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Capitulo 1

Preface

The 2nd International Colloquium on Approximation Theory
and Related Topics of the University of Puebla was held in Februa-
ry 2006. Though not excluded a priori, it was not the objective of this
Colloquium to request new research papers but original works or surveys
that present the state of the art in particular subjects in which the authors
are active. This kinds of monographs are useful for our graduate students
as well as for researchers in other areas. With this aim in hands we collect
here several talks of the Colloquium and we emphasize that all papers in
this volume, the ones of the editors included, have been submitted to an
international referee procedure.

I would like to thank the University of Puebla, the Organizing Com-
mittee of the Colloquium, their participants, the anonymous referees and
very special to my friend and also editor of this volume Prof. Dr. Jorge
Bustamante, for their help in the organization and further preparation of
this volume. On behalf of the Approximation people of the University of
Puebla, Mexico, I am very grateful for their indispensable support.

Prof. vDr. Miguel A. Jiménez Pozo
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Capitulo 2

Problems of approximation
in Holder norms

JORGE BUSTAMANTE

FCFM, BUAP, México.

Abstract: A collection of problems related with approxi-
mation in Holder norms is presented.

This paper is result of some lectures that the author read at the Seminar
of Approximation Theory at Puebla State University, in Mexico. Since some
graduate students were working on problems involving Lipschitz norms, it
was convenient to have a list of open problems. Since we think that this
compilation may be useful for other specialists (and for new students), we
decided to publish it. In fact, in [17] some historical comments and motiva-
tion related to problems in Holder approximation where developed. Here we
pay more attention to open problems and the references related with them.

If we try to develop the approximation theory in mixed norms, then it
is natural to ask how the usual results of classical approximation looks like
in the new context. Many of the problems to be presented below are stated
for functions of a real variable, but they can be extended to the multivariate
case. . ‘

One introductory question may be the following: if some approximations
have a good rate of convergence (in some abstract space of functions) it will
be good in another space?. An important idea to be considered is that of
avoiding unnecessary repetitions of arguments. We believe that classical
approximation provides all element to derive results in Holder norms.

9



10 Jorge Bustamante

The paper is organized as follows. In the first section we describe general
method to present Holder spaces in different context and lipschitzian type
moduli of smoothness. Then we state and discuss problems taking into
account the order in which they usually appear in text books. Thus in the

. second section we consider questions related with density and existence and
unicity of the best approximation. Other sections are devoted to problems
of characterization of the rate of convergence of the best approximation,
approximation by linear operators, simultaneous approximation, and other
questions.

2.1 Abstract Lipschitz spaces

The usual way to present Lipschitz spaces is in the context of metric
spaces.

Let (X, d) be a nonempty compact metric space and C(X) the Banach
space of all real continuous functions on X provided with the sup norm. If
a € (0,1], we denote by Lip,(X) the family of all functions f € C(X) such
that

0<d(z,y) d* (LL', y)

A new Banach space is obtained by considering in Lip,(X) the norm

Iflla = | Flloo + Oalf)-

For o € (0,1) the small Lipschitz space is the subspace f € Lipa(X)
given by all functions f such that

Oa(f,t) = sup sup M —0

, t—0.
0<s<t O<d(my)<s  3%(Z,Y)

There are several ways to extend the above notions to other situations.
For instance, in R™ the Lipschitz classes can be introduced with the help
of the Poisson integral or the Weierstrass integral (see [45], [132], [133]) or
in L,[0,1] they can be defined with the help of differences of order r ([21],
[64]). Here we present an abstract approach taken from [14]. This allows us
to simplify the document. In this section E denotes a Banach space.

Definition 2.1.1 A modulus of smoothness on E is a function w : E X
[0, +00) — R* such that:

a) For each fized t € (0,+00), the function w(-,t) is a seminorm on E
and for oll f € E, w(f,0) =0;
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b) For each ﬁxed f € E, the function w(f,-) is increasing on [0, +oo)
and continuous at 0;

c) There exists a constant C > 0 such that for each (f,t) € E x [0 +00),
one has

w(f,t) <C|fl.

Definition 2.1.2 Given a realr > 0, we say that the modulus of smoothness
w is of order r if N(E,w,r) # Ker(w) and N(E,w,s) = Ker(w) for all
s > r, where

Ker(w) = {g € F :supw(g,t) = 0}
t>0

and

N(E,w,r)={f€E: supﬂr’t)<oo}.

t>0 U

Definition 2.1.3 Given a modulus of smoothness w on E and a real o > 0,
we define 0, o(f,0) =0,

(f, s)

Ow,o(f,t) = sup and || fllwe =lIflz +SUP ew,a(f, t). (2.1)

0<s<t

The Hélder space Ew o is formed by those f € E such that || fllw,a < o0 wzth
the norm || f|lw,e. Moreover we denote

Elo={f€Bua: lmbua(ft)=0 }. (2.2)

Let us explain how some known spaces are obtained using the ideas ex-
plained above. Let f : R — R be a uniformly continuous bounded function.
For r € N, the modulus of smoothness cof order r is defined by

wr(f,t) = sup sup | AR f(2) |= sup ||A fll, t>0 (2.3)

where .
' =T .
R@)= Y1y ’(i>f(:v + i), (2.4
=0 . ‘
By definition w,(f,0) = 0.
The same definition is used for the spaces C|0, 1] and Ca, (2m-periodic

continuous functions defined on R, with the sup norm). For C[0,1] we
assume that A} f(z) =0 when z ¢ [O 1] or z +rh ¢ [0,1].
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For 1 < p < oo and the spaces Lp[0,1] and Lpax we consider similar
definitions using the norms

= ([ 150 P ) ” (llfllp = (5 [ 110 P)dt) w) ,

in place of the sup norm.

In practically all the results presented here, we have some approximations
in a classical space and we want to use it as approximations in a Hoélder space.
Of course one can state the problem of taking the good approximations in
a Holder space and analyze if they are good in another Holder space (see
[35]), but this kind of problem will not be considered here.

2.2 Density, existence and unicity

We remark that Lip[0,1] is isometric to Loo[0, 1] via differentiation al-
most everywhere. In almost all the result considered here approximation in
Hélder norms is considered in small Lipschitz spaces.

Assume that {P,} is a family of subspaces of lips (X ) such that UpenFn
is dense in lipy(X) and P, C Pp41. Then the best approximation of f e
lipo(X) by P, in Holder norm is defined by

Ena(f) = inf If = ol

Let us denote by E any one of the following spaces Car, C|0, 1}, Lp][0, 27
or L,p[0,1], (1 < p < 00). When we work with periodic (non periodic) func-
tions we consider approximation by trigonometric (algebraic) polynomials.
We refer to E as one of the classical spaces. For each integer 7 the moduli of
smoothness of order r is defined as in the previous section. The correspon-
ding small Holder space (see (2.2)) is denoted by E,, 0 <r <a. It can
be proved that, in all classical cases, polynomials are contained in Eg,a. For
the best approximation we use the notation Epyro- '

For each f € E?’ ., and n € N there exists at least one element g € P, of
best approximation. That is Epro(f) = ||f — glle- But, in some cases, this
element is not unique. Some characterizations of the elements of the best
approximation in Banach spaces are given in [115]. Let us recall some facts
before presenting the problems.

The space X is said to be strictly convex if all nontrivial convex combi-
nations of two different unit vector have norm less than 1.
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If M is a subset of X, denote by Py(z) = {y € P : [z — ¢l = Epr(z)}.
The set-valued function Pjs, which associates to each z € X the (possibly
empty) set of all its best approximations, is called the metric projection
operator. When Pys(z) is a singleton, for all z € X, M is called a Chebyshev
set. Historical references on Chebyshev sets are given in [73]. An old problem
is to study the connections between the geometric properties of the space and
the properties of the Chebyshev sets. For instance, is it true that in a Hilbert
space all Chebyshev sets are convex (see [65])? A related question is: find a
characterization of Banach spaces for which all Chebyshev sets are convex
(or connected). Partial answers to this question are known. A Banach
space is called smooth if each point on the unit sphere has a unique support
hyperplane. It is not known if in smooth Banach spaces all Chebyshev sets
with a continuous metric projections are convex. A selection is function
1 : X — M such that, ¥(z) € Py(x) for each . When a continuous
selections exists? Continuous selection may exist in case when Py(f) is not
a singleton.

Local continuity of the best approximation have been investigated by
different authors. For instance in [46], [66] and [99] it was proved that the
metric projection operator onto a finite-dimensional Chebyshev subspace of
C[0,1] or Ly[0,1] (1 < p < 2) is point-wise Lip. Notice that this kind of
problem is interesting even when the best approximation is unique. A more
difficult problem is to obtain results like these when there is not unicity.

Problem 2.2.1 Let E be one of the classic spaces, find a characterization
for the elements of the best approximation in the spaces E(l)’a, O<a<l
In particular, how the Kolmogorov criterium looks like?

It is not clear what we mean by a characterization. For the case of contin-
uous functions the Kolmogorov criterium can be manipulated to obtain the
Chebyshev theorem. For the L, space similar conditions are known. These
results have been used to solve other problems, as the study of continuous
selection or the Polya algorithm. We are looking for a characterization that
help us to analyze this kind of problems.

In order to study the last problem some details of Lipschitz spaces as
Banach spaces should be considered. In [90] it is given a description of the
dual and bidual space of the small Lipschitz space of 1-periodic complex
functions on the real line (see also [143]). The idea is to identify lip,(X)
with a subspace of a space of continuous functions vanishing at infinity on
a certain locally compact space and then to use the Riesz representation
theorem. This idea has also been used in [70].
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Problem 2.2.2 If X is one of the classical spaces, does there exist a conti-
nuous selection for the best polynomial approximation for in any the Holder
spaces? Is there a Lipschitz selection (a selections which satisfies a Lipschitz
type condition)?. Is there a continuous linear selection?

It is pointed out in [85] and [145] that there exist Lipschitz set-valued
maps without a Lipschitz selection.

Problem 2.2.3 Polya’s algorithm. Fix f € lipy[0,1] \ II, and let frp
be the element of best approximation for f in Lipp«[0,1] (1 < p < o0),
by polynomials of degree not greater than n. Does the sequence {fnp}

" converges in lip, [0, 1] as p — co? If the limit exists, say g, is g an element
of the best approximation for f in lip,?

- It is probable that, for the last problem, a more convenient norm should
be considered in Lipy o, says

1Flpe = (IFIB + (BpalH))P) .

2.3 Rate of convergence of best approximation

Problems related with constructive characteristic of functions were in-
troduced by Bernstein. Let us show an example due to de la Vallée Poussin
[86] for Cor. If E(f) = O(n™™" %), a € (0,1) and m € N, then

fEWMH ={g: g€ CR, w(g™,t)=0(t*)}

It is usual that characterizations of functional classes are obtained with
the help of the so called direct and inverse theorems. For the case of Holder
approximation this kind of results where given in [15] and [14]. It can be
stated as follows. Let r be a positive integer, o € (0,7) and X, o the small
Lipschitz space corresponding to modulus of smoothness of order r. There
exists a constant C, such that, for each f € X, , and every n € N,

En(f)Xr,a < Orar,a <fa %)

and

br e (f, %) <O S KB (f)x, e (2.5)
k=1

nr—a
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In the case of approximation by algebraic polynomials on the interval [0, 1],
the Lipschitz spaces are defined in terms of the Ditzian-Totik moduli of
smoothness with weight p(z) = /z(1 —z) [37].

Expressions like the one give in (2.5) are called Stechkin type inequalities.
For the case of approximation on classical spaces these inequalities can not
be improved. Let us see some details for periodical functions.

Let A = {)\,} be a decreasing sequence of positive real numbers such
that lim, o An, = 0 and denote

C(A) = {f € Car : Bn(f) < My neNU{0}}.

It is not difficult to prove that C(A) is not empty. Moreover, there exists f
such that E,(f) = An, for all n. This last assertion holds for any Banach
space where there is a family of linear subspaces Ay, such that, dim(A4,) = n,
A, C Apyq in which UA, is dense in F (see [139]).

It is known that (see [52], Th. 1) that there exists a positive constant
C1 and, for each n € N, a constant Co such that

Ci sup wr (f, %) < L Zk’"“l)\k_l < Cy sup wr (f, %) . (2.6)

fec(h) Tt fec(n)

Problem 2.3.1 Prove the analogous of (2.6) for the case of trigonometric
approximation in Holder norms.

Given a function w : [0, 7] — R, w(t) > 0, for t > 0, we define
H,(w) = {f € Cor,wr(f,1) Sw(t),t € (0,]}.

Moreover, if we denote by w? the corrected majorant of order r of w (see
[119]), then for n € N (see [52]),

sup En(f) ~wi(n™h). 2.7)
fEH(w)

Problem 2.3.2 Obtain the analogous of (2.7) for the case of trigonometric
approximation in Hélder norms.

The results presented in [14] and [15] for L, spaces cover thecase 1 <p <
oo. For the classical results concerning best approximation in L,, 0 < p < 1,
see [67] and [128]. ’

Problem 2.3.3 Obtain the direct and inverse theorems for the best ap-
proximation in Hoélder norms for L, spaces, with 0 <p < 1.



16 Jorge Bustamante

Even in the case of best approximation of trigonometric functions, for
1 < p < 0o the estimations given in [15] can be improved. In general, when
we use Minkowski’s inequality to obtain estimates, we will not obtain good
constants. It can be explained because we are dealing with strictly convex
spaces. But other approach are available. One of then is a variation of the
Riesz-Thorin theorem about interpolation of operators. In particular the
ideas given in [69] may be useful to improve the estimation given in [15].
To look for the exact constant (or near exact constants) is necessary for the
point of view of applications. For instance, they are very useful in order to
design numerical algorithms. For the particular case of Ly spaces one can
use the arguments given in [134], [146] and [147].

We present an example taken from [69]. Let

K(t) = % + Z/\k cos(kt), Ap >0.
k=0

be a positive kernel and consider the convolution operator

N

L(f,t)=~ / f(z + K ()t

acting in Ly, 1 < p < 0co. Fix g such that 1/p+1/g = 1. Then, for1 <p <2
1/p

= L(f)llp_21/q / ISR (2t

Notice that the use of generalized Minkowski inequality only provides the
estimate

15 -2 = |7 [Iar@K@a| < [1adfipKae

Other example is taken from [134]. If f (r=1) is absolutely continuous,
then (we consider approximation in Lg 2. )

w/n
En(f) < 4nr— /0 w(f(r)’t)dt-

In last years several papers have appeared concerning with weighted
approximation. We do not want to present here all details. Assume that w
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is a non negative function (a weight) on the interval I (finite or not) and
consider the space Ly(I,w) with the norm

Il = ([ 7P w(o)i) .

The usual changes are taken in passing to continuous functions. If the weight
w is chosen in such a way that polynomials are in L,(I,w) and they are
dense, then a theory of approximation by polynomials can be developed in
the new setting. Different ideas from the theory of orthogonal polynomials
have been used and, in looking for direct and inverse results, the so called
Ditzian-Totik modulus are relevant and Lipschitz spaces appear.

Problem 2.3.4 Obtain direct and inverse results for polynomial approxi-
mation in spaces lipy (I, w) corresponding to a Ditzian-Totik modulus.

Here we do not want to present a long list of references. A good lecture
for introducing in this topic is [93].
2.4 Approximation by linear operators

Let us recall that, for a function f € L1[0, 2], the Fourier coefficients
are defined by

an(f) = % 0277 f(t)cos(nt)dt and bn(f) = % 0% f(¢t) sin(nt)dt,

n € Z4 and (partial) Fourier sums are

a n 27
Suf,) = 243 (@rFeos(h) + be(Msin(kt) = 5= [ FOD(BA
k=1
where n « 1230
1 sin((n +1/2)t

is the so called Dirichlet kernel.

It is known that the Fourier sums of a functions converges to the function
(in norm) in the spaces Ly, for 1 < p < oco. But this is not the case for
continuous functions. Even more this kind of sums does not provide always
the best rate of convergence. This explains why different summations me-
thods have been introduced to analyze Fourier series. One of the most
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popular methods was considered by Fejér in 1904 [42]. The idea was to
replace the Fourier sums by the arithmetic means of this sums. Féjer defined

onlf,) = =5 8l 2).
k=0

The Fejér means of a continuous function f converges uniformly to f.
More general sums were considered by de la Vallée-Poussin. These new
sums are defined by

1

+1 Z Skfam)a 0<m<mn.

k=n—m

Vam(f,x) =
The notion of best approximation is very useful in analyzing the rate of

convergence of other approximation processes. For instance, in the case of
continuous functions one has

| F(2) = Su(f,2) |< (4 +1og(n + 1)) En(f), (Lebesgue, [87]),

| 7@) = on(£,2) 1S =25 Y Br(f),  (Stechkin,  [120)),
k=0

| £5) = Van(£,0) 1<(C+ 23108 =2 ) Bu(f) (Nl [100),
(2.9)

n—m
(1“"%(”m))-

The last estimation also holds for L, (1 < p < co) spaces. Butfor 1 <p < oo
a sharper inequality is known. That is

and (Zakharov, [148])

| f(z) = Vam(f, ) |<

k=n—m

I~ Vam(Pll < -2 3> Bi(s

k=n—m

After the Fejér works different summation methods have been construc-
ted. There are the so called Césaro means and general processes of the
form

m(n)

+ Z Anila(f)cos(kt) + b (f)sin(kt)]  (2.10)
k=1

Mn(faA,t) = %)\L’O
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where A = {\,} is a matrix and some restrictions are needed in order to
obtain convergence. We write

Mo(f, 2, A) =% _ﬁ F@ + ) Ma(t, A)dt,

where
T

M, (t,A) = ?o Z % cos(kt)
k=1

is the the so called kernel of the operator.
Let us see some examples.
1) When A\¢ =1 (k=0,--- ,n) the method agrees with the partial sums

of the Fourier series Sy(f) and the kernel is the Dirichlet one (2.8).
2) If

we obtain the Fejér sums Fp p.
3) If p is a non negative integer and

1 st k=0,1,---,n—p

1——k;f_“fp si k=n—p+1,---,n,

we obtain the de la Vallé-Poussin operator. It can be written in the form

n

Valfoz, ) =7 +1 > Sklfo)

k=n—p
4) If A\? = cos(km/(2n), k =0,--- ,n — 1, then we obtain the Rogosinski

operators,

R =4[5 (54 )+ (1o )]

5)Ifs>0 the Zygmund operatorsZ: are defined by considering A =
1-(k/n)* k=0,--- ,n—1L
6) For « >0 the Césaro means o® are defined by taking

An 1 .
Ang = Z;k, where A% = (a + (e +nz|) (a+ n)
n R -
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7) For § > 0 and r € N Riesz means Rﬁ"s are defined by considering

Ang =@ (niﬂ) ,pt) = (1 -t

It is known that (Timan, [140])

If = Za(lleo < CFS 1)7" Z(k + 1) E(f)oo- (2.11)

A similar relation holds for the Riesz means.

In [22] sufficient conditions are given in order that a sequence of operators
{An}, An : Czr — Coy satisfies a relation of the type given in (2.11). In some
cases the conditions are discovered by studying the saturation properties of
the sequence {A,}. In [20] necessary and sufficient conditions are given in
order to an inequality of the form

If = An(f)lleo < Crwr(f,1/n) (2.12)

‘holds. The following problem is taken form [22].

Problem 2.4.1 Find sufficient and necessary conditions on a sequence A, :
Cor — Car such that the Timan type inequality (2.11) holds.

We do not know wheter there are similar results for operators in L,
spaces.

Problem 2.4.2 How are the results for comparison of method (as the ones
presented above) in the case of Holder approximation?

Trigub proved that there exist positive constants C; and Cs such that

Cillf =on(N < If = on (DIl < Cellf = an(F)].

When A, = 1 (we take Ap ny1 = 0), it is proved that [148], for f € Coy,

| f(z) = Ma(f, 0, 2) [ C | AN | > Ex(f)

k=0

i=k

k
2 -
+C§:|A>\k1|§:E (1—|—10g(1+2,_k 1))
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Related results are given in [49] and [82]. For the Euler summation method
see [77].

Some of the summation methods presented above have been analyzed
in the context of Holder spaces: [23] (Fejér operators), [106] (de la Valleé
Poussin operators), [31], [59], [95], [107] (Euler, Borel and Taylor means),
[29], [32] (Hardy-Littlewood series), [28] ((e, ¢)-type means) and other me-
thods in [26], [60], [71], [94], [96], [24] and [25].

In [16] it was noticed that, in many cases, convergence in Holder norms
follows from convergence in uniform norm under additional assumptions.
A similar assertion holds for L, spaces. In particular, in [16] quantitative
Korovkin type theorems were presented for convolution type operators. For
quantitative results in Holder metrics it is more convenient to use lipschitzian
type moduli of smoothness as they were introduced in [15], [13] and [14].

A general approach to obtain quantitative results in Holder norms was
given in [72]. The fundamental result can be presented as follows. Let E be
a real or complex linear space and

92EXI—>R+

a family of quasi-seminorms on E, where for each f € E, §(f,-) is increasing.
The term quasi-seminorm means that there exists a constant C such that,
for f,fge Eand €1,

0(f +g,0) < C(6(,6) + 6(g,9))- (2.13)

For f € E set
0(f) =sup{6(f,8), del}

and denote
F={f€E:0(f)<oo, 0(f,6) >0, as &§— 0}.
In F' we consider the norm

"f‘“E = |fllz + 6(f).

Assume that F is a Banach space and there exists a function ¥ : IxR, —
R, and a constant X > 0 such that:
(i) Foreachd eI

lim W(5,1) = ¥(5,0) = 0.

(ii) For each § € I, ¥(4, -) is continuous on Ry.
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(iii) For each f € F,

0(f) < KO(f,6) + (6, ||| =)- (2.14)
If fo € E and {f,}52, is a sequence in F' such that f, — f (in E) and
6({fn},6) =sup{0(fn,0) :neN} -0, 6—0, (2.15)

then
0(f — fn) < 2CKO0({fr},0) + U (6, ||f — ful2),

where C and K are given by (2.13) and (2.14) respectively.

In order to use this results one needs to construct the function ¥ and to
prove inequalities similar to those given in (2.14) and (2.15). For instance,
if E=C[0,1) or E=C(T), where T = {2 € C:| z|=1}, @ € (0,1) and

w .,t
g(f’ 6) = sup _(th))
0<t<s
then F' = lip, and we can take
2t

Then, to obtain convergence in Hélder norm it sufficient to verify condition
(2.15). This was accomplished in [72] for convolution type operators.

Let us present another approach taken from [14], where inverse results.
were also considered. For the reader convenience we only consider the case of
approximation by linear operators and assume the notations of the previous
section about Holder abstract spaces.

Teorema 2.4.1 Let E be a Banach space, W a subspace of E provided with
a seminorm | o |w, T a positive integer, w a modulus of smoothness of order
r on E, tg a positive number and Ly a family of functions Ly : E — W for
which there exists a constant C such that, for all f € E

If = Leflls < Cw(f,t) and |Leflw < Cw(f,t). (2.16)

Assume that, for each n, Ay, is a linear subspace of E, A, CW.

Let {H,} be a sequence of bounded linear operators, Hy, : E —, Hp(E) C
A, for which there exists a constant D and a decreasing converging to zero
sequence {¥(n))}, such that, for each f € E,

If —Hofll < Dw (f,9(n)) and w(Hnf,t) < Dw(fit)  (E>0), (2.17)
then there exists a constant Cy such that, for h € E&a one has

|h — Frhllw,e < D10u.q (R, (n)). (2.18)
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This is a very technical result, but it is presented in a such a way that
several applications are possible. For classical spaces of continuous functions
the modulus w can be taken as the usual modulus of smoothness of order
r and W as the space of all functions g that have continuous derivatives of
order r, with the seminorm | g |w= |g™|lco- In such a case the existence
of the functions L; is known (these functions are used to characterize the
modulus in terms of a K-functional). For L, spaces an analogous remark
holds.

For some summation methods (and other approximation processes) one
of the conditions in (2.17) (or both) has not been verified. In such a case
the problem below is interesting.

Problem 2.4.3 Study the convergence in Holder norms for approximation
processes where one of the conditions given in (2.17) has not been proved.

For instance, in [26], [29], [31] and [141] no one of the conditions were
stated. In [56] the first condition was verified, but they consider that the
spaces involved are not the same (this last restriction is also assumed in
[108]). In [109] a more complicated inequality is used. Similar assertions
hold for the results given in [129].

Some properties of Césaro can be found in [21]. There are sufficient
conditions for the convergence of these means. Let us present one of them.

Fix a € [0,1) and @ < 1/p < B. If f € Lippp, then its Fourier series
is (C, —a)-summable, [62]. Moreover if f is continuous, the result holds for
B =1/p, [144]. In [61] other sufficient conditions are given for the (C, —a)-
summability for continuous functions. The results are obtained using the so
called maximal modulus of continuity introduced for Sevastyanov in [113].
It is defined as follows.

Let T' be the family of all segments A = [a,b] C R, | A |=b—~a. We
define

- 1
w1(f,t) = Sup{sup W/A | fle+h|A]) = f2)] dw}-

AeT | |h|<t

Some properties of this moduli are given in [61]. Here different problems
can be sated. We only present two of the possible ones.

Problem 2.4.4 How the maximal modulus of continuity are related with
the classical ones?

Problem 2.4.5 When the Césaro means are convergent are they also con-
vergent in the Holder norms?
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There are several papers devoted to describe classes of functions for
which the Fourier series (or the Ceésaro sums) converges. It is interesting
to know in this classes an strong form of convergence holds. This kind of
problem has been considered for the notion of absolute convergence.

" Let ¥ : Ry — R be an increasing function such that ¥(0) = 0. A 2n-
periodic function is said to be of first (second) generalized bounded variation
if

n—1
VO(f) = sup sup > W(| AO(f, i, 7i4) ) < 00,
a

k=0
where the first supremun is considered over all segments [a, a + 27| and the
second one over all partitions Il = {a = 29 < 71 < -+ < &p = a + 27}.
Moreover

AWD(f, 2k, 2e11) = flarer) — f(zx)

and

AP (f, zp, zp11) = ";‘ (f(l‘k+1) + f(zx) — 2f (“%W)) .

‘Now we define
v = {f V() < oo}, i=1,2.

A 2m-periodic function F is in class Ag), 1=1,2,if

2 i
/0 ¥(| AP(f,7) |) < Ch.

If ¥(u) = uP, then ASI,l) agrees with the class Lip}.

In [6] some sufficient conditions on ¥ are given in order to the Cesaro
means of any continuous functions f € A?I, converge to f. But the result is
not given in a quantitative form.

For r € (0,1) set

1\ X
_ k
(log T r) = kZ_OL% )rm,

The logarithmic means of f are defined by

1 P&
L®(f,) = (1og — T) > LESa(f, 2)r.
n=k
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Problems related with logarithmic means have not been studied in details.
Mazhar [92] considered this mean in the case r = 1. In [114] the asymptotic
expansion and saturations classes were analyzed.

Problem 2.4.6 To analyze logarithmic means in the context of Holder
spaces.

In some cases the estimations of convergence of summation methods are
given in terms of a remainder and such a remainder is estimated in terms of
the modulus of smoothness [104].

In [141] some other summation methods are presented.

2.5 Non periodic functions

The problems to be considered here are related with the previous section.
The main results in [14], for Holder approximation, deal with non periodic
functions.

Some linear operators, as the Szdsz-Mirakyan ones, are not defined for all
continuous (or integrable, if we consider the Kantarovich variant) functions.
Then, weighted spaces are considered in order to enlarge the domain of the
operators. For each case different moduli of smoothness are defined.

Problem 2.5.1 Study the properties of the weighted moduli of smooth-
ness considered in problems with positive linear operators on unbounded
intervals. It is not clear what is the best form to introduce these moduli.
Obtain results for convergence in Holder norms for linear positive operators
in unbounded intervals.

Let us present some of the weighted moduli that have been used. Let
a > 0 be a fixed number and set

wa(z) = e,z eR.

