Sec. 3.1 Polynomial Rings over Commutative Rings

Supplemantary Problams

@
®:

3

@

@
@
@

13.

4.
15.

Let R be a commutative ring; an ideal P of R is said to be a prime ideal
of Rilabe P, a, b & R implies that ae P or be P. Prove that Pis a
prime ideal of R il and only if R/F is an integral domain.

Let R be a commutative ring with unit element; prove that every
maximal ideal of R is a prime ideal.

Give an example of a ring in which some prime ideal is not a maximal
ideal.

If R is a finite commutative ring (i.e., has only a finite number of
elements) with unit element, prove that every prime ideal of R is a
maximal ideal of R.

. If Fis a field, prove that F[x] is isomorphic 1o F[I].
. Find all the automorphisms & of F[x] with the property thata( f) = f

for every fe F.

. If R is a commutative ring, let N = {x e R | 2" = 0 for some integer n}.

Prove
(a) Nis an ideal of R.
(b) InR = RIN if # = 0forsome m then # = 0.

Let R be a commutative ring and suppose that 4 is an ideal of R.
Let ¥(A) = {xe R|x" e A lorsome n}. Prove

(a) N{A) is an ideal of R which contains A.

(b) N(N(4)) = N(4A).

N(A) is often called the radical of A.

. If n is an integer, let J, be the ring of integers mod n. Describe N

(see Problem 7) for J, in terms of n.

If 4 and B are ideals in a ring R such that A n & = (0), prove that
foreveryae d, be B, ab = 0.

IFT R is a ring, let Z(R) = {xe R|xy = yxallye R). Prove that
Z(R) is a subring of R.

If R is a division ring, prove that Z(R) is a field.

Find a polynomial of degree 3 irreducible over the ring of integers,
J3, mod 3. Use it to construct a ficld having 27 elements.

Construct a field having 625 elements.
IT Fis a field and p(x) € F[x], prove that in the ring

g Pl
(plx))
N (see Problem 7) is (0) if an only if p{x) is not divisible by the square of
any polynomial,
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