Sec.2.3 Some Preliminary Lammas
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In the following determine whether the systems described are groups.

If they are not, point out which of the group axioms fail to hold.

(a) G = set of all integers, a-b = g — 5.

(b) G = set of all positive integers, a- & = ab, the usual product of
integers.

() G = ay,8y,..., a5 where

B8 = B4 if {+j7<T,
a8 =59 f i+5727
(for instance, ag 8, = 85, 4.7 = Gy s5inCe S + 4 =9 > 7).

(d) G = set of all rational numbers with odd denormnators, 2+ b =
a + &, the usual addition of rational numbers.

Prove that if G is an abelian group, then for all g, # € G and all integers

a,(a*b)" = a"- b"

If G is a group such that (a -2 = a?- b* for all g, b € G, show that
G must be abehan.

If Gis a group in which (a* ) = a*- b* for three consecutive integers .

i for all a, » € G, show that G is abelian.

Show that the conclusion of Problem 4 does not follow if we assume -

the relation (g« 8)* = a!- b* for just two consecutive integers.
In §4 give an example of two elements x, » such that (x3)? # =2 2.

In §, show that there are four elements satisfying ¥ = ¢ and three
elements satisfying 3 = o

. If G is a finite group, show that there exists a positive integer N such

that g = efor allae G.

(a) If the group  has three elements, show it must be abelian.
(b) Do part (a) if G has four elements.
() Do part (a) if G has five elements.

Show that if every element of the group  is its own mverse, then G
is abelian.

If G 15 a group of even order, prove it has an element a # esatisfying

al = g

Let G be a nonempty set closed under an associative product, which
in addition satisfies:

(a) There exasts an # € G such thatg:¢ = afor alla e G.

(b) Give a e G, there exists an element »{a) € G such that a*y{a) = «.
Prove that & must be a group under this product.
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