For a fixed 1 < p < 0o and a > 0 we denote by Ly, , the space of all (classes)
Lebesgue measurable functions f such that

I7lba = ([ 1o@)r(a) P o) " o

For p = 00, Leo g is the space of all functions f : R — R such that w,f is
uniformly continuous and bounded in R, with the norm

| Flloo,a = sup | wa(z)f(z) |< oo.
z€R
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If r is a positive integer, )" is the set of all functions w : (0, 00) — (0, c0)
such that:

(a) w is increasing and continuous in (0, c0) and w(0) = 0;

(b) w(t)t™" is increasing for ¢ € (0, c0).

Forr,w € Q7,1 < p < oo and a > 0 as above, we denote by Hp, the
family of all f € L, 4 for which

1AL llp.a
flpaw= sup —E22 < o0
[ lpas ocher  w(h)

In this case the Holder norm and the space hyy are defined as usual.
Similar space can be constructed for the interval [0, c0). For f € C,[0, 00)
and n € N, the Szdsz-Mirakyan operators operators are defined by

Snalfra) = gpk(nm)f (55).

where
k

1
pk(t) =€ tﬂ.

In [111] the Szész-Mirakyan operators were considered in Holder weigh-
ted spaces but, in order to present results, the authors considered that Sn,a :
h‘”,’g — hg’f, with w, u € Q% and other additional restrictions. In particular,
the first sf)ace can be compactly embedded in the second one.

We think that the results of [111] can be improved by removing condition
(2) in the definition of class Q7. Moreover, with the ideas of Bustamante
and Jiménez theses results can be improved by considering that operators

act from one space into itself.

Problem 2.5.2 Verify that the results of [111] can be obtained without
assuming condition (2) in the definition of class 02.

It is asserted in [111] that similar results can be obtained for weighted
spaces where, in place of the exponential weight a(t) = ™%, we use a
polynomial weight b(t) = 1/(1 + z?) for some real b > 1.

Problem 2.5.3 Consider the problem 2.5.2, for polynomial weights.

Problem 2.5.4 Obtain inverse results for Sz4sz-Mirakyan type operators.
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2.6 Singular integrals

The Gauss- Weierstrass singular integral
W(f,2) /f@+¢k4/%t re (0,1),

for the case of periodic functions. The Picard singular integral is defined by

o0

P:(f,z) = 2—1§ / fl@+t)e Mgy, ¢>o0, (2.19)

—00
and the Poisson-Cauchy singular integral is defined by

¢ [ flz+t)
2+ &2

-7

Qe(frz) =

dt, €>0.

For f € C[0,1] or f € L,[0,1] (1 < p < 00) we also consider the Picard-type
singular integral operator (see [48])

Le(f,z) = %/ —t/ﬁdx, z € [0,1].
0

These operators have been studied in [3], [4], [12], [21] [33], [37], [44], [47],
[48], [58], [75], [89] and [97].
In [33] and [97] it was proved that there exists a constant C such that

%wl(fa é)oo

Moreover, if 0 < 8 < a < 1 and f € Hy, then || f —W,(f)||s = 0(§a—ﬂ—1/2)_
In [44] these results were extended and improved:

If = We(Fllo <C

17 = We(h)x < (3 2= ) walh VB + =1l
If f € H,, then
I =Wl < (34 g+ @) | Flm, €2
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The Gauss-Weierstrass singular integral for functions of two variable has
been considered in [76].

In order to obtain convergence in the generalized Holder spaces Firlej and
Rempuslka need some additional restrictions. They consider two functions
w, p € Q% and assume that

w(t)

is not decreasing. With these conditions on hands they proved that there
exists a constant C such that, for f € H,,

If = We(H)llm, <C| fla, a(€/?).

Notice that this last result involved two different Holder spaces.
In [58] similar results are presented with respect to the Picard singular
integral. They proved that

t>0,

5
If — Pe(Hllx < swa(f,€)
and, if w, u € Q2 are given as above, then

If = Pe(lla, <C 1 f la, a(8)-

In [89] the Picard singular integral was considered in weighted spaces
Ly as they are defined in the previous section. Fwe? 1<p<ooand
a > 0, we denote by Ly q, the family of all f € L, , for which

AZf
|f |p,a,w= Sup ” h ||p1a'

< o0
o<kt w(h)

In this space the Holder norm is defined as usually.
In [4] properties of these operators are proved.

Denote
x

E(z) = % / s,

0
In particular in [4] can find the following estimation

<w’l”(P§f’t)PSwT(.f,t)p’ p=1,oo
and
wr(Pefyt)p < 1/ wr(f, t)p, 1< p<oo,
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where (1/p) + (1/g) = 1. For the case of the Poisson-Cauchy one has

wr(Q&fa t)oo < (% tan™" zé) wr(f, t)oos

and
wr(Qefit)p < (% tan~™! %) wr(f,t)p, 1<p<oo.

Finally, for the Gauss-Weierstrass singular integrals one has

™

wr(Wef,t)oo < B (%) wr(f oo

and

T

ﬁ) wr(f,t)1-

For 1 < p < oo the estimation are much more complicated. For the case of

continuous functions the inequalities are sharp.

For the Picard-type singular integral operator it can be proved that,
feclo,n)

wr(@ef D1 < E(

wT(LE.f; t)oo < wr(fa t)oo-
For p=1, f € L1[0,1] and £(0, 1),

1
wT(Lﬁf’t)l < T_’Ewr(fat)l-

For 1 < p < oo, f € Lp[0,1] and 0 < £ < p/2,

2
wr(Lgfa t) < (W) wr(f,t)p.

In [58] an inverse result is considered for the Picard singular integral with
respect to the approximation in the norm of the basic space. It is proved
that, if w € Q2 and

||f_PE(f)”XSw(€)’ £€Ia

then
1

walf,)x < CF? /

t

wT(:st, te (0,1/2).
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Problem 2.6.1 It is necessary to analyze whether the Picard singular in-
tegral has the shape preserving property in the weighed spaces Ly q ..

Problem 2.6.2 The translation seems to be a bounded semigroup of oper-
_ ators on the spaces considered above. Thus the moduli can be characterized
in terms of K-functionals as usually. This approach can be used to obtain
direct and inverse results.

Problem 2.6.3 What kind of inverse results can be obtained for the case
of Gauss-Weierstrass and Poisson-Cauchy singular integrals? For the case of
the Picard singular integral an inverse result in weighted space was presented
in [89]. To solve this problem it is necessary to obtain new Bernstein type
inequalities.

Problem 2.6.4 The results related with the Poisson-Cauchy singular inte-
grals presented in [14] and [89] are restricted to functions in class Q2. The
problem is to remove the condition *w(t)t=2 is increasing’ in the definition
of the class.

Problem 2.6.5 The results related with approximation in Holder norms
can be improved using the hélderian moduli of Bustamante and Jiménez.

Problem 2.6.6 For some of the operators the saturation classes have not
been studied. The results of [21] should be considered here.

Problem 2.6.7 Obtain the results related with simultaneous approxima-
tion for the singular integrals considered above.

Problem 2.6.8 Study the singular integrals acting in other weighted spaces.

In [48] the following generalizations of the Picard, Poisson-Cauchy and
Gauss-Weierstrass singular integrals were introduce: for £ > 0

Poe(f, ) Z( 1) k(’” 1> / f( x+kt)e—ltl/€dt z €R,

Quelf,3) = —g—— > Y [ e, ser,
1 -7

and

Wae(f,2) = zc(s)Z T [ et ser,
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where

ce) = /0 " I gy,

In [48] some estimation of the convergence in uniform norm of the oper-
ators P, ¢ and W, ¢ were give, in terms of the usual moduli of order n + 1.
Uniform convergence for the operator Q¢ was proved in [5] (the corre-
sponding analysis for L, spaces, 1 < p < 0o, was also included, but these
works do not include estimation in terms of moduli of smoothness).

Problem 2.6.9 To study the properties generalized Gauss-Weierstrass, Pi-
card and Poisson-Cauchy operators in Holder spaces.

Problem 2.6.10 In [4] some extensions of the singular integral where con-
sider (no positive operators) and the shape preserving property (with re-
spect to moduli of smoothness of different order) was obtained. The prob-
lem stated above should also be considered for these operators (including
approximation in generalized Holder spaces).

Problem 2.6.11 Obtain the rate of convergence of the generalized Abel-
Poisson operators studied in [39]. We remark that for these operators the
shape preserving property has not been proved.

2.7 Simultaneous approximation

In problems of simultaneous approximation we try to estimate the rate of
convergence of some approximation of the derivatives of the functions. These
problems are more interesting when the approximation of the derivatives
are obtained as derivatives of the approximations of the original functions.
These problems have been studied in different contexts ([126], [117]).

Problem 2.7.1 To obtain results related with simultaneous approximation
in Holder spaces (see [18]).

2.8 Extremal operators

The construction of extremal operators goes back to papers of Favard
(140] and [41]), who stated the following problem. Given a bounded set
K C Cyy, try to find a matrix of coefficients { A, 4} in such a way that the
numbers

sup || f — Mn(f, Anp)
feK
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be as small as possible, where the operator M(f, Ank, -) is defined by (2.10).
For the case when K = W7, Favard obtained the explicit solution. His
results motivate a long list of works devoted to construct optimal methods

for approximation using different summation processes.

Another type of extremal problems were stated by Kolmogorov [80]. The
task is to compute (at least asymptotically) the number

W X) = ot sep e el

where Ly is the collection of all n-dimensional subspaces of X and X is
any one of the classical spaces. Kolmogorov solved the problem for the case
X = Lo. There are some papers of Favard on this subject.

Some basic ideas are given in the paper of Kolmogorov [79], who found
the asymptotic for the deviation of the Fourier sums in the class W" of all
functions for which | f()(z) |< 1 almost everywhere. V. T. Pinkevich [105]
considered the case when r is not an integer. Some important generaliza-
tions are due to Nikolskii ([102] and [103]. In particular he obtained the
asymptotic for the classes W™ H<.

Extremal problems are no simple to solve. In general, the difficult part
is to obtain the inverse results. For important ideas see the papers of Nagy
[98] and Nikolskii [101]. Nikolskii showed that some problem of minimizing
a functional in a normed space can be translated to a problem in the dual
space. If X is a Banach space and 21, -+ ,2, € X, then

n
iélf |z — Zakwkﬂ = sup{A(z) : A € B(X{),A(zy) =0,k=1,--- ,n},
k k=1
| (2.20)
where X* y B(X}) ={A € X*: ||A|| < 1} is the dual space.
Using this approach Korneichuk [83] found the general solution. In par-
ticular he presented an exact expression for the class of periodic functions

WrEY = {f - f € O™ w(£™,8) < w(b)},

where w(t) is a fixed concave majorant. He also considered Lebesgue spaces.
For a review of the progress in studying this kind of problems see [84].

Problem 2.8.1 To analyze extremal problems for the case of approxima-
tion in Holder norms of periodic functions.

The solution of Problem 2.2.1 may be useful here.
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The problem can be analyzed in more general situations. For instance, in
[121] functions of two variables are considered. For other paper on extremal
problems see [11], [10], [123], [124] and [55].

In [112] constants related with de la Vallée Poussin were considered in
terms-6f the moduli of continuity of f and f’. For other properties of these
operators see [91] (asymptotic formulae), [19] and [7].

2.9 Spline approximation

There are only few results related with approximation by splines in
Holder norms. In [18] approximation by piece-wise linear functions was con-
sidered, but not direct or inverse result was given for the best approximation.
Moreover the approximation in L, was not studied. It is possible to extend
the ideas of [68] and [43] to approximation in Holder norms.

2.10 Saturation problems

The notion of saturation has been presented in different forms. For instance,
in [150] we find the following definition.

Definition 2.10.1 Fiz A C R and let ag be a limit point of the set A
such that og ¢ A. Let X be a non empty set and P = {pa}aca a family
of functionals form X into Ry. The family P is said to be saturated as
o — ayg, if the following conditions hold:

(1) If liminfo .o Pal(z) = 0 for some x € X, then there ezists a neigh-
borhood Vy, of ag such that po(x) = 0, for a € Vag N A;

(2) There exists an element zo € X such that

0 < lim inf py(20) < lim sup pe(zo) < oo.
a—ag a—ag
The set S(M) = {z € X : imsup,_.4, Pa(z) < M} is called the saturation

(or Favard) class of the family P with constant M, as a — og.
The set USS_,S(M) is called the saturation class of P, as o — ag.

Definition 2.10.2 ([130], [21], [78]). Let A = {Asx} be a triangular matriz
and X = Cor or X = Lp[0,27], 1 < p < co. Let Un()\) be a summation
method for a series ' :
> o 1 27 )
Stha)= 3 alNer, a=— [ fe ™,

2T
k=—o00 0
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in the form
n+l

Un(f,.’I:,A)= z )‘n,|k|ck(f)eikm'

k=—1-n
Let ¢ : N — R, be a decreasing. function such that limyco p(n) =0.
Assume that: (1) the relation ||f — Un(f, -, A)|| = o(ip(n)) implies that f
is (a.e.) a constant, (2) there exists at least o non constant function f € X
such that

I1f = Un(f, M)l = Olp(n)); (2.21)

then we say that the method Un(A) is saturated in X. The set of all functions
g such that |f — Un(f, DI = O(p(n)) is called the e saturation class of
the method Un(A) and the function ¢ is called the order of saturation.

The saturation class is denoted by (X, A)

The saturation properties of a great variety of approximation processes
can be found in [21]. In [130], [21] and [78]) some sufficient conditions to
localize saturation classes are given.

Let {#(n)} be a sequence of natural numbers. If f € Ly and the series

S
Ch (f)ei(ka:+ﬂ(7r/2)sign(k)
2 GRD

corresponds to the Fourier series of a function in X, this function is denoted
by f¢ and is called the (i), §) derivative of f.
let us consider some notations:
XVLoo ={f: § € C, f§ € Loo}

1
P(| k)

L, ={f:f € Ly, f¢ € Ly}

The family of all f € Cg’ Lo for which || fg) | < 1is denoted by C'ff, o

If for a triangular matrix A = {An} there exists a decreasing a converg-
ing to zero function ¢(n) and positive numbers ¥ (k), such that
. 1 - >\n k 1
lim ——2mk =~ keN, 2.22
o  ® (222

then the for method Uy (A) corresponding to such a matrix, from the relation

I = Un(£, M)l = o(e(n)), (2.23)

st = {11 e gyl =l v}
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it follows that f is (a.e.) constant.
If (2.21) holds for f €, then f € X{§. That is

F(X,A) C X¥.

Under some additional conditions the above relation may be an equality. A
similar result can be found in [50], without the assumption on the norms of
operators are uniformly bounded. There is in [51] a survey of some works
devoted to saturation problems of sequence of operator given by linear me-
thods, with a special attention when it are defined by a matrix.

Problem 2.10.1 Find the analogous of the above result in Holder spaces.

We remark that the saturation problem in Holder spaces cannot be solved
directly from the corresponding result in classical spaces. In fact, we cannot
know whether a function f € X, for which (2.21) holds is the Hélder class.

Problem 2.10.2 Some of the problems presented above can be study in the
more general context of orthogonal systems. There is a long list of references
on this subject. Here we only recall one of them [63].

2.11 Properties of functions and approximation

An old interesting problem in approximation theory is to find con-
nections between the rate of convergence of the approximations and some
properties of the function to be approximated.

For instance, for the case of continuous periodic functions and trigono-
metric approximation some connections have been established between the
best approximation E,(f) and the properties of (¢, 3)-derivative fﬁ ([118],
[81] [125] y [127]).

In this section we include the problem of constructive characteristic [135].
For a non empty set K C Lo the Kolmogorov number is defined by

dn(K) = inf ?22;22 If =l

where L, is the family of all subspace of dimension no greater than n.-

In [9] all functions which can be the first order modulus of continuity
of a function in Lo are described. In [135] an analogous result is given and
the Kolmogorov numbers are computed for some classes of functions. For
the analysis of Lebesgue numbers in Holder spaces we do not have good
references. '
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Problem 2.11.1 Let r be a positive integer and w : [0,27] — R a continu-
ous increasing function, w(0) = 0. When does there exists f € lipra [0, 27]
such that 6, (f,t) = w(t)?

Let

o
a .
—29 + kE_l(ak cos(kz)]by sin(kzx)

be the Fourier series of a function f € L;, ;how can be estimated w,(f,t)
in terms of the coefficients aj and by (upper and lower estimation)?
An inequality of the type

1
b0 1< Cr (1,7,

was known for Lebesgue for r = 1. For r > 1 Szész obtained an estima-
tion using arguments very similar to the ones considered by Lebesgue [131].
Improved inequalities are given in [1] and [136].

Other type of results have been given using the best approximation (see
[53] y [187]). It is clear that some restrictions are needed in the prob-
lem. In general we don’t know if the series converges, thus some criteria
of convergence may be useful in this setting [2]. It is proved in [38] that
if the coefficients a satisfy | ax |< k=% and the sequence is convex, then
f € Lip1 o. Moreover, if the sequence aj is monotone, then

w1 (f,8); < Cad®log(1/6), &€ (0,1/2).

Reference [137] contains a survey on this kind of problem. Other ideas can
be found in [88] and [138]. :

2.12 Lipschitz-Nikolskii constants

In some cases the error is studied not with o a single function,
but considering a class of functions.

For instance, let D be a class of functions and A a non empty subset of
D. If {L,} is a sequence of operators defined on D and z € D, the error on
A at the point z is defined by

E(A, Ly, z) = sup | f(z) — La(f,2) | -
feA
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If there exists a sequence of positive numbers {1, }, converging to 0, such
that '

lim = B(A, L,a) = C(4,2),

the number C(A,z) is called the Nikolskii constant, corresponding to the
order of convergence v, for the class A relative to the operators L,. When
A is a class of Lipschitz functions, C(A) is called the Lipschitz-Nikolskii
constant.

These constants have been studied for many operators (Fejér, Jackson,
Abel-Poisson, Bernstein, Szész, Gamma de Miiller [110], [36] and [57]).

The Lispchitz-Nikolskii constans have not been studied for Lipschitz
norms. :
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Capitulo 3

El algoritmo de Pdlya
discreto en espacios finitos

J. FERNANDEZ-OCHOA,J. MARTINEZ-MORENO Y J.M. QUESADA

Departamento de Mateméticas, Universidad de Jaén, Espaiia 1
Abstract: We present some results related with the Polya
algorithm and the Polya 1-algoritm respectively. In particu-
lar we analyze the order of convergence and the asymptotic
development of the approximants.

3.1 Introduccion

Dado (E,| - ||) un espacio normado, K un subconjunto de E (al que
llamaremos clase aproximante) y un elemento h € E\ K, diremos que h* € K
es un elemento de mejor || - |-aproximacién (o un mejor || - |- “aproximante”)
de h por elementos de K si [|h* — h|| < ||f — k||, para todo f € K.

La definicién de mejor ||-||-aproximante depende fuertemente de la norma
utilizada en el espacio normado E. Més concretamente, la consideracién en
E de otras normas, aln en el caso de que se trate de normas equivalentes,
supone, por lo general, que sean distintos los mejores | - ||-aproximantes de
un mismo elemento h en E. Nosotros utilizaremos como clase aproximante
K un subespacio vectorial propio de dimensién finita de E. En este contexto
estd asegurada la existencia de los mejores || - ||-aproximantes, para cualquier
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hen E. Ademés, si E es un espacio estrictamente convexo, entonces también
est4 garantizada la unicidad.

Nuestra investigacién se desarrolla en los espacios £p(J), 1 < p < oo,
donde J = {1,2,...,n} 6 J =N, siendo K un subespacio vectorial propio de
dimensién finita de £1(J). En este ambiente, dado b € £,(J)\K, diremos que
hy € K es un mejor {p-aproximante de h por elementos de K si |[hp — k|, <
| f — hllp, para todo f € K. En el caso p = 00, los mejores £-aproximantes
se llamaran también mejores aprozimantes uniformes.

En nuestro contexto, la existencia de los mejores ¢,-aproximantes esta
garantizada para 1 < p < 00, habiendo unicidad si 1 < p < 0o. Ademas,
para 1 < p < 00, es posible establecer un teorema de Caracterizacién de los
mejores £p-aproximantes.

Nuestro objetivo central serd estudiar el comportamiento de los mejores
£,-aproximantes cuando p — o0 6 p — 1. Este problema es conocido en la
literatura como algoritmo de Polya o 1-algoritmo de Polya, respectivamente.
Debe su nombre a un trabajo de Polya de 1913 en el que obtiene el mejor
aproximante uniforme de una funcién continua como limite de los mejores
L,—aproximantes, cuando p — 00. ’

En 1962, Cheney y Curtis plantearon si serfa cierta la convergencia del
algoritmo cuando K era un subespacio vectorial de R™. La respuesta afir-
mativa a esta cuestién la proporcioné Desclouz en 1963 demostrando que
la convergencia tiene lugar hacia un destacado mejor aproximante uniforme
denominado aprozimante uniforme estricto, que notaremos por hg,, y que
ya habfa sido previamente definido por Rice en 1962.

El primer resultado sobre el orden de convergencia del algoritmo de Polya
cuando la clase aproximante es un subespacio vectorial de R™ se debe a
Egger y Huotari, quienes en 1990 probaron que el orden minimo de esta
convergencia es 1/p. Posteriormente, Navas, Marano y Quesada, hacen un
estudio completo de la convergencia probando que ésta es de orden aP/p,
para. cierta constante a entre 0y 1. Asimismo, Navas, Martinez-Moreno y
Quesada consiguen un desarrollo asintético de los hyp, vélido para el caso
de orden de convergencia 1/p y trivial para los demds casos. Estos y otros
casos han sido posteriormente completados por los autores. En el presente
trabajo damos una visién panoramica del estado actual del problema.

]
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3.2 El algoritmo de Polya discreto sobre subespa-
cios

Para 1 < p < 0o, consideraremos el espacio de Banach £,(n) = (R, ||-||p)
dotado con la p-norma :

1/p
lzllp == Z lz(7)P) , 1<p<oo,
’ ( ) g (3.1)

oo = lall = max |o(G)].

Definition 3.2.1 Sea § # K C R™. Dado h € R®\ K, diremos que el
elemento h, € K, 1 < p < oo, es una mejor £y-aprozimacién de h por
elementos de K o que hy es un mejor £p-aprozimante de h por elementos de
K si verifica que

Ih = hplly <IIf —hlp,  Vi€K.

En lo sucesivo nos referiremos al subconjunto K como clase aproximan-
te. A los mejores £y-aproximantes de h por elementos de K los llamaremos
mejores aproximantes uniformes de h por elementos de K.

Si K es un subconjunto cerrado y no vacio de R”, la existencia de h,
estd garantizada para 1 < p < co. Si, ademés, K es un subconJunto convexo
y 1 < p < 0o, entonces existe un dnico mejor £ p-aproximante.

Por lo general, encontrar un elemento de mejor £,-aproximacién para
p =16 p = o0 es un proceso complicado. Esto se debe, por una parte, al
hecho de que pueden existir més de un mejor aproximante y, por otra, a
que las normas || - [l1 ¥ || - [lo 10 son diferenciables. Sin embargo, cuando
1 < p < oo y K es un subespacio vectorial de R™, podemos hacer uso de
técnicas numéricas (método de Newton-Raphson de resolucién de sistemas
de ecuaciones) para determinar, al menos de forma aproximada, los mejores
¢,-aproximantes. Esto justifica el problema de estudiar la convergencia del
conjunto de los mejores £,-aproximantes cuando p — oo y cuando p — 1,
como un posible método para obtener mejores aproximantes uniformes o
£1-aproximantes, en cada caso.

3.2.1 | Antecedentes historicos

El primer intento de buscar un mejor aproximante uniforme como limite
de los mejores £p-aproximantes cuando p — oo lo realizé Polya en 1913, [14],
en el contexto de encontrar el mejor aproximante uniforme para una funcién
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continua, cuando la clase aproximante K est4 constituida por polinomios de
grado fijo. Mas concretamente, para 7 e NU{0}, sea II, el espacio vectorial
de los polinomios de grado a lo sumo n y sea Cla,b] el espacio vectorial de
las funciones continuas en el intervalo [a, b], dotado con las normas

b 1/p
oo = (/ lf(t)l”dt> 1<p<oo

= t)l.

I fllclal Imax, |£ ()]

Dada una funcién f € Cla, b], sea 7np(f) la mejor Ly-aproximaci6n de f en
[a,b] por elementos de Il,, es decir,

17 = Tnp(PllLyiet) < NF = Tlylapys V7 € Iy

y sea Tp,00(f) €l mejor aproximante uniforme de f en [a, b] por elementos de
I1,,, es decir,

1 = Tnoo(Fllofay < If = Tllo@p, ¥ € In.
Polya probé en 1913 que '

Vf e C[a‘, b]’ ;}an}o Wn,p(.f) = 7rn,oo(f)' (3'2)

Desde entonces, a la convergencia anterior se la conoce con el nombre de
algoritmo de Polya.

3.2.2 El algoritmo de Polya discreto

En lo que sigue nos centraremos en el estudio del algoritmo de Polya
para el caso discreto, es decir, cuando la clase aproximante es un subconjunto
K de R™ y las normas £, vienen dadas por (3.1). ;

En 1962, Cheney y Curtis, [1], plantearon si era cierta la convergencia
dada en (3.2) cuando la clase aproximante K era un subespacio affn de R™.
En 1963, Desclouz, [2], probé este resultado, es decir, limp_oo fp = h%,,
donde h}, representa a un determinado aproximante uniforme de h por
elementos de K, definido en 1962 por Rice, [23], y conocido con el nombre
de aprozimante uniforme estricto.

El aproximante estricto verifica la siguiente propiedad. Sea. H el con-
junto de los mejores aproximantes uniformes de h por elementos de K. Dado
g € H consideramos el vector 7(g) cuyas coordenadas vienen dadas por
lg(5) — R, 5 =1,2,---,m, ordenadas en orden decreciente. Entonces R

es el tnico elemento de H tal que 7(hy,) minimiza el orden lexicografico.
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Teorema 3.2.1 (Descloux) Sea K un subespacio afin de R™, h un elemento
fijo de R™\ K, hy los mejores £,-aproximantes de h por elementos de K y
h%, el aprozimante uniforme estricto. Bajo estas condiciones, se verifica
limy o0 hp = h%,.

3.2.3 Orden de convergencia del algoritmo de Polya

El siguiente problema es el de analizar el orden de esta convergencia, es
decir, estudiar la rapidez con la que ||h, — h%,|| — 0 cuando p — oco. Eggery
Huotari, [4], probaron que cuando K es un subespacio afin de R, el orden
de esta convergencia es como minimo 1/p.

Teorema 3.2.2 (Egger y Huotari) Sea K un subespacio afin propio de R™.
Sean hy, 1 < p < oo, los mejores £p-aprozimantes del elemento h € R™
por elementos de K y h, el mejor aproximante uniforme estricto. Entonces
existe M > 0, tal que '

[y — Rl < —]f; Vp > 1. (3.3)

Navas en su tesis doctoral, [12], hace un estudio completo de la con-
vergencia del algoritmo de Polya cuando la clase aproximante es un sube-
spacio afin de R”, cuyos resultados aparecen publicados en [11,16,17]. En
[11], los autores dan condiciones necesarias y suficientes sobre K para que
pllhp — h%|| — 0 as p — oo y en [17] se prueba el siguiente resultado que
caracteriza el orden de convergencia del algoritmo de Polya cuando la clase
aproximante es un subespacio afin de R™.

