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Abstract
Let n,m ∈ N with n ≥ m, and X be
a metric continuum. We consider the hy-
perspaces Cn(X) (respectively, Fn(X)) of
all nonempty closed subsets of X with
at most n components (respectively, n
points). The (n,m)-fold hyperspace sus-
pension on X was defined in 2018 by
Anaya, Maya, and Vázquez-Juárez, to be
the quotient space Cn(X)/Fm(X), de-
noted by HSnm(X). In this work, we
present several recent updates on the
uniqueness of this hyperspace for some
well-known families of continua.

Introduction

Given a continuum X and n ∈ N, we con-
sider the following hyperspaces of X :

2X = {A ⊂ X : A is a nonempty closed subset of X},
Cn(X) = {A ∈ 2X : A has at most n components},
Fn(X) = {A ∈ 2X : A has at most n points},

The hyperspaces Fn(X) and Cn(X) are
called the n-fold symmetric product of X
and the n-fold hyperspace of X , respec-
tively. In 2018 Anaya, Maya and Vázquez-
Juárez, introduced the (n,m)−fold hyper-
space X , denoted by HSnm(X), we mean
the quotient space Cn(X)/Fm(X) obtained
from Cn(X) by shrinking Fm(X) to a point
with the quotient topology [1]. For a con-
tinuum X and n,m ∈ N satisfying that
n ≥ m, the symbol q(n,m)

X denotes the nat-
ural projection q(n,m)

X : Cn(X)→ HSnm(X),
and Fm

X denotes the element q(n,m)
X (Fm(X)).

Notice that q
(n,m)
X |Cn(X)−Fm(X) : Cn(X) −

Fm(X) → HSnm(X) − {Fm
X } is a homeo-

morphism.

Classes of continua with unique
hyperspace HSnm(X)

The following results summarize what we
know about the uniqueness of hyperspaces
for meshed continua and finite graphs.

Theorem
Let X be a finite graph, n,m ∈ N with
n ≥ m. Then X has unique hyperspace
HSnm(X)

Theorem
Let X be a meshed continuum, n ∈ N−
{1, 2}, m ∈ N− {1} with n ≥ m. Then
X has a unique hyperspace HSnm(X)

Classes of continua without unique
hyperspace HSnm(X)

Recall that a continuum X does not have
unique hyperspace HSnm(X) if there exists
a continuum Y such that HSnm(X) and
HSnm(Y ) are homeomorphic, but X and Y
are not.

Theorem
If X is a contractible locally connected
continuum without free arcs and n,m ∈
N such that n ≥ m, thenX does not have
unique hyperspace HSnm(X).

To illustrate this Theorem, take Dn, Dm

dendrites as constructed in [2, 2] with
n,m ∈ N−{1, 2} and n 6= m. Observe that
these dendrites are not homeomorphic, how-
ever HSnm(Dn) and HSnm(Dm) are, since
they are Hilbert cubes ([3, 7.1.10]).

Theorem
Let X be an almost meshed dendrite and
r,m, n ∈ N such that n ≥ m and r ≥ n.
Suppose there exists a contractible closed
subset B of P(X) and pairwise disjoint
nonempty open subsets U1, . . . , Ur+1 ofX
such thatX−B = ⋃r+1

i=1 Ui and for each i ∈
{1, 2, ..., r+1}, B ⊂X (Ui). ThenX does
not have unique hyperspace HSnm(X).

An application of this result can be found
in next section.

A continuum without unique
hyperspace HS(X) but with unique

hyperspace HS2
1(X)

Example
Let m ∈ N and

Z3 = ([−1, 1]× {0}) ∪


⋃
m≥2
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1
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1
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



The following conditions are satisfied
•Z3 is an almost meshed locally
connected continuum without unique
hyperspace HS(Z3).
•The continuum Z3 has unique
hyperspace HS2

1(Z3).

To prove the first part, notice that
P(Z3) = {(0, 0)} and Z3 is not a meshed
continuum. Using last Theorem, it follows
that Z3 does not have unique hyperspace
HS(Z3).

Recall that
G(Z3) = {x ∈ Z3 : x has a neighborhood in

Z3 which is a finite graph},
Consider a homeomorphism φ : G(Z3) →
G(Y ).
Let
GL(Z3) = ([−1, 0)×{0})∪


⋃

m≥2


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
,

GR(Z3) = (0, 1]× {0}) ∪


⋃
m≥2


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Observe that G(Z3) = GL(Z3) ∪ GR(Z3).
Let φ(GL(Z3)) = GL(Y ) and φ(GR(Z3)) =
GR(Y ). Therefore, G(Y ) = GL(Y )∪GR(Y ).
Let θL ∈Y (GL(Y )) − GL(Y ) and θR ∈Y
(GR(Y ))− GR(Y ). Then, θL = θR.

Figure 1:Z3

Figure 2:Y

Let θh ∈ clY (G(Y ))−G(Y ). We may define
a function Φ : Z3→ Y given by

Φ(z) =


φ(z), if z ∈ G(Z3),
θh, if z = θ.

Thus, Φ is a homeomorphism from Z3 into
Y .
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