a Luclidean ring (g, & can be found as follows:
b = g + r;, where dir} < dig
g8 = gf, + t;, where d{r} < dir,}

7, = gary + ry, where din} < d{r)

ra P 'irnr.n

and r, = [a, d).
# 5. Prove that if an ideal {7 of a ring £ contains a unit of & then {7 = &

# 6. Prove that the units in a commutative ring with a unit element form
an abelian group.

# 7. Given two elements a, # in the Fuclidean ring B their feast common
mulliple ce K 15 an element in & such that a |r and & | ¢ and such that
whenever a | x and & | x for x € £ then ¢ | x. Prove that any two elements
in the Euclidean ring & have a least common multiple in &,

# 8. In Problem 7, il the least common muliiple of 2 and & is denoted by
[a, 8], prove that [a, §] = ab(a, b).

3.8 A Particular Euclidean Ring

An abstraction in mathematics gains in substance and importance when,
particularized to a specific example, it sheds new light on this example.
We are about to particularize the notion of a Euclidean ring to a concrete
ring, the ring of Gaussian integers. Applying the general results obtained
about Euclidean rings to the Gaussian integers we shall obtain a highly
nontrivial theorem about prime numbers due to Fermat,
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1) Find all the units in Z[1].
11) If @ + bi is not a unit of Z[i] prove that a? + b > 1.

11) Let © € Z[i] be such that d(7) = p, where p is a prime in Z. Show that 7 is a prime of
Zli].

1v) Show that 2 is equal to the product of a unit and the square of a prime in Z[i].

V) Consider & = 7+ 2i and = 3 — 44 in Z[¢]. Find ¢ and p in Z[i] such that « = fo + p
with d(p) < d(pB).

vI) Use a Euclidean algorithm in Z[i] to find a ged of
a) 8+ 6i and 5 — 15i in Z][i].
b) 3+ 4iand 4 — 3i in Z[i].
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