Teorema 3.2.3 (Navas y Quesada) Sea K un subespacio afin propio de R™.
Entonces existen niumeros reales a, Ly y Lo, con 0 < a <1y L1,Ls >0,
tales que

Lia? <plhy — b < Lo dP. (3.4)

El nidmero a que figura en (3.4) se obtiene en funcién de las coordenadas
de h%, y de los vectores de una determinada base que los autores construyen
en el teorema. De (3.4) se deduce inmediatamente que: a) si a = 0 hay
coincidencia entre hy y h%,, b) si a = 1 la convergencia es de orden 1 / pysi
0 < a <1 la convergencia es de orden aP /p.
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3.2.4 Desarrollo asintético de los mejores /,-aproximantes

" En [18,19] los autores prueban que para cualquier r € N, existen vectores
a; € R?, 1 <1<, tales que

a1 (85)) Oy
hy = h%, + + G 4D, 3.5
»=het ooy -1 TR LA

donde %()r) eER™y H'y,(,r)n =0(1/(p - 1)7*1). Por otra parte, teniendo en
cuenta que para p > 1,

p—-1 pd-1/p) pizgr 57

reordenando y agrupando términos, el desarrollo (3.5) puede escribirse en
forma estdndar como

.
By |~
hp = hi,o+zp—5+~y§”,
v=1

donde |3 = O(p~).
En [8], los autores sugieren el desarrollo asintético
o0
hp = h’Zo + Elﬁ’
i1 P
y aplican la serie anterior para obtener buenas estimaciones de h%, por medio
de la aplicacién de técnicas de extrapolacién de Richardson. Sin embargo,
hasta nuestro conocimiento, es en [19] donde por primera vez se ofrece una
demostracién de que tal desarrollo es correcto.
Por otra parte, de acuerdo con el Teorema 3.2.3, existen nimeros reales
a, 1y Ly, con0<a<1y Ly, Lz >0, tales que

Lya? < pllhy — Bll < Lnd®. (36)

Observemos en primer lugar que si 0 < a < 1, entonces (3.6) nos asegura
que (3.5) se cumple trivialmente para todo r € N tomando oy = 0 € R”
para 1 <1 < r. Ademss, en tal caso (3.5) no aporta ninguna informacién
acerca de los mejores £p-aproximantes.

En un primer intento por encontrar un desarrollo asintético de los
mejores {p-aproximantes que contemple el caso general, hemos probado
en [7] el siguiente resultado (como viene siendo habitual supondremos que-
h =0 € R™ es el elemento que queremos aproximar).
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Teorema 3.2.4 [7] Sea K un subespacio afin propio de R", 0 ¢ K. Para
1 < p < 00, denotemos por hy el mejor £y-aprozimante de 0 por elementos
de K y sea h% el aprozimante uniforme estricto. Sea a el nimero real dado
en (3.6). Entonces existe o € R™, a # 0, tal que

P

a
hp = ho -

@+ Yp, (8.7)

donde vp € R™ y ||vpl| = o(a®/p).

Si @ = 0, entonces (3.7) conduce a que h, = hg, para todo p > L.
Luego el caso que nos queda por resolver es cuando 0 < a < 1. Observemos
también que (3.7) es un caso particular de (3.5) para a = 1.

Por otra parte, teniendo en cuenta (3.6) se deduce inmediatamente que
p||hp— R, || /aP estd acotado cuando p — ooy, por tanto, existirdn sucesiones
parciales {px }xen, con pr, — 0o cuando k — 0o, tales que la sucesién py (hp, —
hY,)/aP* es convergente. Sin embargo, no es una cuestién trivial probar que
existe el limite de p(hy — h%,)/aP cuando p — oo. Esto justifica el interés de
nuestro resultado.

Puesto que siempre existird una expresién de la forma (3.7) para algin
a y vp en R™, la tnica parte que requiere demostracion es la estimacién del
erTor para Yp.

Finalmente, hacemos notar que la condicién a # 0 en (3.7), pone de
manifiesto que no seré posible conseguir una convergencia de hy — hg, de
orden 1/p", con r € Ny r > 2. Esto supone una clara diferencia con el caso
p — 11 donde es posible que h, — h* cuando p — 1%, con orden (p — 1),
conr € Nyr>2

Problema abierto 3.2.1 Determinar el orden exacto del resto «y, con ob-
jeto de obtener el siquiente término del desarrollo asintético en (3.7).

3.3 El 1-Algoritmo de Polya

A la vista de los resultados obtenidos para p — oo, parecia natural pre-
guntarse qué pasa cuando p — 1. Nuestro interés serd ahora tratar de deter-
minar un mejor #;-aproximante como limite de los mejores £,-aproximantes
cuando p — 1.

En lo sucesivo, K denotard un subespacio afin propio de R" y supon-
dremos, sin pérdida de generalidad, que h = 0 y 0 ¢ K. Seguiremos desig-
nando por hp, 1 < p < 00, a los mejores £,—aproximantes de 0 por elementos
de K.
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En esté seccién estudiaremos la convergencia de h, cuando p — 17,
caracterizaremos el orden de dicha convergencia y trataremos de obtener un
desarrollo de hy, en potencias de (p — 1) para valores de p préximos a 1.

3.3.1 Convergencia del 1-Algoritmo de Polya

En nuestro contexto de aproximacién, la convergencia de los mejores
¢p,—aproximantes cuando p — 1% es consecuencia inmediata de un resultado
més general de Landers y Rogge, [9] . Para enunciar adecuadamente el
citado resultado necesitamos introducir algo de notacién. Sea (£, A, ) un
espacio de medida finita. Para 1 < p < co denotemos por Ly := Ly(, A, 1)
el espacio vectorial de las clases p-equivalentes de funciones .A-medibles f :

Q — R, tales que
1/p
1= ([ 1P au) ~ <oc.

ParaD #C C Lpy f € Ly, 1 < p < 00, denotaremos por pp(f|C) el
conjunto de los mejores | - ||,-aproximantes de f por elementos de C, esto
es, el conjunto de los elementos g € C tales que

If = gllp = inf{||f — hllp : h € C}.

Sip> 1y C C L, es un conjunto ||-||,-cerrado y convexo, entonces para cada
f € Ly existe un tnico mejor || - |,-aproximante de f por elementos de C, es
decir, el conjunto p,(f|C) contiene un tnico elemento. Sea f € Ly y C' C Ly
un conjunto || - ||ircerrado. y convexo. Un elemento my(f|C) € ui(f|C) es
llamado un mejor ||- ||1-aproximante natural de f por elementos de C'si para
cada g € p1(f|C), g # m1(f|C), existe s(g) > 1 tal que

If =mu(FIC)s <IIf —glls,  paratodo 1< s<s(g). (3-8)

Obviamente, si existe un mejor || ||1-aproximante natural de f por elementos
de C éste es tnico. Con objeto de que tenga sentido (3.8) hemos de exigir
la condicién de que

fe€Liy = ULs y 0 # p(f|C) C Ly
s>1

Teorema 3.3.1 (Landers y Rogge) Sea (2, A, u) un espacio de medida fini-
ta y C C Ly un conjunto ||-||1-cerrado y convezo. Entonces para cada f € Ly4
con @ # p1(f|C) C L+, se tiene
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i) existe un mejor || - ||1-aprozimante natural de f por elementos de C,
a saber, myi(f|C),

ii) m1(f|C) es el dnico mejor | - ||1-aprozimante de f por elementos de
C que minimiza la integral ~

[ 17 = olmlf - gldu
Q

entre todos los mejores || - ||1-aprozimantes de f por elementos de C,
iii) ps(f|C N Ls) converge en Ly a m1(f|C) cuando p — 1.

Corolario 3.3.1 Sea K un subespacio afin de R*, 0 € K. Sean hy, 1 <
p < 00, los mejores £p-aprozimantes de O por elementos de K. Entonces se
cumple que -

- lim h, = hi, (3.9)

p—1Tt

donde h] es un mejor £1¥aproximante de 0 por elementos de K, llamado
mejor {1 -aprozimante natural.

Por analogia con el caso p — 0o, la convergencia dada en (3.9) es cono-
cida como el 1-algoritmo de Pdlya. El mejor £i-aproximante natural viene
caracterizado por la siguiente propiedad. Si L denota el conjunto de los
mejores £-aproximantes de 0 por elementos de K entonces hj es el tnico
elemento de L que minimiza la expresion

> 1ha(@)In | ha (),

j=1
para todo h; € L, donde 0In0 := 0.

/

3.3.2 Orden de convergencia del 1-algoritmo de Polya

Un primer resultado sobre el orden de convergencia del 1-algoritmo de

_' Polya se debe a Egger y Taylor en 1993, [5, Teorema 2|.

Teorema 3.3.2 (Eggery Taylor) Sea K un subespacio afin de R, 0 ¢ K.
Sean hy, 1 < p < oo, los mejores £y-aprozimantes de 0 por elementos de
K y h} el mejor £1-aprozimante natural de 0 por elementos de K, entonces
existe una constante M > 0 tal que

[|hp — B1ll < M(p—1)

para todo p > 1.
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Asimismo en [5], los autores prueban que si hay unicidad del mejor
¢;-aproximante, entonces la convergencia es de orden exponencial, méds con-
cretamente, existe un ndmero real v, 0 < v < 1, tal que ||hp — Bl =
.0 ('yl/ (P‘l)) . Sin embargo, el siguiente ejemplo muestra que esta condicion
1o es necesaria para garantizar un orden de convergencia exponencial.

Example 3.3.1 Consideremos el espacio afin
K = (0,1,1) +span{(0, 1, -1),(2,1,0)}.

El conjunto de los mejores ¢4-aproximantes de 0 por elementos de K viene
dado por
L={0,1+X1-2X): Al <1}

Dado que la funcién ®(A) = (1+A) In(14A)+(1-A) In(1—X), con A € [-1,1],
tiene un minimo en A = 0, se obtiene que rt = (0,1, 1). Por otro lado, resulta
facil comprobar que para p > 1,

hp = 4 1 ! 1- !
p =\ 1320 0/G-D""  142@-D/-1"" 1+ o2p-1)/-1) )’

y se deduce inmediatamente que

lim, 2/ Vl|hy — kil = 1,
p—lt
y, por tanto, ||hy — hill = O ((%)1/(1)—1))'

Notacién y resultados preliminares

Sea J = {1,2,...,n}. Para z € R%, definimos Z(z) = {j € J :
2(j) =0}y R(z) = J\Z (z). Distinguimos a los conjuntos Jo=2Z(hy)y
J§ = R(hY), en beneficio de 1a notacién. Sea L el conjunto de los mejores
¢;-aproximantes de 0 en K y sea h% el mejor £1-aproximante natural. Pode-
mos escribir K = h} +V, donde V es un subespacio lineal propio de R™.
El siguiente resultado puede verse en ([13, 24]) y ha sido un instrumento
fundamental en todos nuestros calculos.

Teorema 3.3.3 (Caracterizacién de los mejores £,-aproximantes)
hp, 1 < p < 00, es un mejor £p-aprozimante de 0 por elementos de K si
y sdlo si para todo v €V

> () ()P sgn(hp(5)) =0, si 1<p<oo, (3.10)
jeJ
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Z v(j)sgn(hi (4 Z lv(§)|, si p=1. (3.11)

R(h1) ~ Z(h1)

El siguiente lema establece una propiedad muy interesante del mejor
{1-aproximante natural: si una de sus componentes es cero, entonces dicha
componente es también cero en todos los mejores £;-aproximantes.

Lemma 3.3.1 Si h; € L, entonces Z(h}) C Z(h1).

Las propiedades geométricas que siguen expresan en qué direcciones v € ¥V
de desplazamiento a partir de h7, se extiende el conjunto convexo L de los
mejores £1-aproximantes.

Lemma 3.3.2 Sea v € V, v # 0. FEntonces h = hi + Av, con A > 0
suficientemente pequenio, es un mejor £1-aprozimante de 0 en K si y solo si

Z v(7) sgn(hi(4)) + Z [v(4)

JjeJ§s - j€do
Corolario 3.3.2 Seav €V, v#0. Si Jy C Z(v), entonces se cumple que

8) Y, v(j)sen(hi(f) =0,
Jed§

b) hY+ Av € L, para X suficientemente pequenio,

) 2, v(j)ln|hi () sen(h3 (7)) = 0,

jed§ 0
de otro modo,

Z v(4) sgn(hi(H))| < Z lv(4) (3.12)

JjeJ§ j€Jo

Corolario 3.3.3 (Pinkus, [13]) A7 es el tinico mejor £1-aprozimante de 0 en
K siy sélo si (3.12) se cumple para todo v € V, v # 0.

Orden de convergencia

Sea Vp el subespacio lineal de V definido por Vp := {u € V : u(j) =
0,Vj € Jo}. Notemos que si Jy = ), entonces Vy = V. Los dos siguientes
lemas técnicos permiten establecer las condiciones para asegurar un orden
de convergencia potencial del tipo (p — 1), para algin r € N.
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Lemma 3.3.3 Supongamos que eziste un v € Vo yr €N tal que

3 (i) InF B (5| sen(hi(5) =0,  O<k=T (3.13)
jeJs
Entonces () B ( )
im p J 1\ ' .
Jm Z} O o (314

o+ 1), S () ™ R (5)lsen(hi(9)-

jeJ§

Teniendo en cuenta que por el corolario 3.3.2 la igualdad (3.13) es cierta
paratodov € Voyr =1, podemos establecer el siguiente resultado.

Corolario 3.3.4 Para todo v € W,

hmﬂz o)1= 1E) _ L5 o 5) 1 i () lsem(3 )

p_’1+p— |h*( )I jeJg

Para J' C J, denotamos por || - || la restriccion de || - || al conjunto de
indices en J'.

Lemma 3.3.4 Si||hp—hill/(p—1)" estd acotado para algin r € N, entonces
lAplla/(@—1)" — 0 cuando p — 17. En particular, lpllae/(@—1) — 0
cuando p — 1.

A partir de los lemas anteriores podemos enunciar el siguiente resultado
que establece condiciones necesarias y suficientes para obtener un radio de
convergencia méas rapido que 1 /(p—1), establecido en su versién més general

Corolario 3.3.5 Sea r € N. Entonces limp—1 ||hp — Ril/(p—1)" — 0 siy
sélo si

3 o) n* [} (5) sen(hi() =0,  1<k<7T+],
jeJg

para todo v € Vo.
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Exponemos a continuacién las condiciones necesarias y suficientes para
obtener un radio exponencial de convergencia. Del Corolario 3.3.2 y Coro-
lario 3.3.5 vemos que para que esto ocurra, es necesario que para todo v € Vy,

Z v(5) In® |R}(5)| sen(hi(5)) =0, para todo k e NU{0}. (3.15)
jeJ§ ﬂ

Sean 0 < di < dg < --- < ds todos los diferentes valores de |h}(j)| en J§.
Consideremos la particién {J;};_, de J§ dada por J; = {j € J§ : |h1(j)| =
d;}. La condicién (3.15) puede sustituirse por otra mds facil de verificar.

Lemma 3.3.5 Sea v € V. Las siguientes condiciones son equivalentes

i) Y o(j)In®|R{()| sgn(hi(5)) = 0, para todo k € NU {0}.
jeJ§

i) Y o(f)In* (7)) sen(hi() =0, 0<k<s—L

Jjed§

i) Y v(j)sen(hi(s)) =0,1<1<s.
jE€d; . .

iv) 2}7 v(f)|R5 ()P~ sgn(hi(4)) = 0, para todo p > 1.
JEJS

v) Ezistel <p1 <p2 < < ps tal que

2; v(§)Ip; ()P sgu(hi(j)) =0, 1<k<s. (3.16)
jess v

Corolario 3.3.6 hy, = h} para todo p > 1 si y sdlo si

> v(j)sen(Ri(j)) =0, 1<I<s
Jjed .

pard todo v € V.

Sea By una base de Vy, donde suponemos que By := 0} si Vo = {0}. Sea
B; un conjunto (posiblemente vacio) de vectores linealmente independientes
en V tal que B := By U By es una base de V y sea Vi = span(Bi). Asi,
podemos escribir V = Vy @ V.
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Teorema 3.3.4 ([20], [21]) Supongamos que

> w()sen(hi() =0, 1<I<s, (3.17)
JjEh ' o

para todo v € By. Si (3.17) también es cierto para todo v € By, entonces

h, = h} para todo p > 1. De otro modo, sea

 [Sepesentio)
L |]|[1]?|Ia=Xl e V@I

veEVL

Entonces, para todo o < v < 1 existe po = po(y) > 1y M > 0 tal que
lhp — RTIl < MAY®Y para 1 < p < po.

Observemos que si h} es el Gnico mejor ¢;-aproximante de 0 en K,
entonces el Corolario 3.3.3 implica que By = 0y (3.17) es cierta obviamente.

Corolario 3.3.7 Si' L es un conjunto unitario, existe un 7y, 0 <7 < 1, tal
que |[hp — B[] < /&

La siguiente tabla resume los resultados obtenidos y da una descripcién
completa del radio de convergencia de hyp hacia hj si p — 1*. Parav €V
denotamos,

She(w) = 3 0() Ik [8(7) sn(1G),  Ba) = D v(d) sgn(h (7))

jeJg jed,
y consideramos

r0=max{r€{1,...,3—1}:2’“8(0):0, 0<k<rm, VvEBo}.

Condicién en V Orden de convergencia

T, =0, 1<1<s, YweBUB h, = hi, para todo p > 1.

T, =0, 1<I<s, WeDB
0(,71/(1)—_'1))
¥j,(v) #0, paraalgin 1 <l < sy
algtin v € By

ro<s—1 O(e—1")

Notemos que por el Corolario 3.3.2, ro > 1. Por otro lado, por el Lema
3.3.5, 7o = s — 1 es equivalente a Xj,(v) =0, 1 < [ < s, para todo v € Bp.
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3.3.3 Desarrollo de Taylor de los mejores {,-aproximantes

El objetivo de esta ‘seccién es probar que, para todo r € N, los mejores
£p-aproximantes admiten un desarrollo de Taylor de orden r de la forma

[
hy = hi + Zal(p -1+ 'yz(,r), . (3.18)
=1 .

cong eR" 1<I<ry 'y;(,r) € R" tal que ||'y;(,7)|| =0 ((p—1)).
Observemos que siempre es posible escribir hy, en la forma (3.18) cua-

lesquiera que sean los o4, 1 < 1 < 7. Por tanto, el interés de (3.18) estaréd en

probar es que es posible elegir los oy, 1 <1 < r de forma que se obtenga la

deseada estimacién del error para "/I(,T).

Teorema 3.3.5 [22] Para todo r € N existen vectores oy € R", 1 <[ < r,

tales que ' '

T
hp=hi+ > aulp— 1)} + 7, (3.19)
I=1 ’
dond (r) € R" () =0 —1)r+!
onde Yp Yyl =0 (e—1)).

Teniendo en cuenta que ||h, — h||/(p — 1) esté acotado, la demostracién
del Teorema 3.3.5 se obtiene por inducciéon mediante la aplicacion de los dos
siguientes lemas:

Lemma 3.3.6 Bajo las condiciones del Teorema 3.3.5, sea v € N y supon-
gamos que existe oy € V, 1 <1 <r—1, tal que

r—1
by = B+ 3 calp — 1) 44,
=1

Si existe a = lim1 fyg—l)/(p —1)", entonces ||'yz(,r) |/(p—1)"*! estd acotado,
p———)

donde 7,5,” = fyz(,T_I) —ar(p—1).
Lemma 3.3.7 Bajo las condiciones del Teorema 3.3.5, sea v € N y supon-

gamos que existe oy €V, 1 <1 <r —1, tal que

r—1
hp=hy+ ) ou(p— 1)} +450.
=1

(r-1)

Si |l ~ /(0 — 1)" estd acotado, existe plirgo'yzgr_l)/(p -1 eV.
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Sean 0 = pg < p1 < --- < ps, los diferentes valores de |h](5)], 1 < j < n,
y sea Ji, 1 < k <'s, el conjunto de indices j € J§ tal que |hi(j)| = px. En
[21] se prueba que si -

> u(f)sen(hi(5)) =0, 1<k<s, VueW, (3.20)
Jj€Jx

entonces existe M > 0y 0 < v < 1 tal que ||h, — hi|| < M4Y®D. Por
tanto, si (3.20) es cierto, tenemos un orden de convergencia exponencial de
hp hacia hj y, por consiguiente, el desarrollo (3.19) se cumple trivialmente
con oy = 0 € R™ para todo 1 <[ < r. Por tanto, para obtener un desarrollo
no trivial de hp en p = 1, hemos de asumir que

> u(j) sgn(hi(5)) # 0

jE€Jk >

para algin u € Vp y algin 1 < k < s.

3.4 El algoritmo de Polya en el espacio de suce-
siones

Para 1 < p < oo, consideraremos el espacio de Banach EP(N) de las
sucesiones = = {z(4)};en € RN tales que

> 12U < oo,

JEN
dotado con la p-norma,

1/p

lzllo = { > ()P

jeN

Asimismo, consideraremos el espacio de Banach £, (N) de las sucesiones
acotadas en RY, con la norma uniforme ||z = ||z[|o0 = sup,ent|z(4)}-

Sea K # () un subconjunto de ¢1(N). Dado h € 41(N)\ Ky 1<p <o
diremos que h, € K es un mejor £,-aprozimante de h por elementos de K
si

|hp — hllp < |lg— R,  paratodo g € K.

Si p = oo diremos que ho, €8 un mejor aproximante uniforme de h por
elementos de K.
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Si K es un subespacio vectorial de dimensién finita de 41 (N), entonces
estd garantizada la existencia de mejores {p,-aproximantes para cualquier
h € 41(N) \ K. Ademéds, tenemos unicidad del mejor £,-aproximante si
1< p<oo. .

En general, la unicidad del mejor aproximante uniforme no estd garanti-
zada. Sin embargo, en [10], Marano prueba la existencia de un dnico mejor
aproximante uniforme estricto cuando K es un subconjunto compacto, con-
vexo y no vacio de ¢y (el espacio de Banach de las sucesiones z € IRN tales
que z(j) — 0 cuando j — 00).

Mediante un proceso inductivo, se prueba en [10] la existencia de una
sucesion {dn}nen (posiblemente finita) estrictamente decreciente y una fa-
milia numerable (posiblemente finita) de conjuntos {J,, }nen finitos y disjun-
tos de forma que:

1) si ds = 0 para algiin s > 1, entonces N = [J;_; J;
2) en caso contrario, d, — 0 cuando n — 0.

El aproximante uniforme estricto de un elemento h € ¢1(N) \ K, que notare-
mos por hj,, viene caracterizado por alguna de las dos siguientes propieda-
des:

e Si denotamos Jo = N\ Uy Ji, entonces b, es el tinico elemento en
H tal que

() —heeDl =dk, €Tk, k=1,2,...
y hoo(4) = h(3) sij € Jo.

e Para cada g € H consideramos la sucesién 7(g) € ¢1(N) cuyas coorde-
nadas estan dadas por |g(j) — h(j)| reordenadas en orden decreciente.
Entonces A%, es el tnico elemento en H tal que 7(h},) minimiza el
orden lexicografico.

Observemos que A%, estd bien definido porque para cada ¢ > 0 y
cualquier g € H, el conjunto de indices j € N tales que |h% (j) —g(j)| > € es
finito. La unicidad de A%, es una consecuencia inmediata de la convexidad
del conjunto H.

Como ya hemos comentado, cuando K es un subespacio afin de R",
la convergencia de hyp hacia h%, fue probada por Desclouz, [2]. El primer
resultado sobre el orden de convergencia de |hp — h%,|| cuando p — oo fue
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establecido por Egger y Huotari, [4], quienes probaron que existen constantes
M >0y po > 1 tales que

Pllhp — Aooll < M, (3.21)

para todo p > pg. Posteriormente, Navas y Marano, [11], establecen condi-
ciones necesarias y suficientes sobre K para conseguir que p ||hp — h%,|| — 0
cuando p — oo y Navas y Quesada, [17], prueban que existen constantes
Li1,Ls >0y 0<a<1,dependiendo de K, tales que

L1a? < pllhp — Boo|| < Laa®, (3.22)

para todo p suficientemente grande.

A lo largo de esta seccién, K serd un subespacio afin de dimensién finita
de ¢1(N). En este contexto es también conocido, [3, 10], que limp_,o0 Ap =
h%,. Ademsés, en [3] los autores prueban que el resultado de acotacién dado
en (3.21) sigue siendo cierto.

Nuestro objetivo serd dar una completa descripcion del orden de con-
vergencia de ||hp — || cuando p — oo, generalizando el resultado (3.22) a
nuestro contexto de aproximacién en el espacio /3 (N).

3.4.1 Notacidén y resultados previos.

Para J C N denotaremos mediante J° = N\ J. Ademds, para cada
v € £1(N) definimos |[v|| ;y = max;e |v(5)|. Observemos que ||v||ny = [|v]|. Sea
K un subespacio afin propio de dimensién finita de 41(N), 0 ¢ K. Deno-
taremos por h%, (respectivamente hp, 1 < p < co) el aproximante uniforme
estricto (respectivamente, el mejor £,-aproximante) de 0 por elementos de
K. Asumiremos, sin pérdida de generalidad, que ||h%,|| = 1. En lo que sigue
expresaremos K en la forma K = A%, +V, donde V es un subespacio vecto-
rial de dimensién finita de ¢;(N) con m := dim(V) > 0. Sea Jy el conjunto
de indices en N definido por

Jo = {j € N: h,(4) = 0}
v consideremos el subespacio vectorial Vg de V dado por
Vo={v€V:v(j)=0, paratodo j € N\ Jp}. (3.23)

Pongamos dy = 0. Por medio de un proceso inductivo, para cada n € N
tal que N # UjZg' Jj, definimos dn = [|hfollgyp-g, ¥ Jn = {5 € N« [R5 (7)] =
dn}. Observemos que, al ser A%, una sucesién en ¢; (N), entonces, para cada
n € N, J, es un conjunto finito de indices.
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e Si N =5 ! J; para algun n €N, entonces obtenemos una sucesién
finita estrictamente decreciente {d;}}—; ! junto con una familia finita de
conjuntos finitos y disjuntos {J;};'5 En tal caso, tomaremos dp, = 0.

e En caso contrario, obtendremos una sucesién, {d, }nen, estrictamente
decreciente y una familia numerable de conjuntos finitos y disjuntos
{Jn}nen, de tal forma que

) oo
de l Ocuandon — o0 y UJl =
=0

Para todo v ¢ Vj, definimos
r(v) = min{n € N: v(j) # 0, para algin j € J,}. (3.24)

Lemma 3.4.1 Sea V el espacio vectorial y {Jn}nen la familia de conjuntos
de indices definidos anteriormente. Entonces, existen un entero r > 0,
una sucesion finita estrictamente creciente de nidmeros enteros {o(k)}_o,
con o(0) = 0, y subespacios vectoriales Vi, de V, 0 < k < r, tales que
V = @j—o V&, verificando la siguiente propiedad:

(pl) siv € Vi \ {0}, entonces v(j) = 0 para todo j € U;;(I;)_lJl you(j) #0
para algin j € J, ).

Lemma 3.4.2 Siv & Wy, entonces existen ji,ja € Jp(y) (véase (3.24)) tales
que v(j1)h3,(71) > 0 y v(j2)hd, (j2) <O.

3.4.2 Orden de convergencia
El teorema de Egger y Huotari

El siguiente Teorema fue inicialmente probado por Egger y Houtari, [3].
Sin embargo, en [15] presentamos una demostracién alternativa (y en nuestra
opinién més sencilla), basada en la férmula de caracterizacién y cuyo interés
principal radica en que no es necesario usar el hecho de que hy, — h%,
cuando p — oo para concluir que p ||k, — h% || estd acotado cuando p — oo.
De hecho, la convergencia de h, — hZ, cuando p — oo se obtendré como
una consecuencia inmediata de nuestro resultado.

Teorema 3.4.1 [3, 15] Sea K un subespacio afin finito dimensional de
?1(N) tal que 0 ¢ K. Sea hy, 1 < p < 00, el mejor £,-aprozimante de 0 por
elementos de K y h%, el aprozimante uniforme estricto de 0 por elementos
de K. FEntonces existen constantes positivas M y C tales que, para todo
p>C, pllhy — h|| < M.
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El siguiente resultado es consecuencia inmediata del Teorema 3.4.1y es
conocido como el Algoritmo de Polya para sucesiones, que resulta conver-
gente si K es un subespacio afin de dimensién finita de £;(N),

Corolario 3.4.1 Sea K un subespacio afin finito dimensional de £1(N) tal
que 0 & K. Sea hp, 1 < p < o9, el mejor £y-aprozimante de 0 por ele-
mentos de K y h%, el aprozimante uniforme estricto de 0 por elementos de
K. Entonces se cumple que plg{.lo hp = heo-

Orden de convergencia mds rapido que 1/p

En algunos casos podemos precisar atn maés el orden de convergencia
diciendo que h, — h¥, cuando p — oo con orden de convergencia exacto
1/p. El siguiente Teorema establece condiciones necesarias y suficientes en

K para asegurar que p||hp — hi || — 0 cuando p — 0.

Teorema 3.4.2 [15] Sea K un subespacio afén finito dimensional de £y (N)
tal que 0 ¢ K. Sea hp, 1 < p < 00, el mejor £p-aprozimante de 0 por ele-
mentos de K y h%, el aprozimante uniforme estricto de O por elementos de
K. Entonces,

pllhp — heoll — 0,

cuando p — 0o si, y sdlo si, para todo 1 < k <7y cada v € Vg,
3 v(j) sen(hé(9)) =0, (3.25)
F€Ja k) -

donde los espacios Vi, 1 < k <7, y la sucesion {o(k)}}_, vienen dados en
el Lema 3.4.1.

Coincidencia de los mejores {,-aproximantes

FEl siguiente teorema establece las condiciones necesarias y suficientes
sobre K para garantizar que hy = h%, para todo p > 1.

Teorema 3.4.3 [15] Sea K un subespacio afin finito dimensional de {1 (N)
tal que 0 ¢ K. Sea hyp, 1 < p < 00, el mejor Ly-aprozimante de O por ele-
mentos de K y h%, el aprozimante uniforme estricto de 0 por elementos de
K. Entonces, hy = h}, para todo p > 1 si, y sélo si, para todoveV\ Vo y

todo n € N, se cumple que

3~ v(j) sen(hé(9) =0 (3.26)

j€Jn
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3.4.3 Orden de convergencia exponencial

El Teorema 3.4.4. nos permitira caracterizar completamente el orden de
convergencia de h, — h%, cuando p — oo, extendiendo el resultado (3.22)
al caso en que K es un subespacio afin de dimensién finita de ¢; (N).

A continuacién introducimos la notacién que seréd utilizada en lo suce-
sivo. Consideremos el espacio

,
Wo =P Vi,
k=1

donde Vg, 1 < k < r, son los subespacios vectoriales de V construidos
en el Lema 3.4.1 y notemos mg = dim(W,). Sea I = {1,...,mp} y B =
{v1,...,Umy} una base de W elegida de tal manera que si i € I, entonces
v; € Vi para algin k € {1,...,r}. Sea {I;}};_; la particién de I dada por

In={iel: v, €V}

y designemos my, = card(ly). Puesto que V = W@V, dado cualquier vector
v € V existirdn dos vectores, univocamente determinados, A, = (A\y(%))sex €
R y w, € V), tales que,

v = Z Ay (2)v; + wy.

1€l
Teniendo en cuenta que w, () = 0 para todo j € J = Uk=1 Jo(x), entonces

Ayl := lg.ngIAv(i)l

es una norma sobre V| ;.
Para 1l <k <ryl €N, definimos

=R =

3 vils) sgn(ho ()|

JjeJd;

y sea a el nimero real dado por

a = max { L 1 35(1, k) # 0}, (3.27)
1N Udyp)
1<k<r

donde asumimos que a =0 si X(I,k) =0 paratodol e Ny 1 <k <.
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Remark 3.4.1 El nimero a dado en (3.27) esta bien definido dado que el
cociente di/dg (k) €s decreciente con respecto a | € N y creciente con respecto
ak (1 <k <r). Observemos también que si B(1, k) # 0, entonces | > o (k)
(recordemos que si i € I, entonces v;(j) = 0 para todo j € U?:U;)_lJl). Esto
implica que d; < dg(x) ¥, €D consecuencia, 0 < a < 1.

Teorema 3.4.4 [15]Sea K un subespacio afin finito dimensional de £1(N)
tal que 0 ¢ K. Sea hp, 1 < p < 00, el mejor £,-aprozimante de 0 por ele-
mentos de K y h’, el aprozimante uniforme estricto de 0 por elementos de
K. Entonces existen constantes positivas L1, Lz y po > 1 tal que, para todo

P > Do,
Lia? <pllhp — hi |l < Lad?, (3.28)

donde a es el nimero real definido en (3.27).
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Modelos Matematicos en
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Abstract: We present here some results about the inverse pro-
blem of identification of bioelectric sources in the brain and in
the cerebral cortex. The start points are measures for the electric
potentials generated on the scalp. The obtained results guarantee
the existence and unicity of the solution of this problem and allow
us to propose stable algorithms for their solution.

We present some examples in the case of a simple geometrical
model of the human head.

Resumen: En este trabajo se presentan -algunos resultados
bésicos sobre el problema inverso de identificacién de fuentes
bioeléctricas, concentradas en el volumen y en la corteza cere-
bral, a partir de las mediciones de potencial sobre el cuero cabel-
ludo. Estos resultados garantizan la existencia y unicidad de este
problema de identificacién y permiten proponer algoritmos para
su solucién. Para el caso de fuentes concentradas en el volumen
cerebral, se presenta un algoritmo estable para un caso en que la
cabeza se modela por geometrias simples.
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“Words key: EEG, Problemas Inversos y mal planteados, Regularizacién.

4.1 Introduccién

Actualmente se tiene un gran interés por la investigacién sobre los
métodos no destructivos para la deteccién de alguna(s) caracteristica(s) des-
conocida(s) de un sistema a partir de informacién parcial sobre la respuesta
del sistema a una sefial de entrada. Ejemplos de esto son la Tomografia
Médica, la Tomografia de Procesos Industriales y la Geofisica Inversa.

En la Tomografia Médica (TM) se trata de identificar una fuente bioe- :
léctrica a partir de alguna manifestacién externa producida por esa fuente
y que es medida por medio de un dispositivo electrénico. Ejemplos de estos
son los métodos de resonancia magnética y los de imagen radio-isotépica.
Estos métodos proporcionan imagenes funcionales del flujo de sangre y del
metabolismo esenciales para diagnosticar e investigar el cerebro, corazomn,
higado, rifién, hueso y otros 6rganos del cuerpo humano. Estudios sobre el
dafio cerebral durante el envejecimiento normal y anormal han sido respal-
dados por los avances en la resonancia magnética (RM), mientras que las
técnicas avanzadas de visualizacién de imagenes han permitido mejorar pro-
cedimientos de cuidado en situaciones médicas de gran dificultad tales como
cirugia cerebral. En la investigacién del cdncer los nuevos métodos han per-
mitido los estudios de la eficacia de la terapia sin la necesidad de la biopsia;
la radiograffa y los métodos de RM se aplican al sistema esquelético y a la
microscopia del tejido.

Dentro de la TM, una técnica que ha surgido recientemente para la
reconstruccién de actividad eléctrica cardiaca o cerebral a partir de po-
tenciales eléctricos medidos fuera del cerebro y del corazén es la llamada
Visualizacién de Fuentes Eléctricas (ESI por sus siglas en inglés: Electrical
Source Imaging) la cual consiste en » reconstruir” la actividad cerebral o car-
diaca a partir de los potenciales medidos fuera del cerebro o del corazén. La
electroencefalografia y la electrocardiografia se utilizan para determinar la
ubicacién de fuentes de actividad bioeléctrica en el cuerpo, respectivamente,
a partir de mediciones de voltajes y corrientes superficiales y se usa también
en el diagnéstico y guia terapéutica relativa a la epilepsia y anormalidades
de 1a conduccién en el corazén ([18], [22]).

En la Tomograffa de Procesos industriales se pretende reconstruir o iden-
tificar alguna caracteristica de un sistema que puede ser eléctrica, mecanica
quimica, etc.

En particular, la Tomografia de Capacitancia Eléctrica (TCE) y la To-
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mograffa de Resistencia (TR), se enmarcan dentro de la Tomografia de Pro-
.cesos. Actualmente, no se tiene un algoritmo implementado que permita
resolver el problema de la TCE en tiempo real. La solucién de éste prob-
lema para la TCE permitird determinar la calidad del petréleo en el mo-
mento en que es extraido de los pozos. Un problema importante es el de
desarrollar algoritmos e implementar programas de computadora (para esos
algoritmos) que permitan visualizar un mapa de permitividades eléctricas
de la seccién de flujo en un corte transversal de una tuberfa. Més detalles
de este problema, asi como una amplia bibliograffa al respecto se encuentra,
en [8] y [23].

En este reporte presentamos algunos resultados sobre el problema de la
visualizacién de fuentes bioeléctricas en el cerebro a partir de mediciones de
potencial sobre el cuero cabelludo el cual se denomina Electroencefalografia
Inversa. Estos resultados se obtienen por separado para el caso de fuentes
en el volumen y en la corteza cerebral respectivamente, y garantizan la e-
xistencia y unicidad de solucién del problema de identificacién con lo que se
pueden proponer algoritmos de identificacién.

4.2 Problemas inversos y mal planteados.

Los problemas de identificacién en general pertenecen a un grupo cono-
cido como problemas inversos. Los problemas que se enunciaron en la seccién
anterior son ejemplos de problemas inversos. A continuacién daremos la
definicién de problema bien planteado y posteriormente su relacién con los
problemas inversos.

Sean X,Y espacios de Hilbert, K : X — Y un operador y la ecuacién

Krx=y - (4.1)
Se dice que la solucién de la ecuacién (1) es un problema bien planteado si:
1. Para cada y en Y existe una solucién en X.
2. Para cada y en Y la solucién es tinica en X. |

3. La solucién z del problema (1) depende continuamente de la variacién
de los datos y.

Cuando no se satisface alguna de las condiciones anteriores se dice que
el problema es mal planteado. En términos generales, los problemas de
identificacién son mal planteados. También muchos problemas inversos que
aparecen en las aplicaciones son mal planteados.
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4.3 Métodos de regularizacion

Cuando los problemas son mal planteados, en cuanto a que presentan
alguna inestabilidad numérica en su solucién, esta puede ser tratada uti-
lizando alguna técnica de regularizacién, que en lo que sigue explicaremos
en que consiste. Consideraremos problemas inversos que estan expresados
en la forma operacional: Kz =Yy donde K es un operador lineal compacto
entre dos espacios de Hilbert X e Y separables. Puede suponerse que el
operador K es uno & uno ya que en caso de no serlo, es posible reemplazar
X por el complemento ortogonal del nicleo de K. Encontrar el nicleo de
K puede llegar a ser muy complicado. _

Supondremos que existe una solucién de la ecuacién no perturbada
Kz = y. En la practica s6lo se conoce una aproximacion 1 del lado dere-
cho, donde § es conocido y se sabe ademds que la distancia entre ellas es
menor que 8, es decir, ||y — Py < 6. Fn este caso se espera encontrar una
solucién aproximada 2% a la solucién exacta z. Si el problema es sensible
al error en las mediciones, es decir, es mal planteado, entonces deben apli-
carse métodos de regularizacion tales como el método de regularizacién de
Tikhonov y el método de regularizacién de Lavrentiev que son dos de los
métodos més comiinmente usados para encontrar soluciones aproximadas
de manera estable de la ecuacién (4.1) ([2, 12 y 15]) bajo las condiciones
mencionadas.

4.3.1 Meétodo de regularizacién de Tikhonov

Una gran cantidad de problemas inversos pueden formularse como ecua-
ciones operacionales de la forma:

K=y

donde K es un operador compacto entre los espacios de Hilbert XyY
separables. Por lo dicho arriba supondremos que el operador K es uno a
uno. Se supone ademds que existe una solucién exacta Z € X de la ecuacién
con datos exactos g, es decir, que § € K(X).

En la préctica, en lugar de § se tiene una medicién aproximada Yevy,
tal que

17—’ lly <. (4.2)

A continuacién se describe el método de regularizacién de Tikhonov que
permite obtener una solucién aproximada a Z a partir de nh

sl



-

4.4. Algunos aspectos bdsicos del EEG. 7

Consideremos para cada « > 0, el llamado funcional de Tikhonov ago-
ciado a la ecuacién (1):

Jo(z) = | Kz —y|* + ollz]|”. (4.3)

Es conocido que J, alcanza el minimo en un tnico z% el cual es la
solucién de la ecuacién normal ([12], [14])

az®+ K*Kz® = K*y

Denotaremos por Jo ¢(z) al funcional de Tikhonov correspondiente a 3°
en lugar de y. Entonces, el famoso teorema de Tikhonov dice que si se toma
a(6) > 0 de manera que aé) - 0y % — 0 cuando § — 0, entonces se
cumple que

Iz - z*@|| -0 (4.4)

Una forma de elegir a(d) cuando d es un valor fijo, es de tal manera que
satisfaga la ecuacién ||Kz%©®) — 49| = 6. Este método de elegir el pardmetro
de regularizacién es llamado el principio de discrepancia de Morozov ([12])
y garantiza que si K tiene rango denso en Y y ||y —¢°|| < & < ||3°|| entonces
la solucién £ cumple (4.4).

4.4 Algunos aspectos basicos del EEG.

El método de la electroencefalografia no ha sido tradicionalmente un
método de visualizacién de imagénes, sin embargo es uno de los métodos
no destructivos més conocidos en la investigacion del cerebro y se basa en
el registro de su actividad eléctrica a través de un electroencefalograma
(EEG) y ha demostrado ser una herrramienta clinica muy valiosa. Por
medio de este es posible detectar tumores cerebrales, condiciones epilépticas,
enfermedades infecciosas, retardo mental, dafio cerebral, etc. Ademés los
potenciales obtenidos como respuesta a un estimulo (potenciales evocados)
se muestran prometedores en el diagndstico y tratamiento de enfermedades
del sistema nervioso central ([18]).

4.4.1 EEG humano. Aspectos generales.

Historia

El cerebro vivo muestra una actividad eléctrica la cual puede ser regis-
trada de la superficie de la cabeza (EEG). Esta actividad fue registrada por
primera vez por Caton (1875; 1877) en Liverpool en monos y conejos. El
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primer registro de esta actividad en un humano fué publicado por Neminsky
(1913), el cual no tuvo gran efecto sobre el pensamiento y conceptualizacién
en la investigacién cerebral.

El verdadero padre del EEG fue Hans Berger, profesor de Psiquiatria en
Jena. Usando varios galvanémetros registré actividad ritmica de la cabeza
de varios individuos. En su primer reporte, publicado en 1929, él senala la
existencia de ondas alfa. Ademas, muchos de los fenémenos del EEG fueron
descritos por él en algunos de sus reportes y en una monografia, publicados
en 1937 y 1938, respectivamente.

Registro del EEG

El EEG se obtiene a partir de electrodos colocados en el cuero cabelludo
de forma tal que la impedancia llegue a ser tan baja como sea posible.
Después de muchas discusiones entre especialistas, un comité internacional
recomienda el llamado sistema 10-20 para la colocacién de los electrodos, es
decir, entre 10 y 20 electrodos deben ser colocados en posiciones estdndar
como muestra esquematicamente la figura 1 ([18], [22]). Actualmente se
tienen sistemas de registro con 256 electrodos. :

Figure 4.1: El sistema 10-20 para la colocacién de los electrodos
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Las caracteristicas de los patrones individuales del EEG de un paciente,
se encuentran probando en diferentes sitios, es decir, colocando los elec-
trodos en diferentes puntos sobre el cuero cabelludo. Ademsés el individuo
examinado debe ser colocado sobre una silla confortable, relajado y con los
ojos cerrados. La luz debe ser tenue y debe estar aislado al ruido. Los
disturbios eléctricos que alteran fuertemente el EEG pueden aparecer por
diferentes circunstancias, como por ejemplo, los electrodos estan débilmente
colocados, fallas en la maquina del EEG, el paciente tiene sus ojos y cuerpo
en movimiento o por el ruido producido por el registro simultaneo de la
actividad eléctrica del corazén.

Por esta razdn, un buen registro del EEG depende de la experiencia y
habilidad del técnico ([22]).

Evaluacién del EEG

Tradicionalmente el EEG ha sido evaluado por inspeccién visual de las
curvas obtenidas en los registros, tomando ciertos criterios tales como las
formas de las ondas caracteristicas de ciertos procesos cerebrales como por
ejemplo los derivados de los ataques epilépticos, algunos tumores cerebrales
y otros. Como primer paso las curvas se clasifican en 3 categorias: normal,
patolégico e intermedio. Entonces como segundo paso el observador trata
de dar respuesta a muchas cuestiones especificas referentes al paciente bajo
observacién. Esta clasificacién ha tenido gran éxito desde el punto de vista
clinico; el especialista puede fiarse de este método debido a su experiencia
(122)).

Algunos cientificos esperan que en un futuro no muy lejano, la inter-
pretacion del EEG a través de la experiencia del observador pueda ser reem-
plazada completamente por la evaluacién computarizada ([15]).

4.5 Modelo de medio conductor para la actividad
electroencefalografica

En esta seccién se presenta un modelo para estudiar un problema de
identificacién el cual ha sido usado ampliamente ([1, 4, 10, 13, 19, 21]).
Se supone en este modelo que la, cabeza () estd compuesta por dos zonas
disjuntas segin lo muestra la figura 2, a saber:

1.92; — Cerebro 2.Q2 — Restantes regiones que componen la cabeza
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Supondremos que 2 = U?=1 Q; v que cada una de las componentes ;
tiene una conductividad constante o;, i = 1,2 donde o1 # 03.

S2

cerebro

S1

Figure 4.2: Modelo de la cabeza en capas conductoras

Mediante S; se denotarédn las superficies que componen las fronteras de
las regiones €, 1 =1,2:

N =851, 0 =5U Sy

donde S; denota a la corteza cerebral y Sz el cuero cabelludo.

Supondremos que las corrientes que pueden producirse en la regién
se deben tinicamente a la actividad eléctrica del cerebro y pueden ser de dos
tipos: 6hmicas e impresas. Las primeras se deben al movimiento de cargas
iénicas a través del fluido extracelular en el cerebro y las segundas a las
corrientes de difusién a través de las membranas neuronales ([18, 20]).

Denotaremos mediante J la densidad volumétrica de corrientes impre-
sas en {); y mediante 7 la densidad superficial de corrientes impresas en S;
(corteza cerebral). Es conocido que la densidad voluniétrica total de corri-
entes en la regién 2; ocupada por el cerebro es (20}, p. 88): Ji=J+01E;
donde E; es el campo eléctrico generado por la actividad bioeléctrica y por
la ley de Ohm, el término alﬁl denota la densidad de corrientes éhmicas.
En la regién Qs sélo consideraremos estas dltimas, es decir, despreciaremos
la actividad bioeléctrica.

Se puede demostrar que ([10]) es posible despreciar el término % en
la ecuacién de continuidad: V - J_r:’p + %ptl = 0 donde ,]-%1 y p; denotan,

respectivamente, la densidad de corriente y carga, en cada regién );, i =
1,2.
De esta forma obtenemos el modelo:

V- (f—i— olﬁl) =0 en W (4.5)
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V-(02E) =0 en (4.6)

Se puede considerar que para el campo magnético B generado por la
actividad eléctrica del cerebro, se cumple que %7 8B _ ¢ ( [20], p- 206). Por lo

tanto, existe un potencial electrostatico u tal que Ei = Vu;, i = 1,2. Este
potencial u satisface la ecuacion:

Aug = —iV o en U (4.7
o1

Aug =0 en (4.8)

Si denotamos por S7 la frontera de €21, S2 la frontera exterior a Qg y n;,
i = 1,2 el vector normal unitario exterior a S;, entonces las condiciones de
continuidad del potencial eléctrico y de las componentes normales de la co-
rriente en cada superficie S; (j = 1,2) nos dan las condiciones de contorno
que se escriben en la forma ([21]):

Uy = U2 en Sl
0 0 -
Jlﬂ = azﬂ-l—j-m en S
8n1 877,1
Quy  _ 0 en S
8’)%2 o 2

. du; .
respectivamente, donde 8—1; denota la derivada normal de u; en S; con
J
respecto al vector nj.
En lo que sigue estudiaremos el problema de contorno (4 7)-(4.9), al

que llamaremos Problema de Contorno Electroencefalogréfico (PCE)
]- —
y utilizaremos la notacién f(z) = —U—V -J(z) y j(z) = —(5 - n)(z). En el

caso en que j = 0, el PCE es llamado Problema de Contorno Electroence-
falografico Volumétrico (PCEV) y en el caso en que f = 0, es llamado
Problema de Contorno Electroencefalogrifico Cortical (PCEC).

Ahora enunciaremos algunas definiciones necesarias para plantear el
Problema Inverso Electroencefalografico PIE en términos del PCE.

Definicién 4.5.1 (Problema Directo asociado al PCE) Llamaremos Prob-
lema Directo asociado al PCE al problema que consiste en hallar la solucion
u(z) del PCE cuando estdn dados f(z) y j(z). En el caso en que j =0, el
problema directo asociado al PCFE es llamado Problema Directo Electroence-
falogrdfico Volumétrico (PDEV) y en el caso en que f = 0, es llamado
Problema Directo Electroencefalogrdfico Cortical (PDEC).
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Definicién 4.5.2 (Problema Inverso asociado al PCE, PIE) Dada una
funcidén V definida sobre S encontrar f(z) y J (z) de manera que para la
solucion u(zx) del problema directo correspondiente a f(z) y j(x) se cumpla
que: u2|52 = V. En el caso en que j = 0, el problema inverso asoci-
ado al PCE es llamado Problema Inverso Electroencefalogrdfico Volumétrico
(PIEV) y en el caso en que f =0, es llamado Problema Inverso Electroence-

falogrdfico Cortical (PIEC).

Observacién: Nétese que en el PIE se trata de obtener V - J y 5 1
a partir de mediciones del potencial generado sobre el cuero cabelludo. Sin
embargo, lo impbrtante es obtener J y j ya que precisamente el soporte
de estas densidades nos permiten identificar las zonas activas tanto en el
volumen del cerebro como en la corteza cerebral. Ademés, el problema de-
determinar J a partir de V - J no tiene solucién tnica. Basta notar que si
V . J = 0 entonces para cualquier funcién arménica v en Q1, la densidad
J = Vv satisface la ecuacién V - J = 0. Luego para la determinacién de J
a partir de V - J se deben imponer otras condiciones adicionales.

4.6 Espacios de funciones. Traza de funciones

4.6.1 Espacios de Sobolev

Para cada subconjunto € abierto y acotado del espacio euclidiano R",
consideremos las siguientes clases de funciones:

C(S): Funciones complejas y continuas definidas sobre Q.

C™(): Funciones complejas, con derivadas continuas sobre Q) hasta
el orden m, todas las cuales pueden ser prolongadas continuamente a g
(1 <m < 0).

Recordemos que el soporte de una funcién u definida sobre {1y y con
valores complejos es el complemento en 2o del mayor subconjunto abierto
donde u se anula y lo denotaremos por supp u.

Con Cp(£2) denotamos al subconjunto de aquellas funciones en {2 con
soporte compacto. Similarmente:

Co™(Qp) = C™(S) [ ) Co(Q0),m = 1

Co™(Q) = C*() (") Co(S0).

Siu:A— By C CA, denotamos con u|g la restriccion deuadC.
Mediante L,(S) denotaremos la clase de todas las funciones complejas
medibles u(x) definidas sobre ) y tales que :
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Jalu(x)Pdz < oo

Es conocido que la aplicacion:

lul, = ([ lu(@)Pdz)"?

es una norma en L,(€p) que provee a este conjunto de funciones de una
estructura de espacio de Banach. ’
Diremos que la frontera Sy = 9§ de la regién Qg C R™ pertenece a la clase
C*(k > 1), si para cualquier punto xg € Sp existe una vecindad U(zo) de zo
y un homeomorfismo:

f: N U(zo) N So

tal que f € CkF(®R"1).

Diremos que g es un abierto con frontera regular o suave, si 0§} es
una variedad orientable de clase C*° y dimensién n — 1.

Para cada o = (a1, 09, ...,a,) de enteros no negativos con |a| = a1 +
a9 + ... + oy, denotamos por D? la derivada parcial:

oled

8:v1°‘18x2°‘2 ...8xn0‘"

Sea {)g un conjunto abierto en R™ y m > 0 un entero. Se tiene que
C™ () es el espacio lineal de restricciones a Qg de funciones de Cp™(R™).
Sobre C™(Q) % define un producto escalar por:

(U, V) gm(0g) = Z {/QODO‘U.W el < m}

Definicién 4.6.1 Se llama Espacio de Sobolev de orden m y se denota
por H™(Qp) al completamiento del espacio lineal C™(§) con la norma
I+ | zrm ()

Notemos que la norma de H°(p) y la norma de L(€2) coinciden sobre
C ().

Definicién 4.6.2 (Derivada en sentido de Sobolev) La funcion v(z) en Qo
se llama derivada de orden o en sentido de Sobolev de la funcidn u(z) en
Qo y se denota por D%u, si para cualquier funcion ¢ € Co™(Q2) se satisface
la iqualdad

v(z)o(z)dz = (—1) [ u(z)D¥(z)dz
| v@e@is = (-1 [ u@)peo(aya
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De la definicién dada vemos que si u(x) € C*(p), entonces u(z) posee
en §g derivadas en sentido de Sobolev hasta el orden k que coinciden con
sus derivadas en sentido usual. Sin embargo, hay funciones para las cuales
existe la derivada en sentido de Sobolev sin ser derivables en el sentido usual.
Notemos también, que a diferencia de la definicién clésica de derivada, la
derivada en sentido de Sobolev D*u de orden |a| se define por la igualdad
dada, independientemente de las derivadas generalizadas de orden inferior y
es adem4s un concepto global y no local como la derivada en sentido usual.
Se tiene el siguiente teorema que caracteriza a los elementos de H™(p).

Teorema 4.6.1 Una funcidn u € Ly(Qo) pertenece a H™(SYy) si y solo si,
se puede encontrar una sucesion ux € C*(Qg) tal que up — u en L2(Qo) y
las sucesiones D%uy, son de Cauchy en La(Qo) para todo o con ja| < m. ~

A continuacién se enuncian sin demostracién los siguientes teoremas
relativos a las propiedades de los espacios de Sobolev ([3]).

Teorema 4.6.2 (Densidad de C*®(Q) en H™(Q)) Supongamos que la fron-
tera ON) del dominio 2 pertenece a la clase C™. El conjunto de funciones
de clase C®(Q) y por tanto C™(Q) es siempre denso en el espacio H™(2))

Teorema 4.6.3 (Compacidad de la inmersidn entre espacios de Sobolev)
Sea Q una regién acotada de R™ con frontera regqular y ki > ko (k1,k2 €
N). Entonces la inmersién H* (Q) — H*2(Q), es compacta, es decir todo
conjunto acotado en H* () es relativamente compacto en H*2(Q).

Teorema 4.6.4 (Regularidad de las funciones de H*(Q) )Supongamos que
Q es una regidn acotada de R™ con frontera regular. entonces para k > n/2,
tiene lugar la inclusién: H*(Q) C C™(Q) donde m = k — [3] — 1. Ademds
la inmersién H*(Q) — C™(Q) es compacta si se considera en C™(Q) la
norma ||.|| -

4.6.2 Restriccién y traza de funciones sobre la frontera de
una region.

Consideremos una funcién u € C(Qp) donde Qp denota la cerradura
de una regién Qp de ", n = 1,2. Para la funcién u tiene sentido hablar
de su restriccién a la frontera Sy = 8. Sin embargo, para funciones de
Lo(§), las cuales son iguales si difieren en un comjunto de medida nula,
no es posible hablar, en general, de su restriccién a Sp. Para poder dar un
sentido a las condiciones de contorno cuando los problemas se plantean en
L(Q0) se introduce el concepto de traza.
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Sea u € H(Qp). Existe una sucesién de funciones u; € C1(€Qp) que
converge, en la norma de H'()) a u. Puede demostrarse ([17], p. 154) que
la sucesién de restricciones ug|s, es de Cauchy en L?(Sp) y por lo tanto,
converge hacia una funcién ug € L2(€). Ademés resulta que la funcién ug
no depende de la eleccién de la sucesién u; € C1(€) que converge a u en
HY(Q0).

Por lo anterior, a la funcién up € La(Sp) se la llama traza de la funcién
u € HY()) y se denota mediante ug := tr(u).

Ademaés se cumple el siguiente teorema.

Teorema 4.6.5 El operador tr : H() — L2(Sp) es compacto.

Denotamos por HJ*(Qp) la cerradura en H™(Qg) de C§°(€).

4.7 Resultados para fuentes Vol_umétric,as

4.7.1 Resultados de existencia y unicidad de la solucién débil

Consideremos los siguientes espacios de funciones: Lo(€2), La(€) y
Lg(S ), los espacios de funciones de cuadrado integrable definidas sobre Q,
Q; y S;, respectivamente, i = 1,2 donde Q0 = 0y U, ; H! (Q) el espacio de
Sobolev de funciones de Ly (Q) cuya prlmera derivada generalizada pertenece
aQ Lz(Q)
En lo que sigue, para cada funcién v definida en Q, v; denota la res-
triccién de v a Q;, 1 = 1,2, es decir, v; = v|g,, i = 1, 2.

Definicién 4.7.1 La funcién u'€ H* (§~2) es solucion débil del PCEV si se
cumple

/Ulfvldﬂl = — /01Vu1 . V’Uldﬂl + /szul . V’Udez (4.9)
(951 Q3 Qo
Vv e  HYQ).

Teorema 4.7.1 Para que exista solucion débil del PCEV con f € La())
es necesario y suficiente que se cumpla que:

/ Fd =0 (4.10)
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En este caso eziste una tnica solucidn débil u que es ortogonal a las cons-
tantes en el producto escalar de Lo(Q2) y para lo cual se tiene el estimado

Il v ||H1(§)S CHf”L2(Q1) (4.11)

donde C es una constante que no depende de f. Cualquier otra solucion
débil se diferencia de u es una constante.

Si f satisface la condicién (4.10) diremos que f € Lg ().

4.7.2 Resultados de existencia y unicidad del PIEV

Sea A el operador que a cada f € Ly () le asocia la traza a Sp de la
{nica solucién débil u € H! (@ del PCEV que es ortogonal a las constantes’
en el producto escalar de Ly (Q). Obsérvese que, de la desigualdad (4.11), se
deduce que el operador T : Ly () — H* (Q) que asocia a f la solucién débil
u ortogonal a las constantes, es un operador continuo. A es la composicién
de T con el operador traza a la frontera exterior Sz (definido en el teorema
4.6.2). Para cada funcién u € H'() existe la traza a S ([17]). Ya que el
primer operador es continuo de Ly (€1) en H'((2) y el segundo es compacto
de HY() en Ly(Ss) se deduce que A es compacto.

Se tienen los resultados siguientes que pueden ser encontrados en [5]:

Teorema 4.7.2 [N(A)]* = H1 () donde N(A) es el micleo de A y H1($)
es el subespacio de L2(§)1) formado por las funciones arménicas que son
ortogonales a las constantes. :

En el teorema siguiente, A? denota el operador biarménico.

Teorema 4.7.3 Un subespacio propio de Im(A), que es denso en La(S2),
estd constituido por las funciones V € Ly (Sa) para las cuales las trazas a
S; de la solucidn y su derivada normal, del problema de Cauchy

Auy = 0 en o
up =V en S (4.12)
g—;g = 0 en S
son tales que si ualg, =¥ Y g—Zf ¢ = 1, entonces el problema de contorno
1
A%u; = 0 en O
w = ¢ en 5 (4.13)
g—gi = Y en S1

tiene solucidn en H ().
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Estos resultados permiten hallar una solucién del PIEV. Se ha comen-
tado anteriormente que este problema presenta una inestabilidad numérica,
la cual, en este caso, se deriva del hecho de que A es compacto.

4.8 Caso de circulos concéntricos

4.8.1 Caso de datos exactos

Teorema 4.8.1 Supongamos que S1 y Sa son circulos concéntricos de ra-
dios Ry y Ry respectivamente. Entonces la condicién necesaria y suficiente
para que la fuente f pueda ser identificada en L2(Q21) de manera dnica a
partir del conocimiento ezacto de ua| 5, =V es que se cumpla lo siguiente:

1. f se busca en la clase de las funciones armdnicas definidas sobre §2;.

2. Los coeficientes de Fourier de V satisfacen la condicion:

Zoo 4 Re % 1 2
k=1

Ademds, si se cumplen estas dos condiciones, entonces f viene dada por la
férmula Auy = f, donde uy es la solucién del problema (4.7.3).

Supondremos que el dato sin error wug| Sy = V satisface la condicién
(4.14) y denotaremos por V; el dato con error de manera que ||V —Vjl|£,(s,) <
0.

En este caso propondremos, la correspondiente solucién del problema
de identificacién en la forma:

o 1) (B _ (o2 q) (B
o1 Ry o1 Ry
x (Vi scoskt + V,f,ésenke)} (4.15)

donde Vk1 sy Vk2 s son los coeficientes de Fourier y NV serd elegido en funcién
de § de manera conveniente.
Si suponemos la condicién adicional:

00 R 2k
Ty K (R—1> (VAP +|V2?) <E (4.16)
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se obtiene el estimado:

If - f6||L2(91)<4( +1) {N3 (gj) 5%%} (4.17)

Definamos N(d) como el valor entero mds cercano al punto donde al-
canza el minimo, con respecto a N, la funcién en la parte derecha de (4.17).
Dicha funcién es convexa y alcanza el minimo en la raiz de la ecuacién:

Ry Ry Ry 4F
2 2 3 2
N (Rl) 2N (R1> ol (Rl)—N2 (4.18)

En este caso
V32E (gz + 1) \/5+ 2inkz
(4.19)

/lnm + ln—g

Finalmente se tiene el teorema siguiente:

If = foll zotn) <

Teorema 4.8.2 Supondremos que el dato exacto en el plantemiento del pro-
blema de identificacién asociado a (4.7)-(4.9), donde el término j-n se
considera nulo, satisface la condicién apriori de suavidad (4.16), y que en
el caso de que se tenga el dato con error Vs, ||V — Vsl|z,(s,) < 6, se busca
una expresion aprozimada fs de la fuente f en forma de la serie truncada
(4.15). '

Sea N(0) el entero mds cercano a la unica raiz real positiva de la ecuacion
(4.18).

Entonces la expresion (4.15) con N = N(J) es una estrategia regularizante
para el cdlculo estable de fs con respecto a la norma en La(§21) si se satisface
la condicidn (4.16).

Para esta eleccion de N(J) se obtiene el estimado (4.19).

Las pruebas de estos resultados pueden consultarse en [5].

4.9 Resultados para el caso de fuentes concen-
tradas en corteza cerebral.

4.9.1 Un modelo simplificado para el estudio del PCEC

‘Supongamos ahora que en el PCE tenemos f = 0, es decir, no tenemos
fuentes volumétricas.
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En lo que sigue se dan argumentos que permiten estudiar el problema
de identificacién de fuentes corticales por medio de un modelo simplifi-
cado.Algunas consideraciones anatémicas y fisiolégicas justifican el modelo
propuesto; una de ellas es que la corteza cerebral tiene circunvoluciones con
una altura de aproximadamente 2.5 mm y en las crestas y valles la actividad
neuronal representa el 1% de la actividad cortical total. Por otra, parte, la
actividad es generada por completo por neuronas piramidales que producen
un efecto similar a las capas dipolares dlstrlbuldas en S1 y en consecuencia,
ellas generan una densidad de corriente primaria J que puede ser considerada
directamente en la direccién del vector normal n; a Sj.

De esta forma resulta que la componente normal de la corriente primaria,
en la superficie S; puede ser despreciada en las crestas y valles de la corteza
cerebral. En la parte restante de Sy la componente normal puede consider-
arse como la componente tangencial en una superficie sin circunvoluciones.

Ahora, tomando en cuenta los argumentos dados arriba, si continuamos
denotando por S; a la superficie suavizada (que representard a la corteza
cerebral) se tiene que en dicha superficie la componente normal de j es nula.
Si denotamos por u; los potenciales en ;, ¢ = 1,2 producidos por j, se
obtiene el modelo simplificado que se introdujo en [6].

Aui = 0, Qi, 7= 1, 2 (4.20)
= ug en S
L (4.21)
6711 6721
Ouz 0 en S
8n2 B 2

Al problema (4.20) -(4.21) se le llama Problema de Contorno Elec-
troencefalogréfico Simplificado y se denota por PCES.

Por medlo de la solucién del PCES es posible hallar la componente
tangencial de j, en cada direccién tangencial T sobre Si, a través de la
expresién siguiente

27 (4.22)
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4.9.2 Solucién clisica y débil del PCES y su representacion
como suma de potenciales de superficie

Para el andlisis de la solucién del PCES se estudiaré el siguiente prob-
lema de contorno més general:

Aui = fi, Qi, 1= 1,2 (4.23)

con las condiciones de contorno (4.21).

Para ello consideremos los espacios de funciones Ly (%) y L2(S;), respec-
tivamente, para i = 1,2; H'(S2) el espacio de Sobolev de funciones de L Q)
cuya primera derivada generalizada pertenece a L2(£2) donde 2 = Q1 U Qy;
H} () el subespacio de H* (Q) de funciones cuya traza a Sy es nula; H 3 (Si);
el espacio de Banach de funciones de Lo(S;), i = 1,2, las cuales son la traza
de funciones de H*(f2) provisto la norma

Il 3,5, = M I8l s 0 € H@ools, =0} 424)

Definicién 4.9.1 La funcién u € H(Q) es una solucion débil del problema
(4.23) con las condiciones de contorno (4.21) si su traza a Sz coincide con
@ y se satisface la siguiente identidad:

2
Zai /fwidx—l—/Vuz-Vvidm =0 (4.25)
=1 i Q,

para todo v € H&(ﬁ)

Teorema 4.9.1 Si f; € Lay(Q),i=1,2y p € H'/2(85), la solucién débil u
del problema (4.23) con las condiciones de contorno (4.21) existe, es tinica
v satisface la desigualdad ‘

2
lull gro gy < € {Z I fill Ly sy + ||90||H1/2(52)} (4.26)
i=1

donde la constante C no depende de ¢ ni de f;, i =1,2.

Del teorema previo se deduce que el operador T' definido por medio
de ¢ — u|s, donde u es la correspondiente solucién débil, (es decir, en el
caso cuando f; = 0 i = 1,2), es un operador continuo de H 1/2(8y) en
H/2(8;) y compacto de H/2(Ss) in Lo(S1). Por otra parte, si la superficie




4.9. Resultados para el caso de fuentes concentradas en corteza cerebral.91

Sy pertenece a la clase C y ¢ € C'(S,), de (4.26) se obtiene la siguiente
desigualdad (Capitulo IV, §1, seccién 8, p. 217 de [17]):

1l g0y < C2llellorsy) (4.27)

de donde se deduce que

”u2|51||L2(51) <Cs ||90||Cl(52) (4.28)

y en este caso el operador T’ de C(S2) in L2(S)) es un operador compacto.
Este resultado muestra que el problema de recobrar el potencial uls, a
partir de las mediciones ¢ sobre S3 es un problema bien planteado.

Definicién 4.9.2 La funcion

u € C(Q) NC3(01) N C%(Q2) N CY () N CL(D) (4.29)

donde C1(Q2) es el subespacio de C'(Q) de funciones que pueden prolon-
garse continuamente a S1, junto con sus primeras derivadas, es una solucién
cldsica del problema (4.23) con condiciones de frontera (4.21) si satisface
esas relaciones en el sentido cldsico de diferenciacion y la traza.

Expresaremos la solucién del PCES a través de potenciales de capa
simple y doble ([2] y [14]).

En este caso, cuando en el PCES, las superficies S;, i = 1,2 pertenecen
a la clase C? y ¢ € C(S5), la solucién clasica puede buscarse como suma de
potenciales de capa simple y capa doble:

_ p1(y) sl _3_ 1 52
“(”)‘S/ |x—y:dy+s/ g () P a0

para z € {1, con densidades continuas p; en S;, i =1,2y

9 (1
on3 \lz -yl

denota la derivada normal de la funcién B 1yl respecto a y.

La funcién u(z) dada por (4.30) es arménica en Q;, i = 1,2. El potencial
u(z) es solucién del PCES si u satisface las condiciones de frontera (4.21).
Después de sustituir (4.30) en esas condiciones y usando las férmulas de
Sojovstky, se obtiene la siguiente relacién operac1onal matricial para las
densidades p; 1 =1,2:
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aan) - (@) (5)-(2)

-2 = 4.31
[( An A "\ I P2 P (4:31)
A A
A1 Ag
en C(81) x C(S2), Iii denota el operador identidad in C(S;), 1 = 1,2 y los

operadores integrales:
A;j : C(S;) — C(S;) se definen de la manera siguiente:

donde el operador matricial A = ( es un operador compacto

Au(p)(z) = _P'V'Sf 5nF (I?E_yf) Pr(y)dsy
Arz(p2)(z) = —%sf ?{Z_fa_zg (l_a:}-_y[) p2(y)dsy
2 4.32
An(p)(z) = [ ﬁ%dsy (2
$

An(p)(e) = PV 5 (B27) o)y

donde P.V. denota el valor principal de Cauchy de la integral. Nétese que
los operadores Aj;, © = 1,2 son singulares.

De esta forma se prueba que el PCES permite recobrar, en forma estable,
las densidades de carga en S; y las densidades de dipolos en Sa, el mapeo
potencial en S1 y la componente superficial de la corriente en direcciones
tangenciales a 1, a partir de mediciones suavizadas del potencial eléctrico
medido en So. La unicidad de solucién de este problema puede encontrarse
en 7] y 9]

Los resultados de esta seccién sugieren que, a fin de resolver el PIE
usando el PCES en el caso cuando se tienen solamente un ndimero finito de
mediciones de ¢ en Sz, las mediciones mencionadas deben interpolarse en
uns manera estable, en un espacio de funciones suaves como, por ejemplo,
C(S;) antes de iniciar el proceso de identificacion de las fuentes.

Una dificultad que se presenta en este problema, adicional a la posibi-
lidad de que el problema sea mal planteado, es que hay diversas opiniones
acerca de si el mapeo potencial, la densidad de carga, la densidad de dipolos
o la distribucién de densidad de corrientes primarias (impresas) generadas
por la actividad de células corticales representan alguna caracteristica de la
actividad bioeléctrica cortical.

" Puede ocurrir que, dependiendo del modelo matematico empleado, este
problema de identificacién puede o no ser mal planteado, lo cual es mostrado
en[9]. :

Las pruebas de estos resultados se encuentran publicados en [9].
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4.10 Conclusiones

En este trabajo se presentan algunos resultados para el problema de
identificacién de fuentes bioeléctricas concentradas en el volumen y en la
corteza cerebral.

En el caso de fuentes volumétricas se presentan condiciones bajo las
cuales el problema de identificacién tiene solucién tnica, y para el caso par-
ticular en el que la geometria corresponde a circulos concéntricos, se presenta
un algoritmo que permite recuperar la fuente en forma estable. Ademds se
da una estrategia de regularizacién cuyo pardmetro de regularizacién es el
orden del polinomio en el que se truncan las series con las que se representan
las fuentes y los potenciales.

Para el caso de fuentes en corteza, por medio de un modelo simplificado
junto con el uso de técnicas de la teoria de potencial, se propone un algoritmo
de identificacién. Los resultados encontrados sugieren que, antes de iniciar
el proceso de identificacién, las mediciones deben interpolarse en un espacio
de funciones suaves.
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Capitulo 5

Mejor aproximacion
polinomial en bandas no
uniformes
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Abstract: A new concept related with best Chebyshev
polynomial approximation is presented. We present some
results concerning existence of the new approximants. A
characterization theorem is included.

Resumen: Se introduce un concepto nuevo relativo a la
mejor aproximacién polinomial de Chebyshev. Se anuncia
la existencia, unicidad y caracterizacién de esta mejor aprox-
imacién polinomial.

Sea [a, b] un intervalo real. Consideremos funciones f,hy,h2 € C [a,b],
hi,ho > 0, y el conjunto factible de los vectores de R"+1, cuyas coordenadas
son los coeficientes de los polinomios p de grado a lo mas n, tales que

f—hy <p < f+ hg, sobre [a,b].

Este tipo de conjuntos conduce a interesantes problemas simultdneos
de aproximacién y de optimizacién estudiados por Guerra y Jiménez desde
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el punto de vista de la programacién seminfinita [6], y posteriormente por
otros mateméticos, por ejemplo [8], [10] ¥ [9].

Inspirados en esos trabajos de aproximacién y optimizacién y particu-
larmente en una generalizacién del teorema de alternancia de Chebyshev de
Guerra-Jiménez, desarrollamos un concepto de aproximacién de Chebyshev
en bandas no uniformes que presentamos aqui, en el epigrafe 2. En realidad,
existen muchas variaciones y extenciones de este famoso teorema de Cheby-
shev constituyente de los fundamentos de la Teoria de la Aproximacién (vea,
en nuestro contexto, el articulo relativamente reciente de Tijomirov [13], ¥
la, teoria de Kolmogorov en [5]); pero en cada problema concreto se deben
comprobar hipétesis y precisar los resultados.

El teorema de Chebyshev cldsico caracteriza los polinomios de la mejor
aproximacién y determina su unicidad. En el contexto de nuestro estudio,
debemos precisar previamente lo que entederemos como mejor aproximacioén
en bandas no uniformes y proceder al analisis de las diferentes preguntas que
usualmente se formulan en ese tépico de la aproximacién. Este estudio se
desarrolla satisfactoriamente para h; y ho estrictamente positivas. En el
epigrafe 3 presentamos una coleccién de ejemplos que muestran la riqueza
-pero a la vez la limitacién y dificultades- del caso en el que h1 y he tengan
ceros. Este tltimo caso continda siendo objeto de estudio por nuestra parte
y confiamos en presentarlo en forma més o menos completa en una préxima
publicacién.

Los resultados de Teorfa de la Aproximacién que aqui utilizamos son
clésicos y pueden encontrarse en la mayoria de los textos sobre el tema (por
ejemplo, en los textos clésicos [4], [12], o més reciente [5]).

Debemos sefialar que durante el periodo de tiempo en que nos ocu-
pabamos de este estudio, se publicé un articulo en el cual se estudian pro-
blemas abstractos de la mejor aproximacién [1], que tiene puntos de conexion
con nuestros resultados para el caso en que hy y h2 no tienen ceros comunes.

5.1 Mejor aproximacién de Chebyshev

Sean (X, d) un espacio métricoy Y C X, Y # ¢, dadoz € X, considere-
mos el problema de encontrar un elemento y* € Y, tal que d(y*,z) < d(y,z),
para todo y € Y.

No siempre es posible encontrar tales elementos; pero cuando existen se
les denomina como mejor aprozimacion de Y a . Sin embargo, ain teniendo
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demostrada la existencia, no siempre se puede garantizar la unicidad de estos
elementos. Es facil demostrar, sin embargo, que si X es un espacio vectarial
normado, £ € X y Y un subespacio de X, entonces el conjunto de mejores
aproximaciones de z a Y es un conjunto convexo.

Recordemos algunos detalles introductorios para el problema que abor-
daremos en esta exposicién .

Sean X := C'[a,b] y Y := P,(z), el conjunto de los polinomios de grado
a lo mis n y la norma

Ifll = maz [f(z)].

z€[a,b]

Para demostrar la existencia de la mejor aproximacién a una funcién,
por polinomios de grado a lo més n, con n € N fijo, utilizamos el teorema
general siguiente.

Teorema 5.1.1 Si X es un espacio vectorial normado y Y C X un sube-
spacio de X de dimensidn finita, entonces dado x € X existe y* € Y tal
que

VyeY, llz—yll <lz—yl.

La demostracién del teorema precedente es muy sencilla, pues se reduce
al hecho de que una funcién real continua sobre un conjunto compacto, no
vacfo, alcanza sus valores extremos. Para este y otros resultados prelimi-
nares, consulte [4] o [12], entre otros.

Obviamente, si p¥ es un polinomio de mejor aproximacién de P, a f
€ Ca,b| y denotamos

E, = n(f; [aa b]) = d(f7 P’n)v

entonces E, = d(f,p}). Utilizaremos esta notacién més adelante.

Definition 5.1.1 Un conjunto de k+ 1 puntos zq, ...,z € [a,b], tales que
a<zy <z < - <K <b, es llamado conjunto alternante para la funcién
h e Cla,b], si

|h(z)l = Ihll,  §=0,...k

h(z;) = —h(zj41), J=0,...k—1.

Uno de los resultados pioneros de la Teorfa de la Aproximacién es el
siguiente:
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Teorema 5.1.2 (de Alternancia de Chebyshev), [3] y [2]. Dadosn €
N y f € Cla,b]; p} es un polinomio de mejor aprorimacién de P, a f si y
solo si, existe un conjunto alternante de n+ 2 puntos para la funcion f —p,.

Demostraciones contemporéaneas de este teorema pueden encontrarse en
diversos textos, aunque para nosotros es mas comodo tenerlo como un caso
particular del teorema de alternancia de Guerra-Jimenez 7], que revisaremos
més adelante al introducir el epigrafe 2. Gracias al teorema de Chebyshev
tenemos que los polinomios de mejor aproximacién, de grado a lo mas n,
de una funcién continua f, se caracterizan por tomar en n + 2 puntos con-
secutivos, de manera alternada, los valores de las funciones f £+ E,. Debido
a esta caracterizacion, se puede demostrar la unicidad de la mejor aprox-
imacién de f a P,. Por abuso de lenguaje, diremos que el polinomio toca
arriba y abajo, alternadamente, la banda limitada por las funciones f + E,.
En general no existe [11] una regla para determinar la distribucién de los
puntos alternantes.

La caracterizaciéon del polinomio de mejor aproximacién, puede uti-
lizarse en ocasiones para determinar a simple vista este polinomio. Por
ejemplo:

En el intervalo [—a, a], consideremos la funcién f(z) = sen(nz). Mien-
tras que el nimero de ceros de f en [—a,a] determine que el nimero de
contactos de los bordes de la banda con el eje sea mayor o igual a m + 2, el
polinomio p}, de grado a lo mds m que mejor aproxima uniformemente a f
en (—a,a], espk, =0.

Figure 5.1: El pardmetro
) hace el efecto de brir o cerrar la banda tanto como se necesite.

A veces, la busqueda de p}, no es inmediata-,’ pero aun asi el teorema de
Chebyshev puede servir de mucha ayuda. Desarrollamos a continuacién un
ejemplo interesante, a manera de conclusién de esta introduccién.

Sean f(z) = |z| /2, [a,b] = [-1,1] y E2 = d(f, P), entonces el polinomio
de grado a lo més 2, p € P, que mejor aproxima a f sobre [—1,1], se
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caracteriza por alternar los valores méximo y minimo de la funcién p— f en
4 puntos consecutivos del intervalo. Calculemos dicho polinomio y el valor
de Ez.

Supongamos que p(z) = ax?® + bz + c. Por ser f una funcién par, debe-
mos tener que b = 0. Con igual razonamiento sobre la paridad, el polinomio
de mejor aproximacién de grado a lo sumo 2n, también es el de mejor aprox-
imacién entre los de grado a lo sumo 2n + 1. De aqui deducimos no sélo
que E3 = Ej3 sino que hay un ntmero impar de puntos de contacto del
polimomio de mejor aproximacién con los bordes de la banda. Ahora, dado
que la funcién p — f es par y p debe tocar, alternadamente, a las funciones
f £ E2 en b puntos consecutivos al menos, pero siempre impar, entonces un
punto de contacto debe ser z = 0, y més aiin, debe alcanzar este contacto
en la banda de arriba, pues no es posible tener

f(z) — Bz < pa(x), con pa(0) = —E»

en una vecindad de cero; por lo que

p(0) = f(0) + E».

Esto es ¢ = Ej».

Ahora, también por la geometria del problema, p — f alcanza su norma
en los puntos —1 y 1, es decir

E = (p-f)(-1)
| = (p-HQ).

Por lo tanto a = 1/2, es asi que el polinomio de mejor aproximacién es
p(z) = 22/2 + Es.

Calculemos ahora el valor Es, para esto, observemos que existen al
menos dos puntos t y —¢, 0 <t < 1, en los que p — f alcanza el valor —Fs,
es decir, p toca a la funcién f — Ey en los puntos —t y t. Como estos puntos
son interiores a [—1,1] y p — f es de clase C, la derivada debe anularse en
estos puntos. De aquf deducimos que t = +1/2 y de (p — f) (1/2) = E», que
E; =1/8 y el polinomio de mejor aproximacién es p(z) = 22 + 1/8.

5.2 Aproximacion polinomial para banda no uni-
forme

En este epigrafe introduciremos el concepto de aproximacién polinomial
en el caso en el que la banda antes formada por la funciones f més/menos
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Figure 5.2: Gréfica de las funciones f, f £ E,, y p*.

la funcién constante F,, se forme al sumar y restar funciones extrictamente
positivas.

Hacia mediados de la década de los 90, en [7] y [8], Guerra-Jiménez,
presentan resultados que motivan el estudio de la aproximacién en bandas no
uniformes. Ellos cosideran el conjunto factible constituido por los vectores
cuyas coordenadas son los coeficientes de los polinomios reales algebraicos
incluidos en la banda delimitada por las funciones f — hy y f + ha, donde
hi1 > 0, hg > 0 y f son continuas, sin que la propia f sea un polinomio
de grado a lo sumo n. Demuestran entre otras cosas que dado un nimero
natural n, el conjunto de polinomios de grado a lo mas n que se encuentra
dentro de esta banda satisface una de las condiciones siguientes:

i) Es vacio.
i1) Es infinito.
i41) Es un monoelemento.

En realidad, esto es una consecuencia inmediata de lo que demuestran
realmente: El conjunto de soluciones factibles se reduce a un tnico elemento
si y sélo si los elementos de este conjunto tocan los bordes de la banda
arriba y abajo, alternadamente, en n + 2 puntos del intervalo [a,b]. Esto
es una extensién del Teorema de Alternancia de Chebyshev. Notemos, sin
embargo, que no se menciona atin la idea de mejor aproximacién.

Introduzcamos un parametro A > 0, que multiplique a las funciones h;
v he, vy que haga el efecto de expander o contraer la banda como se muestra
en la figura.
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Figure 5.3:

Planteemos ahora el problema de optimizar este pardmetro de manera
de generalizar la idea de la mejor aproximacién uniforme.

Sean f, hi,he € Cla,b], tales que hi,ha > 0y n € N dado. Para un
escalar A\ > 0 definimos el conjunto My = My(n, f, h1, he) C P, como sigue:

My :={p€ P, :Vz € [a,b],(f — Ah1) (z) <p(z) < (f + Ah2) (2)} -

La idea de introducir el pardametro A es para poder expandir la banda
tanto como sea necesario para permitir la entrada de polinomios y contraerla
lo suficiente como para sélo dejar pasar uno, en caso de que esto sea posi-
ble. Aqui, al igual que en el caso tradicional, tiene poco interés si f es un
polinomio de grado a lo mas n.

Observemos que si A1 < Mg, entonces My, C M)y,, es decir (My),5
es una familia creciente de conjuntos. Por otro lado, para cada A > 0
podemos identificar M), con un subconjunto de R™, el cual resulta ser cerrado
y acotado, por tanto compacto, con lo que tendriamos que M) también lo
es.

Afirmamos que M) # ¢ para un valor de X suficientemente grande. En
efecto, sea p € P,. Consideremos la funcién p — f, la cual es continua y
por tanto alcanza su valor méximo y minimo en [a, b]; es decir, para todo
z € [a,b],

m < (p_f)(x) SM,
en donde
m = min (p— f)(z) y M = méz (p - f)().
z€lab z€[a,b]

Por ser hy, ho > 0 y continuas, existe A* > 0, tal que

—X*h1 <m y M< A ho;
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por tanto

f=Xh <p< f+Ahe
Asi My~ # ¢. ‘
Habiendo definido estos conjuntos y demostrado algunas de sus propie-

dades, estamos listos para dar la definicién de mejor aproximacién y poli-
nomio de mejor aproximacién.

Definition 5.2.1 Sean f,hi,hy € C|a,b], con hy,ha > 0 yn € N dados.
Definimos la mejor aprozimacion de P, a f, relativo a hy y ha, como

An i=inf{A>0: M) # ¢}.

Supongamos ahora que X' > 0 es un valor suficientemente grande para
el cual My # ¢. Entonces, es de suponer que el valor de A, debe estar
asociado al conjunto

My, = () M.
AN,
My#¢

Cuando este conjunto sea no vacio, se denominaré a sus elementos como
polinomios de mejor aproximacién a f relativo a hy y ha.

En el caso de la aproximacién polinomial uniforme se tiene que, Ap, =
E.(f) y que el conjunto M)y, es no vacio, més aln, consta de un tnico
elemento. La generalizacion del caso clasico al nuevo concepto introducido,
es como sigue:

Teorema 5.2.1 Sean f,hi,ha € Cla,b], h1,ha >0y n € N. El polinomio
de grado a lo mds n, p},, es de mejor aprozimacion a f relativo a hy y ha,
st y solo si, la funcion f — p}, toca alternadamente arriba y abajo en n + 2
puntos consecutivos de [a,b], a las funciones —Anh1 Y Apha.

Este resultado junto al obtenido por los doctores Guerra y Jiménez, (7,
nos permite analizar la unicidad del polimonio de mejor aproximacién que
formalizaremos en el teorema siguiente.

Teorema 5.2.2 Sean f,h1,he € C[a,b] , h1,ha >0y n € N. Entonces el
polinomio de mejor aproxzimacion de grado a lo mds n a f relativo a hy y
ho es dnico.

RSeaia e e i e 5 S T
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Respecto a la velocidad de convergencia se tiene:

Sean hi,he € Cla,b], h1,hy > 0, fijas. Dada una funcién f € C|[a, ],
nos interesamos en comparar la sucesién (A}) de la mejor aproximacién
relativa a f, hy, h; con la sucesién (E,) de la mejor aproximacién uniforme
tradicional.

Definamos

M = maz m[a:z:b] {h1(z), ho(z)}
z€la,

m = min :E’I;’L[’(I;’I'II;] {h1(z), ha(z)} .

t

Se tiene 0 < m < M < o y el resultado siguiente:

Teorema 5.2.3 Para toda f € Cla,b|, se tiene

Bl < xap < 220

o equivalentemente

mAL(f) < En(f) < MAL(F).

5.3 Condiciones de interpolacién

En este epigrafe introducimos el caso en que h; y hs pueden tener ceros
en el intervalo de estudio. La idea es que al permitirle esta cualidad a
dichas funciones y estas tengan un niimero finito de ceros coincidentes, los
polinomios incluidos en la banda tengan que interpolar a la funcién f que
se aproxima, en cada cero comin de hy y ho.

Bajo condiciones adicionales, podria intentarse interpolar con una suavi-
dad predeterminada, buscando generalizar la interpolacién de Hermite. Por
otra parte, también estudiar la aproximacién lateral.

A diferencia del caso en el cual h; y hy son estrictamente positivas, el
nuevo problema que enfrentaremos encierra un alto grado de complejidad y
dificultad, segin podremos observar en los ejemplos que citaremos.

No se trata de presentar en esta ocasién un estudio completo del nuevo
caso sobre los problemas de existencia, caracterizacién, unicidad, etc., como
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logramos en el epigrafe precedente. Pero los ejemplos anunciados tienen por
si, nos parece, interés propio.

Ocupémonos del planteamiento del problema. Se tienen hi, he, f e
Cla,b], h1,he >0y n € N. Nos preguntamos si existen un escalar A >0y
un polinomio p € P, tales que

f—Mh1 <p < f+ Ahg. *)

En tales casos pasarfamos a estudiar los otros problemas tipicos de la
mejor aproximacién relativa a este contexto.

Si una de las funciones h;, i = 1,2, es identicamente nula y la otra
no tiene ceros, estarfamos generalizando la aproximacién lateral (superior
si hy = 0 e inferior si hg = 0). Obviamente siempre existe una solucién
para todony f € Cla, b] dados. No es dificil demostrar que también aqui
se tienen resultados de existencia, unicidad y caracterizacién de la mejor

aproximacién polinomial. s

Mss complejo es el caso cuando las funciones hi y hg tienen ceros co-
munes.

La interpolacién en un conjunto numerable de puntos, tiene interés, por
ejemplo, en la teoria de variable compleja. Para el caso de la aproximacién
real polinomial, no tiene, a nuestro parecer, mayor interés.

En efecto, si las funciones de error h;, ¢ = 1,2, se anulan simultdneamen-
te en un conjunto infinito de puntos, el problema (x) sélo podria tener
solucién si la funcién objeto de estudio, f, coincidiese sobre ese conjunto
con un polinomio p, de grado N exactamente. En tal caso, podria existir
A* > 0 que fuese solucién de (x) con n > N. Si asf fuere, p serfa la tnica
solucién para todo A > A* y todon > N y no habria solucién si n < N.

Si el ndmero de ceros comunes de ki y de hg es finito, puede existir o
no, una solucién al problema (x).

Ejemplo: Sea [a,b] = [-1,1], supongamos que deseamos encontrar un
polinomio p, tal que
f—2hy <p < f+Ah,

en donde f = hg = |z| /2y h1 =0.

O sea, tal que

%Sps(lh\)

Il
2




5.3. Condiciones de interpolacién 107

Figure 5.4: La forma de la banda en este problema determina su no solubil-
idad.

Analiticamente la no solubilidad, se debe a que cualquier polinomio
dentro de la banda deberd ser de grado mayor o igual a 2 y tener un cero
multiple en 0, lo cual es incompatible con la desigualdad |z|/2 < p(z) en
una vecindad del cero.

El ejemplb precedente conduce a pensar, que la existencia de solucién
del problema esté relacionada directamente con la suavidad de las funciones

[y h1 'y ha. Sin embargo, el ejemplo siguente demuestra que con funciones
suaves, puede igualmente no haber solucién.

Ejemplo: Sean

[a.b] =[-1,1],hy =hg =2y

|x|% sen—r £ #0
||

f(z)

I

0 T =

Figure 5.5: Gréfica de los bordes de la banda en una vecindad de cero.
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Notemos que f, hy, he € C! [—1,1], que h; y he tienen un tnico cero y
sin embargo no existe polinomio alguno que satisfaga

f—Ah1 <p < f+ Ahy,

_independientemente del valor de A y del grado del polinomio.

En efecto, sean (z,) y (yn) definidas por

1 _4m+3”y 1 4dn+1

tanto £, — 0 como y, — 0 y las sucesiones estan intercaladas de manera

que
1 1
sen< l>=—1ysen( l>=1.
lxnl4 |'yn|4

Dado A > 0 tendriamos que buscar p € P,, tal que, en particular, se tenga

p(zp) < )\w% — z%/z

plyn) > —My2 + 932,

Pero, para n suficientemente grande se tendra

3/2
a2 — 32 < ZIn

y
3/2

Es decir, en cualquier vecindad de cero, p tendria infinitos maximos y
minimos y no es constante. Luego p no puede ser un polinomio.

En este caso el comportamiento oscilante de f afecté el problema de
existencia.

Podemos tener ejemplos en los cuales, dado n, atin cuando podamos
encontrar un polinomio de grado a lo méas n y la mejor aproximacién, A > 0,
para los cuales

f—Ahl Sp§f+>\h2a

no se tengab unicidad. El ejemplo siguiente lo ilustra.
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Ejemplo: Para [a,b] = [-1,1]. Analicemos la desigualdad
f'—>‘h'1 §P§f+)\h2,

para f = |z|/2, hy = 3|z|/2 y he = 0. Tenemos

|| ||
1-30)—<p(x) <.
( )5 <p@) <5
Notemos que si 0 < A < 1/3, no hay solucién para ningtin n € N.
Para valores de A > 1/3 empezamos a encontrar polimonios dentro de
la banda, es decir la mejor aproximacién serfa A = %, para todon. Sin =20
on =1, el polinomio de mejor aproximacién es la constante cero. Sin > 1,

ya se pierde la unicidad. A manera de ilustracién para n = 2, p(z) = z%/4
y p(z) = 2%/2.

Figure 5.6:

Independientemente de los ejemplos negativos mostrados en este epi-
grafe, con hipotésis complementarias es posible desarrollar una teoria con’
resultados similares a los sefialados en el epigrafe 2; con la novedad de encon-
trarnos en un tipo de aproximacién en bandas no uniformes, con condiciones
de interpolacién. Estos resultados, con el tratamiento detallado del epigrafe
2, incluidos en una teoria general, conforman el contenido de un articulo
préximo en vias de preparacién por estos autores.
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Capitulo 6

Teoremas directos e inversos
en espacios de Lipschitz
generalizados
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Abstract: We present direct and inverse theorems in generalized Lip-
schitz spaces X7, 1 < p < 00, @ = B+1/p, 0 < B < 1, in terms
Lipschitzian moduli of smoothness.

Resumen: Presentamos teoremas directos e inversos en los espacios de
Lipschitz generalizados X7, 1 < p < 00, o = B+1/p,0<B<1,en
términos de médulos de continuidad Lipschitzianos.

i

6.1 Introduccion
Consideremos el grupo multiplicativo T del circulo unitario en el plano

complejo, que podemos identificar homeomérficamente al espacio métrico
X =0, 2w), con la distancia definida por
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d(z, y) =min {lz—y|, 27 —|z—yl} (6.1)

Entonces las funciones reales medibles en X son identificadas con los ele-
mentos del espacio lineal de las funciones reales o complejas, 2m-periddicas,
medibles sobre R, denotado por Fy,. El espacio de Banach C(X) de fun-
ciones continuas reales o complejas sobre X es identificado con el espacio
de Banach clésico Cor. Los espacios de Banach I , 1 < p < oo, son
los espacios usuales de funciones 27 periddicas, p—integrables con medida
de Lebesgue dx/2m (por convenio, si p = oo, L§, = Car). También con-
sideramos funciones definidas sobre el grupo producto X 2 = X x X, los
correspondientes espacios son denotados por Fiane, szﬂ)m etc.

Sea f € For y a > 0. Para cualquier § >0, 1 < p < oo, definimos

OR(f, §) := sup {Mﬂ%& : 0<t§6}, (6.2)
donde [f]i(z) = flz+1t) vy l|fllp == (% 02" lf(m)|1’dw)1/p es la p—norma

sil<p<ooyfelIb ollfllp:=sup{l f(x) |: = € X} es la norma del
supremo si p = 00 y f € Car. Finalmente

O8(f) := sup{©4(f, 6) : &>0} (6.3)

Entonces f € L5, 1 < p < oo, satisface una condicién de Holder de
orden a € (0, 1], si @4(f) < oo. Para a € (0, 1], denotamos la coleccién de
todas estas funciones por Liph. Es sabido que Liph, es un espacio de Banach
con la p—norma de Holder

I fllp, o :=|If1lp + ©GLF)- (6.4)

Sia>1y 65%(f) < oo, entonces f es constante. Asf que, si o = 7+ B,

r € Ny 0 < 8 <1 se definen los espacios Liph como las funciones f, para

las cuales f, ..., f*! son absolutamente continuas.en X y f" € Lz'p’ﬂ’.
Liph es normado por

[1£1lp,a = [1£1lp + 5. - (63)

La férmula (6.4) esta incluida en (6.5) para r = 0.

Otra forma de definir estos espacios es reemplazando la diferencia [f ™))
— F) por diferencias de orden superior, siguiendo las ideas de Zygmund
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[11]. Si o no es entero, ambas vias de definicién son equivalentes [5]. Si &
es entero, ambos métodos de definicién difieren y las diferencias de orden
superior son necesarias para obtener teoremas inversos tipo Bernstein.

Algunos problemas requieren de una escala de suavidad muy fina, escala
que es proporcionada por los espacios de Besov. Sean 1 < p, ¢ < 00, a > 0,
r=a] +1, f € L, se define la funcién

f

(L/t(wr(f,s)p)*’@)”" sil<g<oo
Oalfythpgi=q VTN E ’

w s
sup —T(f:x Je sig=o00
0<s<m S

\

(6.6)
donde wy(f, t) = sup{|Asf]| : 0 < s <t} esel r—mbdulo de suavidad de f
y el espacio lineal '

Bg, ={f €Lk, : Ou(f, m)pq < }. (6.7)

Ellos son espacios de Banach con la norma

1£1lp,0,a := [|fllp + ©a(f; T)p,q,a (6.8)

o alguna otra norma equivalente, por ejemplo, si p = ¢ < co, con

1 fllp,g.0 = (I£15 + Oalf, T, )1/ (6.9)

(ver Jiménez—Linares [8)). v

Los espacios definidos por (6.7) son llamados espacios de Besov o tam-
bién espacios de Lipschitz generalizados. Los espacios de Besov estan més
vinculados al desarrollo de los espacios de funciones y sus aplicaciones a las
Ecuaciones Diferenciales Parciales, Integrales Singulares, Procesamiento de
Imdigenes, Teoria de Aproximacién y otras, que al caso de funciones perié-
dicas. Por tal motivo, aunque no dejaremos de referirnos frecuentemente
a la denominacién de espacios de Besov, utilizaremos preferentemente la
terminologia de Butzer-Berens [4], que incluye los espacios de Besov del
caso periédico en la categorfa de los espacios de Lipschitz generalizados.
Para mencionar algunas referencias bésicas, acerca de estos espacios, ver
Butzer—Berens [4], [10] Triebel, De Vore-Lorentz [5], Bustamante-Jiménez
[2] y Anastassious-Gal [1].
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Paratodo1<p<oco,1<g<ooyf€By,la funcién O (f, )p,q €8
un médulo de continuidad. No lo es, sin embargo, para el caso ¢ = oC.

Como

lgoo = {f € Bg,oo : @a(f, t)p,oo — 0, t—>0}

es cerrado en By, este es un espacio de Banach por si mismo. En el
mismo espiritu que escribimos L = Cor en Teoria de Aproximacién, se
sobreentenderd que By o, = I3 oo Con estas definiciones, para todo 1 <
p,q < 0oy f € By, la funcién B4(f, -) es un médulo de continuidad y
el operador traslacién es continuo en By 4, los polinomios trigonométricos
son densos en cada uno de ellos. Las definiciones hasta aqui desarrolladas
son clasicas. Nosotros vamos a modificarlas ligeramente para reintroducir
los espacios de Lipschitz desde otro punto de vista que tiene sus ventajas
y encontrar teoremas directos e inversos de caracterizacién, de manera un
poco diferente. En efecto, en [3] hemos caracterizado los espacios de Besov
de una manera muy general. Lo que aqui presentamos tiene un alcance més
restringido; pero en su génesis es algo diferente, las demostraciones también
y aparecen algunas ventajas [6]. Para comprender la nueva, observe que
la medida utilizada en (6.6) es la medida de Haar en R,. Pero esto, nos
parece, oculta un tanto la realidad, lo que importa es dividir la medida de
Lebesgue por el pardmetro s para que los espacios de Besov no resulten
triviales. Si en (6.6) nos limitamos al caso en el cual 0 < a < 1y pasamos
dentro de la integral el pardmetro s que divide a la nedida de Lebesgue; seria
lo mismo que suponer o = 3+ 1/p,con0<B<1,1<p<00 la medida
de Lebesgue en lugar de la medida de Haar y con wy = w1 = . Segin [4] se
puede sustituir con equivalencia entre las seminormas resultantes, el médulo
de continuidad w(f, s)p por el incremento ||| f1s — fllp- Después, continuar
con el enfoque desarrollado en [6], segiin explicaremos a continuacién. Para
feFy, 1<p<ocya>0,se define casi dondequiera una nueva funcién
medible F,, f sobre X x X mediante

_ f) —f(@)
d(z, y)* ’

Las propiedades de esta transformacién pueden consultarse en [6] 0 en
[8]. En esta dltima referencia, precisamente, desarrollamos el estudio de los
espacios X, definidos como sigue: Paral <p <00, a = B+1/p,0< B <1,
el espacio X2 es la clase de funciones f € LB, para las cuales Fo(f) € L’(°27r)2 “

Fu(f)(e, y) z # Y. (6.10)
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1 2 27 1/p
Valflp = e dlly,, = (g7 [ [ 1P P dsd)  <oo

(6.11)
Estos espacios son de Banach, homogéneos en el sentido de Katznelson y
estrictamente convexos con la norma

1
17lixg = 1Fllas := (IF1E + Tal£2) 7. (6.12)
Més ain, es posible verificar que los espacios Xg* y By, a = B+ 1/p,

0 < B < 1 coinciden y sus normas son equivalentes. Pero como puede
apreciarse en [6] y [8], los espacios X' tienen ciertas ventajas.

6.2 Resultados preliminares

Aunque la via de obtener teoremas directos mediante la construccién de
operadores particulares, no suele ser la mejor en cuanto a constantes multi-
plicativas de los estimados de aproximacién, tiene la ventaja manifiesta de
constituir un método constructivo y no existencial. Para el caso de funciones
periédicas, el método tradicional consiste en la utilizacién de operadores de
convolucién a partir del nicleo de Jackson. En este epigrafe introduciremos
un teorema de tipo Tauberiano [7], que utilizaremos para la obtencién de
teoremas directos en X7

Supongamos que estamos en presencia de un espacio de Banach (E, || -
l|lg) y de una familia de seminormas sobre E,

0:Ex I — Ry U{0},

donde el conjunto de indices I es un intervalo abierto (a, b} o semi abierto
(@, b] y b = oo es posible. Para cada f € F fija, la funcién ©(f, -) es creciente
en I. Luego

VfeE, ©O(f)=sup{O(f, d); del} (6.13)

es una seminorma sobre E.
Definimos los subespacios de E

F:={fe€E : :0(f)<oo} (6.14)

Fe={f€F :0(f,8) >0, §-0) (6.15)
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los que quedan seminormados por (6.13) y normados mediante

I 1= 11 llz +00)- (6.16)

Queda claro de (6.16) que si una sucesion converge segtn || -||r; también
lo hace en E y con igual limite (el reciproco es falso). Es frecuente la
situacién en que podemos estudiar la convergencia de una sucesion en dos
sentidos diferentes, uno de los cuales es mas débil que el otro. Un teorema
tauberiano es un resultado del cual se puede derivar la, convergencia en el
sentido més fuerte, a partir de la convergencia en el sentido més débil y del
conocimiento de determinado comportamiento asintético de los elementos
de la sucesién, que se denomina condicién tauberiana.

En el caso de la norma (6.16), restringida a F, la condicién tauberiana
propuesta por Jiménez [7], requiere de las definiciones siguientes.

Definicién 1. Un conjunto no vacio G C F es llamado 0— equicontinuo,
si
O(G, 6) :=sup{©(g, )| g€ G} — 0, 5 0. (6.17)

Definicién 2. La familia de seminormas ©(:, 4), 0 € I, se dice admisible,
con respecto a la norma de E, si las condiciones siguientes son satisfechas:

(a) (F, || -||r) es Banach.

(b) Existe C > 0 y una funcién & : I x Ry — R4, tal que, para cada
§ € I fijo, X (6, ) es continua en 0 y X(, 0) =0.

Q) VfeF ¥§>0, O(f) < CO(f, )+ X |Ifllr)-
Teorema 1. (Tauberiano) Sean F'y F, definidas a partir de un espacio de
Banach E, por una familia de seminormas admisibles ©, en el sentido de la
Definicién 2. Sea (fn) C F una sucesion que converge en E a un elemento
f. 8i (fn) es 0—equicontinua, entonces f eF, (fn) converge a f en F', y se
tiene el estimado de convergencia

O(fn — f) < 200((fa), 6) + X(5, |lfn — fl5). (6.18)

Para la demostracién ver [7].

6.3 Teorema directo tipo Jackson para X

Coomo hemos adelantado, para. el caso de lip(a)p, Bustamante-Jiménez
i 2], utilizaron el médulo de suavidad O4(f, 8)p y caracterizaron estas clases
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de funciones. Es decir, las clases de Holder definidas tomando supremo en
[|A¢ f|lp/t*. Con ello simplificaron el problema de la caracterizacién que
usualmente considera el médulo de suavidad asociado a la norma y que es
més complicado. Para los espacios de Besov de funciones periédicas, tenemos
los resultados de Bustamante-Jiménez—Linares [3]. Ahora, estudiaremos el
mismo problema cuando definimos los espacios a través de (6.11) y (6.12).
Para esto utilizaremos la familia de seminormas

bolt = s [

que es admisible con la funcién

f(m+t flz)|?

dzdt, feXZ,  (6.19)

X(5,t):=C [t + 5ﬁ] (6.20)

En [6] y [7], se estudia la relacién entre (6.1) y (6.19), en particular se
demuestra que

Ya(f, m) = '(,[}a(f)p-

Lema 1. Seal <p<ocoya=p0+1/p, con0<f < 1. Sea f € Xy
Entonces, para todo t > 0, se cumple

'U)(f, t)p <G tﬂ?ﬁa(f, t)pa (621)

donde C) es una constante que sélo depende de p.

Demostracion:

Lol 0] e Pg 6.22
[zw(f, ),,] T okent P 2_/lfw+s (2)[" dz. (6.22)

Fijemos s, en el rango (0, t] y utilicemos

s 2w

—/]f T+ ) x)[pdm——//[f z+s+v) — f(z + v)[Pdzdv

s 2w

< 2 / / @+ 3 +0) - fla-+s)Pdad
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s 2w
+//|f(93+3)—f(m+v)|pd:cdv
00
s 2w
2W8//|f(55+’0) f(x)lpda:dv
op s 2w
Tors / / [f(y) — fy +v — s)Pdydv (6.23)
Ademads
s 2w 0 2
[ [17w) = fy+v=9)Pdyde = [ [1f) = Iy +wlPdydu
=} T 15 -y =P dydu
00
s 2w
= [ [|f(z+v) - f(@)]P dz dv.
00

Luego, regresando a (6.23) tendremos

27 11 s 2w
o [1f@+9) - f@pde < 5 [ [1f@+0) - fa)Pasas
0 00

dzdv.

< gpH1 gpo 11 //’f(w-{—v flz) P

Sustituyendo esta dltima desigualdad en (6.22), obtenemos

Ew(f, t)p]p Soililit op+1, tjpa 1 [27r2 //lf m+v) (z) |P

= CtPe D1y, (f, 1B,

dx dv:|

Luego
1
i E'w(fa t)p S Ctﬁ—l ?ﬁa(f, t))
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de donde se obtiene (6.21). [ |

Lema 2. Sea (K,) una sucesién de funciones uniformemente acotadas por
una constante M en Ly(T). Sea f € X3, 1 <p < oo, a =+ 1/p con
0 < B < 1. Entonces (Ky * f) es 0—equicontinua en X y

Yo ((Kn * ), 8)p < M pa(f, 6)p. (6.24)

Demostracion: En efecto, fijemos § > 0. Tenemos

é
Val(Enx ), 0)p = msup |2 [1|A:(Kn * f)llpt“"”dt]

g =

[
— nsup |1 [ ||Kn * Atfnﬁt-apdt}
0

I

IA
3 I

[ 5
nsup | W=l 1A, 712 t—apdt]
0

L

IA

Mbo(f, 6)p. H

Ahora estamos en condiciones de presentar el teorema de aproximacién
polinomial trigonométrica en X. Si f € X'y En(f)a,p = En(F)xg denota
la mejor aproximacién en X, por polinomios de grado no mayor que n, se
tiene:

Teorema 1. Sean 1 < p < oo, a=f+1/p, con0< B <1y f e X

Entonces |
En(f)ap=0 (wa (f, %) ) . (6.25)
P

Demostracion: Sea (K,) el nicleo de Jackson. Sabemos que ||Kp|[l1 =1y
que
Vi e L@, IKan Sl 0w () |
P
donde C es una constante que no depende de n.
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Apliquemos el teorema 1 a K, * f en X, con la utilizacién de (6.19),
(6.20) y (6.24), donde M = 1. Se obtiene, para todo § > 0 y todo n € N,
que

VYa(kn * f_f)p < 29a((Kn * f), 5)p+X(6, || K * f_fllp)

Kn*f—
< 2alf, 8)p+ Cr [|| K £ — fllp + HafSle ]
Teniendo presente que para a, b positivos y 1 < p < 00, se cumple que
1
(a” +b°)» <a+d,

tendremos entonces

[|En* f = fllayp < |[Kn* = fllp + %a(Kn * f=Fop

< Walf, 6)p + (Cr + DK * f— fllp+ CrlEet Ll

Si tomamos § = 1/n, y sustituimos el estimado de Jackson en la desigualdad
anterior, tendremos

1
155 £ = fllop < Co [«ﬁa (f’ %) " —w((f’)é‘)] |
P n

Utilizando (6.21) obtenemos

”Kn* f_flla,p < C39Yq (f, %) .

p

Como
En(f)a,p < || Kr * f— f”a,p’

tenemos el estimado (6.25). |

6.4 Teorema inverso de tipo Bernstein para X

Para obtener este tipo de resultados, utilizaremos la técnica de los K-fun-
cionales. También desarrollamos una desigualdad de tipo Bernstein, relativa
a la acotacién de derivadas. En este epigrafe hemos contado con sugerencias
valiosas del Dr. Jorge Bustamante, que nos complace reconocer.
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Si feLpyt>0 (fijo), definimos
, t/2t/2

fop(z) = — ( ) / / f(@+2s1 + 2s9) — f(z + 851+ 82)] ds1 dsa. (6.26)

Por definicién tenemos

fo,t € WH(Ly) (6.27)
y casi dondequiera
22
@) = ('@ == (3) [ [3aer@r29-28; fa+0)
i (6.28)

Lemal. Sige Wt (Lyp), entonces existe una constante C, que sdlo depende
de a y de p, tal que
Yalgs t)p < C'tl_ﬂllglllp- (6.29)

Demostracidn:

Yal(g, )5

s ([

)ds

dz ds.

s D
I g (z+y) dy
S&

0

¢
_#Of

Supongamos que p > 1 y apliquemos la desigualdad de Hélder. Se

obtiene
73 8

t 2

1 54 D
a(f, t)h < —27r2/ s /|g (z+y)|° dydzds
00

= QL/ // 9" (z +y)IP dz dy ds
4 0
1 Sp/q
- ;/s“”
0

[ avas
0
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e »(1-5)
— ‘|g7rHP/g(1—a)pds_ t( )Hg Hp

" de donde se obtiene (6.29). [ |

Corolario 1.
Wl(Ly) C X5 (6.30)

Lema 2. Sea f € X3, t >0y fo,¢ definida por (6.26). Entonces existe una
constante C, que no depende de f, tal que

If = Fo.tllp < CtPa(f, t)p (6.31)

Demostracién: Apliquemos la desigualdad de Holder sip > 1 y después
el teorema de Fubini, en el desarrollo.

27
17 = Rl = 5= [ 15 = faul
0

t/2t/2 »

2
-/1G
= — [f(z + 281 + 2s2)— 2f (z + 51+ s2) + f(2)] ds1ds2| dx
ey i

o t/24/2
(t) ///IAs1+32 f(2)P dsy dsy da

o 1/21/2

( ) //HAsstfHstldsz.

1A% 4, Fllp < 20188 (Dlp

Como

sigue
t/2t/2

is-nags (2) > / / a5, 1 dss ds
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<o (2 ) //t‘”’IIA B o e,

CtP L oho(f, t)2. M

Lema 3. Sean f € X, t > 0 y fo,1 como en (6.26). Entonces eriste una
constante C, que no depende de f, tal que

%(f - f2,t) S C¢a(.f¢ t)p' (6‘32)

Demostracion: Se estimaran separadamente las integrales sobre los in-
tervalos [0, ] y [¢, «].
Para el primer intervalo aplicando la desigualdad de Holder, si p > 1,

obtenemos

¢ o t/2t/2
2 1
Yalf = fo,0, 1) < 2 t2/Tp///|A§1+s2 :v)| ds1dsa dzds
0 000
; /2t 2m 9 P
2 2 1 2 )
S...Sm < Z | As f(z+ 7(s1+ s2))| drdsdsy dss
00 0 j=0 M

2 3 A f x)
7r2 t2

Sobre el intervalo [t, 7r], el estimado se simplifica con la ayuda del lema 2,

W (/’A(fzt () dm) ds < 2|]f2t—f||p7r/ji

t

dz dsds1 dsz = 3P9a(f, t)}.

< Cavalf, t);

De las desigualdades obtenidas, se sigue (6.32).R

Lema 4. Sea f € X; , >0y fa ¢ definida como en (6.26). Entonces existe
una constante C, que no depende de f, tal que

/2 ollo < CE 7 Yalf, t)p- (6.33)
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Demostracién: Por (6.27) y (6.28)

=

or| t/2 p P

C 1
Ille,t(m)nps};lﬁa& —2;/ /Ak%f(m+ks)ds dz
0 |0

Pero, para k=1, 2

or| t/2 P t/2 2

! A roasl do— (2 [L [|a k)| dzd
o / k%f($+ s)ds| dz = 5 /—2;/ k%f(:z:—}~ s)| dxds
0

0 |0 0
<(5) ()w03),
< (%)pwp(f, t)p-

i@l < G ((§) vt o) = Gl o

Asi que

[

Y por (21), tenemos

153 ollp < CtH 7 a(f, )M

Ahora estamos en condiciones de demostrar otros teoremas fundamen-
tales del epigrafe.

Definicién 3. Sea f € Xy yt > 0. Entonces

— : _ 1
Kolf D= _jnb (1 =llapt el (630
donde || - ||a,p €s la norma en X7

Teorema 1. Ezisten constantes Ci y Ca, que no dependen de f € X'
tales que, para todo t > 0, se tiene

Crvalfs Bp < Ko, t77P)p < Cathalf, tp: (6.35)

Demostracién: Aplicando (6.29) a f —g,con g € WY(L,), y C > 1 tenemos

balfy thp < C[llf_—gna,p+t1—ﬂllglllp]-
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Tomando Cy = 1/C y el infimo en g € W(L,) segiin (6.34), se obtiene la
primera desigualdad de (6.35).

Apliquemos (6.34) con g = fa,; definida por (6.26) y segin (6.27), esta
funcién estd en W1(L,). Tenemos

Ko (f, t77) < |If = fa,tllasp + P13 ellps (6.36)

W= foillap < IIf = foello + ¥a(f = f2,6)p] -
Por (6.31), se tiene

I = fa,ellp < C1tP Ya(fy t)p < Cavpalf, t)p.

Por (6.32) v
"pa(f - f2,t)p < O3¢a(fa t)p-

Para acotar el segundo sumando a la derecha de (6.36), aplicamos (6.33).
Sustituyendo en (6.36) y acotando ¢ por 7, se tiene la segunda desigualdad
de (6.35). W

Finalmente, para obtener teoremas inversos, necesitamos una desigual-
dad de tipo Bernstein, dada por el teorema siguiente.

Teorema 2. Eziste una constante C, vdlida para todo polinomio trigo-
nométrico t, de grado n, tal que

: ] m
It < Cn' ™ 4o (tn, %) (6.37)

P
Demostracion: Utilizaremos a continuacién las desigualdades expre-

sadas en Timan [9], pdgina 215:

P

2w
n 1
tallo < (3) { 37 [ 180e/am ta(o)P do
0

De aqui obtenemos

T _ m
Htnllp < Cinw (tn, %)p <Cn-nPy, (tn, %>p.l
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Corolario 2. Eziste una constante C > 0, que no depende den =20,1, ...
ni de ty, € T, tal que

)

litrlle < Cn P ltnlla,p- (6.38)

Finalmente demostremos el teorema inverso que completa la caracteri-
zacion de los espacios X['.

Teorema 3. Eziste una constante C > 0, vdlida para toda funcién f € Xg
yn=1,2,..., tal que

' 1 1 .
"pa (.f, E) < CW Zk(l ﬁ)Ek(f)Xg. (6.39)
P n k=0
Demostracion: Del teorema 1 tenemos

1 1
Yo (f, ﬁ)p < Cika (f, W)p' (6.40)

Como K(f, -) es moné6tono, bastard hacer las acotaciones del K-funcio-
nal paran=2" m=20,1,2, ....

Para simplificar los subindices, denotemos ¢y, := 4%, al polinomio de la
mejor aproximacién de f a T+ en la norma X7*. O sea

l|f— (pkHOz,p = Ezk(f)ch.

Definamos 9, := ¢ — px—1, Kk = 1,2, ..., ¥ ¥o := po. Luego ¥y € Ths.
Tenemos

rlla,p < N1f — @rlla,p + IIF — r-1lla,p < 2 Egn-1(f)xg - (6.41)

Utilizando que, por construccién, es ©m = Yy o ¥k, la de_ﬁnicién de
K —funcional que hemos dado, la desigualdad de tipo Bernstein en (6.38) y
que por ser g € Ty = T1, es |[g|], = 0, tendremos

1 e |
Ko (f, m)pﬁ IIf — emllxg +2 =Bl llp

< Epm(f)xg + 9~m(1-h) (Z IWJ%“p)

k=1

< Epn(f)xg + G120 <Z 2k(1_m”¢’°||X3>

k=1
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< Cp27m=h) (Z 2k(1_ﬂ)E2k—1(f)Xg>

=1

n
< Cn~(1-A) (Z k“-ﬁ’Ek(f)Xg) ,

k=0

que basta sustituir en (6.40) para obtener (6.39).H

6.5
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product of topological
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Abstract: Denote by o (D) the o—algebra generated by a class I of
subsets of a given set. Let (X, Tx) and (Y, Ty) be nontrivial metrizable
topological spaces. Assume ux and py are positive o—finite inner
regular measures on Bx :=0 (Tx) and By :=c (Ty), respectively.
Hereby we prove the ux ® py completion of the product o—algebra
Bx ®, By contains the c—algebra Bxyxy := o (Tx ®, Ty) generated
by the open sets of the topological product space. This result is based
on the fact the supports of the measures with the induced topologies
satisfy the second axiom of countability. It follows every real or complex
continuous function on (X X Y, Tx ®, Ty) is ux ® uy —measurable a. e.
and as a consequence the extended version of Fubini theorem on iterated
integrals could be applied.
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7.1 Introduction

In this paper we are going to examine the so called product measure
problem and its consequence on the application of Fubini theorem to related
- topics of Approximation theory. We refer the reader to [1], [2], [8], [11], [12]
and [17] for the fundaments of Topology and Measure we are dealing with.
Nevertheless, we will collect the notations and review the main concepts and
results to be used here. The topological measure problem in hands has own
interest as we will comment later. Another motivation for us comes from
the following subject.

Let X and Y be nontrivial topological spaces. Suppose X x Y carries
the product topology generated by the first two given spaces. Define z*" :
C(X)—=R,byz~(f)=f(z)and 2" : C(X xY) = C(X) by 2~ f (y) =
f (z,9) . The parametric extension L* : C (X xY) — C(X xY) of a linear
operator Ly = L : C(X) — C(X) is defined by (L*f) (z,y) = =~ Ly~ f.
The parametric extension of operators already appears in so old works as
the one by Neder [15] in 1926. Further developments of the concept may
be found in Stancu [18], Haussmann and Pottinger [9] and Mastroianni [14].
An important review of this and other related topics can be found in Gonska
[6].

As observed by Cheney and Gordon [3] and later but independently
by Potapov and Jiménez-Pozo [16], the parametric extensions of continuous
operators are examples of linear operators on C (X xY) which commute
with each other, i. e. L% o Lt = L} o L%. The proof given in [16] was
based upon the classical Fubini theorem after the Riesz representation of the
linear functionals £ and > by means of regular measures . Since the main
objective of Potapov and Jiménez-Pozo was the application of the Boolean
sum of Bernstein type operators Bmx @ Bny = Bm% + Bn}, — Bm% o Bn},

to the approximation of bivariate functions in C ([0, 1]2) , the hypothesis

of Fubini theorem are in their standard context (Instead Boolean sum of
Bmx and Bny, the mathematical name given in [16] to Bmx @ Bny is
angular operator. The explanation of this term -originated by the former
Soviet school- can be found in [12]). As soon as the topological spaces
are arbitrary, a rigorous application of the classical Fubini theorem does
not hold. In fact, we shall see below the product of the Borel oc—algebras
involved in the process could be strictly included in the o—algebra generated
by the product of the topologies even for locally compact spaces, thus one
cannot affirm a priory that a continuous function on the topological product
space is measurable with respect to the set theoretic product space of the
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o—algebras.

In this paper we will know conditions under which one can apply the
classical Fubini theorem or other related topics to continuous functions on
the product of Hausdorff topological spaces and the product of measures on
the Borel subsets. Let us begin by showing that the proof of the commu-
tativity of the parametric extension given by Potapov and Jiménez can be
adapted to the case of spaces of real or complex valued continuous functions
with compact support defined on locally compact Hausdorff spaces mutatis
mutandis.

In fact, under those conditions, we only need to consider ™ and y™ as
Radon measures (c. f. [1], [2] or [12]). Expressing " : C (X x Y) — C (X)
and ¥y~ : C(X xY) — C(Y) by means of integrals with respect to the
corresponding Radon measures, we arrive to the expressions

(L) (@) = /X £ (5,9) dper

and

(LY f) (2,9) = /Y £ (2,1) duy-

The definition of the Radon product measure (see theorem 5.2, page 263, of

[12]) let us express
/Y [/Xf(s,t) duzN] dpy =

- [ [ / f(s,t)duy~] da = Ly o L (f3 (@,)) -

L o Ly (f; (z,9))

As we already pointed out, for arbitrary general spaces X and Y we
are not able of legitimating the application of Fubini theorem with simple
hypothesis of continuity. In the next sections we not only examine the
reasons of this problem but also prove that under certain conditions the
extended version of Fubini theorem for completed measures applies.

7.2 The product measure problem

In what follows we shall need of exact notations. Let (X, Tx) and (Y, Ty)
be nontrivial Hausdorff topological spaces. Denote by o (D) the o—algebra
generated by a class D of subsets of a given set, thus Bx :=c (Tx) and
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By :=0 (Ty) are the corresponding Borel o—algebras generated by these
topologies. In the product spaces we always have

Bx By : = O'(BX X By) = 0’(0‘ (Tx) X O'(Ty))
= o(Tx xTy) Co(Tx ®; Ty) :=Bxxy.

Let us recall that X satisfies the second axiom of countability, if there
exists a countable basis of the topology. If X and Y satisfy this axiom,
then o (Tx x Ty) = 0(Tx ®; Ty) and there is a chain of equalities in
the expressions above. But in other cases the situation can be different.
In fact, it is known (see [13], page 132) that for every set Z whose car-
dinal is strictly larger than the cardinal of the continuous and any. two
o—algebras By and B in Z, the diagonal Az «z does not belong to the
set theoretic product of o—algebras B; ®, Bas = o (By X B2). Thus, if X
has a strictly larger cardinal than the cardinal of the continuous, we have
Ax xx ¢ Bx ®; Bx. On the other hand, since (X, Tx) is a Hausdorff space,
the diagonal Axx x is closed in the product topological space X x X. Thus
Axxx € Bxxx = 0 (Tx ®; Tx). For instance, we may choose the Stone-
Cech compactification of the natural numbers that is separable but has a
strictly larger cardinal than the one of the continuous. We have obtained
that Bx ®, By C Bxxy and the inclusion could be strict. However, this lack
may be partially covered whenever the completion of the product measure
generates a o—algebra that contains the product of the topologies and then
the extended version of Fubini theorem applies.

Assume that pux and py are o—finite measures on Bx and By. Thus the
standard product px ® iy on the o—algebra A, the completion of Bx ®, By,
is derived with uniqueness by Carathéodory’s method from the outer mea-
sure generated by the set function ux ®uy (A x B) = ux (A) py (B), where
A e Bx,B € By,ux (A) < oo and py (B) < oo. It could be expected that
(X xY,Tx x v, A, ux ® py) is again a topological measure space, i. e. that
Bx x v C A. This conjecture was known as the product measure problem and
remained open long time. Finally, Fremlin [4] presented a counterexample.
In a relatively recent paper, Fremlin and Grekas [5] presented a sufficient
criterion that guarantees a positive answer to the product measure problem:
"If X is quasi-dyadic, ux completion regular and py is 7—additive, then
(X xY,Tx x v, A, ux ® py) is a topological measure space”. An evolution
of the ideas of this subject may be found in Grekas’ work [7].

Since metric spaces are quasi-dyadic, one can apply Fremlin and Grekas
theorem to the most important function spaces of Approximation Theory.
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However, the terminology and the scope of this theorem become too exten-
sive to be described here and its proof is rather complicated and difficult.
Thus, one of our objectives here is to present a simple but useful variation for
the particular case of metric spaces, the most common underlying topologies
that support the functional spaces of Approximation theory.

7.3 A particular solution to the product measure
problem

Let p be a measure on Bx. A Borel set E in X is yu—inner regular (or
inner regular for the sake of simplicity) if u (E) =sup{u(K): K CE,K €
K}, where K stands for the class of compact subsets of X. The measure
itself is called inner regular whenever all Borel sets have the corresponding
properties of regularity. If 4 is bounded on the compact sets, then it is called
a Borel measure.

Let (X, Tx) be a Hausdorff topological space and u any positive measure
on its Borel subsets. To prove the existence of a maximal y—negligible open
set W or equivalent, the existence of a smaller closed set F' that supports the
measure, it is sufficient to assume that open sets are y-inner regular. In fact,
we obviously define F:= W < and W to be the union of all u—negligible open
sets (Ui);c;- If K C W and K € K, there exists a finite subfamily (U;);c;,
J C I, that still covers the compact set K. Then p (K) < >, ; u(Us;) = 0.
Since W is p-inner regular and K was arbitrarily chosen, it follows that also
p (W) = 0. Now we are in a position to state the following

Teorema 7.3.1 Let (X,d) be a metric space and p a o—finite and inner
regular measure on the Borel sets of X. Let F' be the support of u. Then F,
with the induced topology, satisfies the second axiom of countability.

Proof. First suppose F' = X. It follows any non-empty open set in X

has a strictly positive measure. Since y is c—finite, there exists a sequence
(Ep) of disjoint Borel sets of finite 4— measures, such that

X =UpEy, and p(X) = ZF‘(En)

Using that u is inner regular, we find sequences (K, ) C K, such that

Kmn C Ep and p(Ep) = p(UnKmp), for every n=1,2, ...
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Since X is a metric space, for each couple (m,n), the compact set Ky, is
separable. Let A, be countable sets dense in K Thus A = UpnAmn
is a countable set that is dense in U, nKmn. We claim that A is also dense
in X. In fact, the existence of an open set in X disjoint with UpKm 5 should
" contradict the hypothesis about the non-null measures of the open sets unless
this open set be empty. Thus X is separable. Since separability and the
second axiom of countability are equivalent in metric spaces, the theorem
yields in the case F = X. If F ¢ X, the compact subsets of F with the
induced topology are just the compact subsets of X included in F', thus the
restriction of the measure p to F' is still inner regular. Set W := FC. The
subset W is the maximal u—negligible open set of X. Let V be any open
set in F. Then V = UNF, for some open set U in X. From U = VU (U\F),
we obtain u(U) = (V). If u(V) =0, it follows that U C W and V = ¢.
Then, we can apply to F in the place of X, the first part of the theorem.l

Teorema 7.3.2 Let (X,Tx) and (Y,Ty) be metrizable topological spaces.
Let ux and py be o—finite positive and inner reqular measures on Bx and
By, respectively. Then the ux ®py —completion of Bx @By contains Bx.yv.

Proof. Obviously, it is sufficient to prove that the ux ® py —completion
of Bx®,By contains Txxy. Express X and Y as the disjoint unions FxUWx
and Fyy UWy, where Fx and Fy are the supports of ux and py, respectively.
Thus any open set in Txxy can be expressed as a union of a relatively
open set in T, xr, With open sets in Ty xy and Tx xw, . By the theorem
above, Fx and Fy, with the induced topology, satisfy the second axiom of
countability. Thus Br, ®; B, = Bryxmy, O TrxxFy- On the other hand
Wx xY € Bx ®, By, X x Wy € Bx ®, By, ux ® py (Wx xY)=0 and
px ® py (X x Wy) = 0. It follows the px ® py —completion of Bx ®, By
contains Twxy .M

7.4 Applications

The first application of theorem 7.3.2 is to guarantee under its hypothesis
any function in C (X x Y) is px ® py —measurable a. e.. Thus it is possible
the application of the extended Fubini theorem (see [12], for instance) on
iterated integrals whenever the function is positive or integrable. Other
applications are also immediate. For a reference to the next one see [10].

Teorema 7.4.1 Let G be an abelian metrizable locally compact group for
which the associated Haar measure is o—finite . Then G satisfies the second
aziom of countability.
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Proof. To apply theorem 7.3.2, observe the Haar measure does not van-
ish on the non-empty open sets of G, while its inner regular property follows
from the Riesz representation theorem and the hypothesis of o—finiteness
(see [12] for instance).l

If X and Y are locally compact, let Lx and Ly be positive linear func-
tionals on the spaces of continuos complex functions with compact supports
Cx (X) and Ck (Y), respectively. By the Riesz representation theorem for
positive linear functionals there exist measures px and uy defined on By and
By, respectively, that represent the functionals by integrals. Moreover, ux
and py can be chosen with certain regular properties and they are unique
under such regularity assumptions. These measures as well as the corre-
sponding functionals are equally called Radon measures. As we have already
pointed out, there exists a technique to define the product Radon measure
Lx,y and then the Radon associated measure px x vy is defined on By « y-.
It can be proved that px x v (A X B) = ux (A) uy (B) for every Borel sets
A C X and B CY. Then the restriction ux x v/Bx ®; By, coincides with
tx ® py whenever ux and py are o—finite. But more is true:

Teorema 7.4.2 Let (X,Tx) and (Y, Ty) be metrizable locally compact to-
pological spaces. Let yux and uy be o—finite positive Radon measures on Bx
and By, respectively. Then the completion of the Radon measure ux x v
defined on Bx » y and the product measure ux ® py defined on Bx ®, By,
" are equal.

Proof. The restriction ux x y/Bx ® By, coincides with ux ® uy and
from theorem 7.3.2, the px ® uy —completion of Bx ®,By contains Bx x y.H
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8.1 Introduction

The skew-orthogonal polynomials were introduced in 1970 by Dyson in
his phenomenal work about correlations between the eigenvalues of a random
matrix (see [4]), and later developed by Mehta (the reader should consult the
book (7] for more ditails) and others. Recently also these polynomials were
studied by Adler, Horozov and P.Van Moerbeke in [1], related with the close
connection which exists between them and some integrable systems (more
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exactly Pfaff lattices). On the contrary to what happens with the usual
orthogonal polynomials, the theory for these skew-orthogonal polynomials
is in its childhood. To the best of our knowledge, a method to build these
polynomials was presented for the first time in [1]. In this note, we propose
a general and simple setting for these polynomials that turn out differently
than was proposed by Adler, Horozov and P.Van Moerbeke. Our method
emphasizes the appearance of non-uniqueness in the construction of these
polynomials. Our approach is very similar to the classic way to expose the
orthogonal polynomials which can be found, for example, in [2] and [3].
Finally, for-all real vector space the notion of skew-orthogonal systems of
vectors is introduced and a skew orthogonal version of the Gram-Schmidt
method is presented.

8.2 General approach for skew-orthogonal polyno-
mials

Let M = (c;;) be an infinite matrix of real numbers, where 4,j =
0,1,2,... In this section E always denotes the vector space of polynomi-
als with real coefficients. We define on E x E a functional €. First, we
do

Q (2, 27) = ci i,j=0,1,2,... (1)

and extend this to all E x E as follows: let P(x) = Y roPez®, @ =
Y imn ¢;x* two real polynomials, then we define

n m n m
QP,Q) =) > mat (x’“, w’) =" praici. 2)

k=0 i=0 k=0 =0
It is easy to show that Q(.,.) is bilinear and it coincide with the usual
Cauchy product of two polynomials with respect to the matrix M. Let us
choose M, such that ¢;; = —c;; (it follows that ¢;; = 0 for any i), then
under this condition we have Q (P, Q) = —Q(Q, P), that is, { turns out to

be an anti-symmetric bilinear functional.

Definition 8.2.1 Let Q(.,.) be an anti-symmetric bilinear functional de-
fined as above. We say that the sequence {Pp},~, of polynomials is skew-
orthogonal if deg P, < n and a) Q(Pon, Pom) =0 = Q(Pont1, Pomt1)
for n,m = 0,1,..., b) Q(Pon, Pom+1) = Ynbnm for n,m =0,1,..., here
{Mn}n>0 18 a sequence of real non-zero numbers.

4
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It should be observed that if Py, and Py, are skew-orthogonal, then
Py, and Py, 11 + bPsy, for all b € R are also skew-orthogonal.

Obviuosly a sequence formed by real polynomials {P,},~, which satis-
fies the following conditions: B

Q (Pzn,mk) =0=90Q (P2n+1,a:k) fork=0,1,...,.2n—1land n > 1,
(3)
Q (Pon, Pont1) = Yn for every n > 0, (4)

is skew-orthogonal. Note that Q(Pop, @) = Q(Pon+1, @) = 0 for every poly-
nomial @ with degree at most 2n — 1 (see (3)).

The matrix M is called admissible if ¢; ; = —c¢;; for any %, j and moreover
0 €1,0 €20 't Coan—20 Con—-1,0
Co,1 0 €21 't Coap—21 Con—1,1
0,2 c1,2 0 “rr CIn—22 Con—1,2
Hon (M) =1 7 | FG
€02n—2 C12n—2 C22n-2 " 0 C2n—1,2n—2
€02n—1 Cl2n—1 €22n—-1 °°° C2p—22n—1 0
and
0 €1,0 c20 't Coan—10 Con,0
€o,1 0 €21 't Con-11 Con,1
o2 c1,2 0 cee o Cop-1,2 Con,2
Ina (M) =| 7 #0,
C02n—-1 Ci2n—1 C22n-1 °°° 0 Con,2n—1
Co2n+1 €C12n+1 €22n+1 **°  Copn—12n+41 C2n,2n+1

where n=1,2,....

If the anti-symmetric bilinear functional Q(.,.) is defined by a matrix
M which is admissible, we say that € (.,.) is skew-determined.

The following fact is well-known: if the matrix M is admissible, then

0 €1,0 €20 't Coan—1,0 C2n41,0
Co,1 0 c21 "t Cop—1 Con+1,1
0,2 1,2 0 tre Cop-12 Con+1,2
K2n+1= - e e LY ... TR =0.
Co2n—-1 Ci2n—1 ©€22n-1 °°° 0 Con+1,2n—1

C0,2n+1 Cl2n+1 ©€22n+1 “*°  C2n—12n+1 0
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can be summarized in the following statement

take Py (z) =

60 1’
D
P2n (m) 2'n,
2n
P. 2n+1 (m) F: 2n

wheren =1,2,.
and Doy, =

0 1,0 2,0
Co,1 0 2,1
cp2n—2 C12n—2 €2,2n-2
€o,2n—1 Ci,2n—-1 €2,2n-1
1 T z2
0 €1,0 C2n—1,0
co,1 0 Con-1,1
co2n-1 Cl2n-1 """ 0
0 0 - 0
1 T e m2n_1

. and by, is an arbitrary constant for alln, lastly Fon = ﬁlz_n
Yn-22n :I"’" Then {Pp},>o 15 skew- orthogonal.

Raiil Felipe Parada

C2n—-1,0
Con—1,1

Con—1,2n—2
0
w2n—1

C2n,0
C2n,1
C2n,2n—1

1
x2n

C2n,0
C2n,1

Con,2n—2
Con,2n—1

w2n

Con+1,0
Con+1,1

Con+1,2n—1
—by,
x2n+1

Proof We must check (3) and (4). Now, from (5) it follows that

Q (P2n () ,ack) =

for all k. Thus, we see that two rows are identical for k =0,1,.
,2n — 1. A similar argument is

(Pans1 (2) , FY=0 1f O < k < 2n—1. Now we observe

s0 Q (Pon (), 2

used to prove that

0 1,0
Co,1 0
Dan
Hon | Co2n—2 Cl2n-2
€02n—-1 €12n—1
o,k €1,k

—Oforanyk—Ol

that Q (Pan, Pan+t1)-is equal to

C2n—1,0
Con—1,1

C2n,0
C2n,1

Con—1,2n—2 C2n2n—2

0
C2n—1,k

Con,2n—1
Con,k

We are now in a position to prove the main result of this section which

- Teorema 8.2. 1 Let us assume that Q(.,.) is skew-determined, then if we
Py (z) =z + bo and

(5)

©6)

,2n —

1,
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0 €10 €20 *°* Cn-10  C2n0 Con+1,0
€o,1 0 €21  t Cp—11  C2n1 Con+1,1
F2n 3
€02n—1 Cl2n—1 C22n—-1 -°° 0 Con2n—1  Contl2n—1
0 0 0 e 0 1 —by,
0 0 0 0 0 Q Py, z2741)

here we have used the fact that also Q (Pzn, 2”) = 0 (since Q (PQn, ) 0

for all £ = 0,1,...,2n — 1 and Q(Pay,, Py,) = 0). Then, we have v, =
Q ( Py, 2n+1) D21Iz{I2n+1 a

Observe that, from the latter equality at the end of the proof of Theorem
2 we can calculate Ds,,. As in the classic case we have

Proposicién 8.2.1 Let {Pn}n>0 be a skew-orthogonal system of polynomi-
als associated to Q(.,.) which is skew-determined, then the P, are linearly
independent.

Proof Let {Py,, Pr,, ..., P,,} be an arbitrary finite subset of {Prtrso-
If byyybpy, . . ., by, are such that

bry Pry () + bpy Py (2) + ... + by, Pry, (7)) =0 Yz, (5)
then, if for some n; it holds that n; = 2k; we have
0= Q(bny Pry + bpy Py + ... + by Py Poky+1)

= b’nZQ (P'nia P2ki+1) = bnz’)’k,

hence b,, = 0. It may happen that Pog,+1 € {Py,, Pr,,- -, Pn,,}, but note
that this possibility is not excluded. In this form, we prove that all the even
coefficients in (5) are zero. When n; is odd, the proof is similar.ll

Remark 8.2.1 It is natural to propose a reproducing kernel in the context
of the skew-orthogonal polynomials. Indeed, let us assume that deg P, = k
fork=0,1,...,2n+ 1, then we define

K (z,y) = zn: (Poi () Pasy1 (y) ; Py; (y) Pai () ’
=0 i
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it is easy to see that Qy (K (z,y) , Pox (x)) = Por (y) and

Qs (Kn (2,Y) s Paky1 (2)) = Pogy1 (v)

" if k < n. For instance, let us see the first equality

Qo (Kn (2,y) , Pox (z)) = Zn: Poit1 (y) Qo (P?z- (z), Pox (x))

i=0 Yi

B io Py (y) U (Pzz-;ril (z), Pax ()
_P2k () Q¢ (Pogy1 () , Pog (z))

’ Vi

= PZk(:U);

now, it follows that for any polynomial q of degree < 2n + 1, Qz(Kn(z,y),
q(z)) = q(y). These properties justify the name of reproducing kernel of
order n for Ky (z,y).

8.3 Gram-Schmidt skew-orthogonalization

Up to now we have dealt only with skew-orthogonal systems whose vec-
tors are polynomials, however this section is dedicated to exhibit an anologue
for the skew-orthogonal case of the Gram-Schmidt method in any real vector
space.

In the sequel let F' be a real vector space and let {us},~ be a system
(which is not assumed to be linearly independent) of vectors. Suppose that
over F' is defined a bilinear form Q (.,.) such that Q (z,y) = —Q(y,z). In
this case Q(.,.) is called skew-determined. We define for every n

_ 2n—1 n
€on = Qplon + ) oo Q€ (6)
ean+1 = U2n+1 + bplon + Z?:gl Bles,

the coefficients an, # 0, by, {ay}f;‘g 1 and {82 2225 ! must be chosen such
that

Q (e2n, €2m) = Q (e2n41,€2m41) =0 n,m=0,1,..., o
Q2 (e2n7 e2m+1) = ’Ynén,m n,m= 0,1,...,
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where {V5},>¢ is & sequence of non-zero real numbers. A system of vectors
{en}n>o Which satisfies (7) is called skew-orthogonal system.
For n = 0 we shall clearly have ey = (WJOQE) ug and ey = uy + boug

being by an arbitrary constant. Here it is assumed that € (ug,u1) # 0. To
obtain the coefficients a,, by, {a?}fzal and {,31"}2225 ! in the step n (n > 1)

we assume that eg, €1,..., €2n_2, ea,—1 Were already calculated. We define
20 (ugn, €2i41) Q (€20, Uan1)
I, = Q (u2mu2n+1) - Z
=0 v

b

-1
n nz Q (uan, €2:) 97('62%%—1, U2n+1)
=0 3

in the sequel we need also to assume that I, is different from zero.

In order to find ez, and es,+1 we impose the conditions Q (egn,e5) =
Q(eant1,es) =0 for s =0,1,...,2n — 1 and Q (e2n, €2n41) = Y- With this
motivation we substitute (6) in these equations. Now, this gives

anfd (u2n, 62k+1) n anQ ('U/Zna 62]6)

an = — y (87 [l — 8
2k p 241 " (8)

n_ (Q(uony1, e2r41) + ba (ugn, e26+1))
Box = — , (9)

Yk
and
; , ,

ﬁgk+1 — (Q (u2n+1a e2k) + b2 (u2na e2k)) , (10)

Yk
whenever 2k + 1 < 2n — 1. Hence, from (6), (8) and (9) we now obtain

n—1
-Q . 10 Y e
€on = Gl + G E: ( ('U'2na 6214—1) 621’:' (u2m 32z) e2z+1) , (11)
=0 ¢

and also

n—1
' —[Q(u ,€9i11) + bn€2 (usy,, €2;
emt1 = fant1+ D (€2 (uznta 2z+12y. 2 (uzn 21+1)]€2¢ (8.1)
i=0 R

n—1
+ Z [ (ugn+1, €2:) + bn€2 (u2n, €2:)] et

=0 Yi
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where foni1 = Ugnt1 +bplia,. On the other hand the equation Q(egy, €2n41)
= 7y, allow us to calculate a,,. We remember that a,, must be different from
zero. Now, rewriting 2 (ean, €an+1) 88

Q(e2n, eamt1) = $§(en, Uant1 + bruon)
: b 2n—1
= Q (€2n,u2n+1 + f (anu2n =+ Z a?ei>)
n i=0

: b 2n—1
) n
= Q| em,umt1+— | e2n— E ale;
Gn =0

= Q(ean, U2n+1)

QU2 €2 1962 U241
= anQ(u2nau2n+l)"anZ ( & H—) ( ~ 'n,+)

=0 i
-1
ta, nZ Q (ugn, e2;) Q (.62i+1, Udn+1)
=0 i

= aply,

under our assumption [, # 0, it follows immediately that a, = %’:’ The
reader can quickly check that the equation €2 (e2n+1,€2n+1) = O says to us
that b, is arbitrary.

The method described will be called a skew-orthogonalization process.
We note that all the preceding arguments in this section apply equally well
whether we take the following recurrent scheme

2n—1
€2n —U2n+z =0 aez,

2n 1
€m+1 = AplUont1 + bneon, + ,Bneza

instead of (6).

Now we give an example of how work the skew-orthogonalization process
in a concrete real vector space. Let [2(Z%) denote the collection of all
real functions ¢ on ZT, such that, Y oo, |¢ (n))? is finite. Then 12 (Z1)
is a real linear space with an inner product defined of the following form
(f,9) = X2, f(n)g(n). Define T on i?(Z*) such that (Tf)(0) = f (1)
andif n > 1 (Tf)(n) = f(n+1)— f(n—1) for f € 1?(Z*). It is clear that
T is linear and {2 (f)g) = (Tfa g) = - (Tg’ f) = —Q (ga f) Let {un}n>0 be
a subset of 12 (Z1) where each u,, is defined as up, (m) = dpm for all m cZr.
Observe first that  (us, uj) = d5(j41) — Gij—1)- In fact,
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o
Quiy) = Y (w+1)—uw@m—1)uy @) =wG+1)—w(G-1)
n=0

= di(j+1) — di(j-1)-

As a consequence of this fact we have [, = —1 for any n. On the other
hand
Q _
Oég(n_l) = oo (Uzn, 2n-1) = , agp=0for k=0,...,n—2,
Y(n-1) Y(n-1)
Q
Q1 = an—w =0fork=0,...,n—2,

it implies that es, = anuo, — :y(—:'i‘l—)€2(n_1). We next derive the general form

of ean+1. Note that

b ,
Ban-1) = —%:1, By =0fork=0,...,n—2,

Biks1 = Ofork=0,...,n—1,

hence ez, 11 = Uop+1 + bpion — 7:':1 €a(n—1)- Finally, in view of Q(ean, e2n+1)
= 7y, then a, = —v,.
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Nonlinear Problems with
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Abstract: Elliptic and parabolic scalar equations involv-
ing exponential nonlinearity are studied. Results concern-
ing multiplicity of solutions as functions of a nonlinear eigen-
value in the steady case, the same as estimations for blow-up
time for the unsteady case are given. Numerical trials in the
unitary ball are presented.

9.1 Introduction

Elliptic and parabolic partial differential equations with exponential
nonlinearity have a long story since Liouville’s pioneer work, to Gelfand’s
work, until today. This report is concerned with scalar differential equations
of both steady and unsteady type

—Au = X inQ (9.1)
u = 0 ondQ ,

!Mathematics Subject Classification: primary 35J40, 35J60.
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and

% = Av+ e’ inQx]0,T[ (9.2)

v = 0 ond0x]0,T[,
v(0,2) = wvo(z) inQ ;

they are known as the Gelfand Problem (steady and unsteady), because of
Gelfand’s work [6], where he was the first to study and establish multiplicity
results in the radial case.

Concerning the steady problem (9.1), we give a stability result, a (sim-
ple) characterization of the bending solutions, and some particular results
for the case when (2 is the unit ball.

Concerning the unsteady problem (9.2), the existence of local or global
solutions is studied. In the case when A is in the spectrum of (9.1), we
give a criteria for the development of blow-up. In the case when ) is not
in the spectrum of (9.1), when blow-up is ensured to develop, some new
estimations on the blow-up time are given for a general bounded domain €.

At the end, some numerical experiments for ) the unit ball are shown.

9.2 The Steady Gelfand Problem

We are interested in problems like (9.1) and (9.2). It is well known that
the relation between the two problems is that if (9.2) has a solution v(-,-)
defined for all £ > 0 (usually known as global solutions), then v(t,-) — u(:)
as t / oo in the appropriate functional norm, where u(-) is a solution of
(9.1).

‘Let us notice that (9.1) (in the unsteady case (9.2)) corresponds to a
particular case of the quasi-linear problem '

—Au = Af(u) inQ, (9.3)
u = 0 ondd

with f convex increasing, such that f(0) > 0. Although not completely
accepted in the literature, Keller baptized these type of problems Positone
Problems, and the main motivation behind them is: the solutions (steady
or unsteady) represents the temperature distribution of a certain reaction
in a region 2; that will be our motivation. Also, let us notice that the
problem has two unknowns: the nonlinear eigenvalue A and the nonlinear
eigenfunction wu.
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A little history about the problem (steady and unsteady case):

1852 J. Liouville studies the problem in connection with differential
geometry (exact quadrature formulas for the whole IR?)

1882 Lord Kelvin proposes radial equations concerning the gravitational
stability of a star

1930’s Y. Zeldovich and D. Franz-Kamenetskii study the problem con-
cerning the propagation of flames (in fact the chemistry of the reaction)

1959 I.M. Gelfand presents his classical work Some problems in the
theory of quasilinear equations; Amer. Math. Soc. Trans., vol. 29 (1963),
pp. 295-381 (the second date corresponds to the publication of this work in
western countries)

1969 H. Fujita proves that the spectrum of the steady problem is
bounded from above

1973 D.D. Joseph and T.S. Lundgren study the steady problem in radial
geometry

1974 H. Keller and J. Keener establish an order in the solutions (pre-
viously, there is a pioneering work by Keller from 1969)

1975 C. Bandle studies the steady problem in connection with Isoperi-
metric Inequalities

1983 A. Lacey studies the blow-up, in particular bounds for the blow-up
time

1985 J. Dold introduces a new kernel for the study of self-similar solu-
tions

and on and on and on....... : the bibliography provides a good source of
references.

From a mathematical point of view, a first question to be done is: are
there solutions for (9.1)7 Let us remark that (9.1) is a classical bifurcation
problem, this is, it depends on the value of the parameter A if there can be
no solutions, one solution or plenty of solutions, where for a fixed A it is
understood that the solution is the function .

In difference with other type of quasi linear elliptic problems, not many
existence results can be pointed for (9.1). In fact, classical bifurcation the-
ory does not work (Krasnoselskii and Crandall-Ravinowitz results), as the
nonlinearity f(s) = e® does not satisfy the basic hypothesis f(0) = 0. An-
other restriction for the use of existence results as Mountain Pass Theorem,
Fixed Point, or Degree Theory, is because of the strong nonlinearity (not
polynomial), then it is difficult to get a priori bounds on the solutions which
for example ensures continuity of the Nemitskii’s operator associated with
the integral equation.
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Despite the previous problems, some interesting tools can be used to
ensure the existenice of at least a branch of solutions: Implicit Function
Theorem from (X, u) = (0,0) (then, the variable u becames u(A) = u,), and
Monotone Methods by the use of sub and super solutions (in general only
“valid for monotone operator, and strongly based on the Maximum Principle);
see [2] for a review of results.

Still concerning the existence of solutions for (9.1), some interesting
results to mention are:

- the spectrum is bounded from above; in fact A < A; e~1, where )1 is
the first eigenvalue of Laplace’s operator in  with Dirichlet homogeneous
boundary condition (let us observe that it is not known if the bound is
optimal)

- if X is in the spectrum of the problem, then there exists a solution u
such that for any other solution u (associated to the same eigenvalue) it is
held that

v < u,
and given three solutions, let us say u, u and 4, it is not possible that
u < u < 4

w is called the minimal solution, and let us remark that the branch of min-
imal solutions always exists (precisely by the use of the Implicit Function
Theorem from (0, 0)).

It is also proved that for (\,u,) a minimal solution of (9.1), then the
first eigenvalue of

Ay netry Q (9.4)
v = 0 09,

f

is such that n; > A, while if (A, u)) is nonminimal, then the first eigenvalue
of

I

—A Eety Q ' (9.5)
Y = 0 09,

is such that & < A.
Then, what happens at A* the bending point? (or where the minimal
branch ends); well, the answer is simple: at \*, it is held that

m=A=& .
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Bandle’s work [1] gives a detailed proof of previous results and also provides
of other interesting results that will be used (and tested) later in the mimer-
ics.

We are now in conditions to give some new results, with some ideas
concerning the proof.

Teorema 9.2.1 Let (A, uy) a nonminimal solution of (9.1).
If (A, uy) is a minimal solution of (9.1) such that

m [ Fawnde < ) [ Flawsds (96)
Q Q
Yw > 0, with 1 and 1 the first eigenvalue and eigenfunction of
=AY = pf'(w)y Q (9.7)
v = 0 00,

then (A, u)) is a bending point to the left.
If (A, uy) is a minimal solution of (9.1) such that

nl/f'(_zb\)w@bldm > A/f’(uA)deldm (9.8)
Q Q
Yw > 0, with m1 and ¥y the first eigenvalue and eigenfunction of
—Ay = nf'(w)y Q (9.9)
v = 0 00,

then (A, uy) is a bending point to the right.

Proof. It is based on the fact that any solution of (9.1) corresponds to
a zero of the bifurcation equation

F\u) = Au+Af(u) .
Probably the radial case, this is @ = B(0,1) c RY (with N > 3), is

the case that has called the attention concerning (9.1) the most, because of
the multiplicity of solutions (see [2] and [7] for multiplicity results).
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Teorema 9.2.2 Let @ = B(0,1) ¢ RY, with N > 3. For any radial
solution u of (9.1) it is held that

1
2
/Iu’|27'N_1dr < NN_2 : (9.10)
0

Also, it is held that
W(1) € [-N—+/N2-2\-N++/N2-2)\.  (911)

Teorema 9.2.3 Let Q = B(0,1) ¢ RN, with N > 3. For any any radial
solution u of (9.1), it is held that

1

/urN_ldr < AN -1 (9.12)
N

0

Proofs. Both results are strongly based on the used of appropriate test
functions and certain inequalities.

Let us notice that Theorem 9.2.3 is strongly linked with Lord Kelvin’s
motivation: the gravitational collapse of a star. If the mass of the star is
bigger than the right side of (9.12), then the star should not sustain itself.

9.3 The Unsteady Problem

Concerning the unsteady problem, there are local existence theorems
based on nonlinear semigroup theory. The local character on time is because
of the strong nonlinear reaction. Clearly (9.2) can develop blow-up in finite
time. Also, existence results based on monotone methods by the use of
super and sub solutions can be mentioned (again strongly based on parabolic
differential inequalities, see [12]).

Of course the main area of research concerning (9.2) is the develop of
blow-up as a function of the initial condition v (see [9]), and also the blow-
up profile; less studied has been the blow-up set.

For the unsteady problem (9.2), the following important results can be
stated:

- there is an exact solution, given by the only time dependent function

v(t) = —In(e™™ — A\(t —to))

in the case )\ is in the spectrum of the steady problem
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- for A not in the spectrum of the steady problem there is always blow-up
(not very clear at what rate and in what time)

- for A in the spectrum of the steady problem and an initial condition Vg,
the evolving solution can converge to a steady solution or develop blow-up.

As was previously mentioned, (A*, ux+) represents the bending solution,
or where the minimal branch ends. We can now state the following

Teorema 9.3.1 Let A > X* and up = 0 in (9.2). Let also (X\*,ux+) be the
bending solution for (9.1), and v the first eigenfunction of (9.4).
Then, (9.2) blows-up in a finite time T that satisfies
eho

T < o (9.13)

where hy = /@buA* dzx.
Q

Teorema 9.3.2 Let & C RY open and bounded with reqular boundary,
N > 3. Let A at the interior of the spectrum of (9.1), and u the minimal
solution of (9.1) for the eigenvalue .

Given vg > u a non-negative initial value for (9.2) such that

a=/(v0—g)¢1d33 > 2% , (9.14)
Q

then (9.2) blows-up at a finite time Thiow—up Such that

1 «a

" In (—'2—>\1> 2 Thiow—up » (9.15)
1 o — Y

where A1 and 1 corresponds to the first eigenvalue and eigenfunction of
Laplace’s operator in Q with Dirichlet homogeneous boundary condition.

Proofs. They are based in estimations and inequalities.

9.4 Numerical Results

In this section, numerical results for both problem (9.1) and (9.2) are
given with €) the unit ball; let us remember that because of the Gidas-Ni-
Niremberg Theorem, in the unit ball (9.1) is reduced to the integration of -

-
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the nonlinear differential equation

—(rN LY = xe*rNl in]o, 1] (9.16)
4'(0) = 0
u(l) = 0.

Table 9.1: Parameters for radial steady problem.

Dimension (n) | u(0) (bending) | A (bending) | 1 (bending)
3 1.607360 1.661006 1.661008
4 1.860788 2.407386 2.407398
5 2.162290 3.226877 3.226897
10 8.573174 8.003538 8.003639

The first result are the minimal branch of solutions for different values of
N (the dimension) given in figure 9.1. Also, table 9.1 summarizes the main
values, in particular is interesting the last two columns that compare the
nonlinear bending value \* and the first eigenvalue of the linearized problem.
Figure 9.2 corresponds to the numerical integration of some parts of the
bifurcation branch for dimension three. Let us notice that the bifurcation
branch must be connected, but because of highly numerical instability, only
part of it could be reconstructed. Figures 9.3 and 9.4 show the minimal and
a nonminimal solution for the same eigenvalue.

Still in the unit ball, but now concerning the unsteady problem, figures
9.5 and 9.6 show different behaviour of the initial value problem for A at
the interior of the spectrum of the steady problem. Figure 9.7 shows the
develop of blow-up for A not in the spectrum of the steady problem, and in
particular ”far” from the bending value A*.

In the case of the steady problem, the numerical routine was an imple-
mentation of Newton’s Method for the seek of zeroes with a Finite Element
integration of the problem. In the case of the unsteady problem, a Runge-
Kutta method was used on the integration. The degree of accuracy to stop
iterations was a Cauchy criterion for the sequence, with tolerance of 107°
and 200 point where put in the mesh (uniform and not uniform distributed).
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Figure 9.1: Bifurcation Diagram for n = 3 (radial case).
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Figure 9.2: Bifurcation Diagram for n = 3 (radial case).
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Figure 9.3: Minimal steady solution for n =3 and A = 0.1.
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Figure 9.4: Nonminimal steady solution for » = 3 and A0.1.
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Figure 9.5: Unsteady solution for n = 3 and A = 0.5; top curve corresponds
to the minimal steady solution.
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Figure 9.6: Unsteady solution for n = 3 and A = 1.5; bottom curve corre-
sponds to the minimal steady solution.
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Figure 9.7: Unsteady solution for n = 3, A = 4 and |A — X*| = 2.3390;
blow-up time 0.1432644....
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New concepts of active
constraints and applications:
A review
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‘Abstract: We introduce different relaxations of the well known con-
cept of active constraints at a given point with respect to a certain linear (or
even nonlinear) inequality system with an arbitrary number of constraints.
We show that these concepts provide useful local information in linear opti-
mization, for instance, conditions for a given feasible solution to be a uhique,
extreme point, optimal solution, or strongly unique optimal solution. In the
general linear semi-infinite optimization there is a possibility of having no
active constraints at a boundary point of the corresponding feasible set. This
phenomenon causes serious troubles when one intends to construct the cone
of feasible directions at this point. The main future of our approach consists
of exploiting the (sub)differential properties of the sup-function that allows
replacing infinitely many constraints with a unique convex constraint. In
the case where the set of active constraints is empty, this sup-function can
present a quite abnormal behavior. To face this situation, two families of
relaxed active constraint sets are introduced and the relation between them
is studied in detail. Under the strong Slater condition, we obtain two dif-
ferent formulas for the polar of the cone of the feasible directions. They are
derived through an extension of Valadier’s formula for subdifferential of a
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sup-function. A stability result for the most relevant mapping in our context
is given.

10.1 Preliminaries

In this review, based on the ideas given in [6] and [26], then devel-
oped in [19], [20] and [21], we introduce different relaxations of the well
known concept of active constraints at a given point with respect to a cer-
tain linear (or even nonlinear) inequality system with an arbitrary number
of constraints. We deal with inequality systems in R™ (n fixed), of the form
{ajx >b;, t €T}, where T represents a fixed arbitrary index set and a;
and b; are the images of ¢t € T by means of the mappings a : T — R" and
b: T — R, respectively. Systems of this kind arise in fields such as func-
tional approximation [13], linear semi-infinite programming [16] and vector
semi-infinite optimization (see, [12], [33], [36], [37], [38], [39]). Observe that
T is required to be neither a finite set (as in [7], [8]) nor endowed with a
topology as in ([2], [3], [6], [34], [11], [25]).

’ Let us introduce some additional notation. Given a nonempty set X of
a certain Euclidean space, by aff X, span X, conv X, cone X, and dim X we
denote the affine hull, the linear hull, the convex hull, the convex conical
hull, and the dimension of aff X, respectively. Moreover, we define cone & =
{0,} . We denote by X° the positive polar of a given convex cone X and
by X+ the orthogonal subspace to a given linear subspace X. From the
topological side, rintX, intX , clX, bdX and rbdX represent the relative
interior, the interior, the closure, the boundary and the relative boundary of
X, respectively. In this part the Euclidean norm in RP and distance will be
denoted by ||.||, and p, respectively, whereas ||.|| represents the Chebyshev
norm in R? as well as in C(T"). With B we shall denote the open unit ball
in RP. »

We associate with a given system o = {ajz > b, t € T } its solution
set F, which is a closed convex subset of R", two moments cones M :=

cone{a;, t €T } and N := cone {(‘;:), tel }, as well as its characteristic

cone
KK" 1= cone { (Z:), teT, (Enl)} .

When at least two systems are simultaneously considered, they will be
distinguished by subindexes, as their corresponding solution sets, and their
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moment and characteristic cones (e.g. Fy will denote the solution set of
0r)-We say that a linear system ¢ = {a;z > b;, t €T } of inequality is
consistent (inconsistent), if its solution set F # @& (F = @), respectively.

We need some definitions.

Definition 10.1.1 o satisfies the classical Slater condition if there exists
z € R™ such that ajz > by, for allt € T .

Definition 10.1.2 ¢ satisfies the strong Slater condition if there exists x €
R™ (called a strong Slater (SS) element) and a positive scalar € > 0 such
that a,x > by +¢, forallt € T .

Definition 10.1.3 The inequality cx > d is a consequent inequality of the
system o = {ajx > by, t € T } if for every x € F holds cx > d.

Definition 10.1.4 Let FF C R™. We define the cone of feasible directions at
the point, T € F, as follows

D(F;z):={d € R" | T+ Ad € F, for a certain X\ > 0}.
Obviously D(F';%) = R™ if T is an interior point of F.

10.2 Extended active constraints in linear opti-
mization

10.2.1 Introduction

Given an optimization problem
(P) Infc'z such that z € F,

where ¢ € R™ and F' is a nonempty closed convex set in R”, and given T € F,
the positive polar of the cone of feasible directions at Z, D (F, T)O allows us
to check (see Proposition 10.2.2) whether

(Q1) Z is the unique feasible solution (i.e., F' = {%}),

(Q2) 7 is an optimal solution of (P), and

(Q3) T is a strongly unique solution of (P) (i.e., there exists k > 0 such

that dz > T+ k||lz —Z|| for all z € F).




166 Maxim Ivanov Todorov

Moreover, D (F, Z)? also provides a sufficient condition for

(Q4) T € extr F (the set of extreme points of F').

In linear optimization, F is represented through a certain linear inequal-
ity system o = {alx > b;,t € T}, where T is an arbitrary (possibly infinite)
index set, @ : T'— R™”, and b: T — R, are arbitrary mappings. Then (P)
is a linear programming (LP) problem if |T'| < oo and a linear semi-infinite
programming (LSIP) problem otherwise.

Although there exist known formulae that express D (F, T)O in terms
of certain convex cones associated with o, these expressions are frequently
too complex in practical situations in order to obtain a useful description of
D (F,%)° allowing us to determine whether 7 satisfies properties (Q1)—-(Q4)
or not (see the discussion in section 3). There are two alternative issues in
order to check these properties. L

The first approach consists of determining the largest class of linear
systems for which D (F,%)° = A (%) for all T € F, where A g;r_.)‘is the convex
conical hull of {a;;t € T (Z)}, with T (Z) := {t € T | a;Z'=b;}. The last
two sets are called the set of active (or binding) constraints and the set of
active indices at T, respectively, whereas A (Z) is the active cone at Z. The

. computation of A (Z) requires the calculation of all the zeros of the slack

function at T, a}T — bz, followed by the formation of the nonnegative linear
combinations of the set of active constraints, but this is usually easier than
the calculation of D (F,%)° by means of the mentioned formulae.

The second approach consists of replacing the set of active constraints
by another related set being able to give a sensible answer to questions
(Q1)—(Q4). This is the main purpose of this paper.

This part is organized as follows. In section 2 we review the role played
by D (F,%)° and A (%) in linear optimization. Section 3 introduces a family
of extended constraints sets depending on a positive parameter. Finally,
section 4 analyzes the existing relationships between three different sets of
extended constraints and provides conditions for the convex conical hulls of
these sets to coincide with D (F,z)°.

Throughout the paper we shall consider a given linear optimization
problem (P) with feasible set F' C R™ described by means of

o={ax>b,teT}.

The optimal set of (P) (possibly empty even though the problem has a finite
value) will be denoted by F*. If different systems arise in the same context,
they will be distinguished by subscripts, and the same subscripts will dis-
tinguish the associated elements. For simplicity, limy should be interpreted
as limg_,o -

L —
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If there exists an SS point for o, (Z € R™ is a strong Slater (SS) point
for o if there exists € > 0 such that a;Z > b; +¢ for all t € T), we say that o
is SS. Let us remind that, any Slater point is an SS point for a continuous
system. Analogously, if there exists a positive lower (upper) bound for
{llatll ,t € T}, then we say that o is LB (UB, respectively). These three
properties are related as follows.

Proposicién 10.2.1 The following statements are true:
(i) If o is SS and UB, then dim F = n.
(i) If dim F = n and o is LB, then o is SS.
(#i) If o is LB and UB, then o 15 'SS if and only if dim F' = n.

Let us remind that we associate with ¢ the so-called second moment

cone, N = cone ,t € T}, and the characteristic cone, K = N +

at
bt
cone { (E’i) . 'The well-known nonhomogeneous Farkas lemma establishes
that, givena € R® and b € R, o’z > b for all z € F if and only if (Z) cclK.

Thus, cl K is the same for all the linear representations of F.

10.2.2 Active constraints: A review

The following result collects those tests for questions (Q1)—(Q4) which
are based upon D(F,Z)? := {z € R" | y/z > 0 for all y € D(F,%)}, where
y € D (F,%) is the cone of feasible directions of F' at the point Z.

Proposicién 10.2.2 Given T € F, the following statements hold:
(i) F = {Z} if and only if 0, € int D (F,%)°.
(i1) T € F* if and only if c € D (F,%)°.
(i4i) T is a strongly unique solution of (P) if and only if ¢ € int D (F, %)°.
(iv) If dim D (F,%)° = n, then T € extr F.

In order to apply Proposition 10.2.2 in practical situations it is necessary
to express D (F, ac) in terms of the coefficients of 0. Actually, given T € F,
we have

pirp = facw (2 ) can) - {aem( ) cax]

(10.1)
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(see [17, Lemma 4.2]), but the complex expressions of c1V and cl K (which
involve the calculation of limits of sequences of nonnegative linear combina-
tions of certain subsets of R®!) make (10.1) seldom useful in practice.

In general, given T € F, D (F,%) C A(%)® so that ¢l A(Z) C D(F, z)°,
but the reverse inclusion can fail. Fortunately, there exists a large class
of linear semi-infinite systems for which D (F,%)? = A(Z) for all T € F.
These systems are called locally Farkas—Minkowski (LFM). In [31] it has
been proved that o is LFM if and only if every linear inequality o’z > b
which is a consequence of such o (i.e., a’z > b for all z € F), and such that
o'z = b is a supporting hyperplane to F', is also the consequence of a finite
subsystem of ¢. This property holds, in particular, if either o is continuous
and has a Slater point or D (F,%) = A (z)° for all T € F (the last property
always holds if |T'| < co). In the last case, o is said to be locally polyhedral
(LOP). This class of systems captures the most relevant properties of the
ordinary linear systems (see [1]).

Corolario 10.2.1 If o is LFM and T € F, then the following statements
hold:

(i) F = {z} if and only if 0, € int A (T).

(i3) T is an optimal solution of (P) if and only if c € A(T).

(#4i) T is a strongly unique solution of (P) if and only if c € int A (T).

(iv) If dim A (Z) = n, then T € extr F. The converse statement holds if
o is LOP.

Remark 10.2.1 The optimality condition (i) in Corollary 10.2.1, c € A
(%), is known as the KKT condition in linear optimization. This is always
a sufficient condition for @ € F to be an optimal solution of (P). If o is not
LFM, there exists T € F and z € D (F,%)°\A(Z) so that T is an optimal
solution for Inf 2’z such thatz € F, whereas the KKT condition fails at T
(by Proposition 10.2.2, part (ii)). This means that o is LFM if and only if
the KKT condition characterizes the optimality of the feasible solutions for
every possible linear optimization problem with constraint system o. Thus
the LFM property can be seen as the weakest global constraint qualification
in linear optimization.

Remark 10.2.2 The uniqueness condition (i) in Corollary 10.2.1 can be
reformulated in terms of 0, € intconv {a;,t € T (Z)}. In fact, assume that
0, € int A(Z). IfeclB, C A(Z) for a certain € > 0, and u € R™ satisfies
lul| = 1, then there exists o > O such that aeu € conv{as,t € T (Z)}.
Taking, in particular, as u the elements of the canonical basis of R" and
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their opposite vectors, there will exist positive scalars p; and &; such that
piei, —0;e; € conv{a,t € T(Z)}, i=1,...,n, and we get

0, € intconv {pe;,6 =1,...,n; e, =1,...,n}

C intconv{as, t € T (Z)}. (10.2)

Next, we show that the so-called Haar’s condition,
Op, € conv {a:,t € T (T)},

which is obviously weaker than (10.2), is either sufficient or necessary for
the uniqueness of T, provided that o belongs to certain classes of linear
semi-infinite systems arising in approximation problems.

Proposicién 10.2.3 Given T € F such that T (T) # 0, the following state-
ments hold:
(i) If F = {ZT} and o is either LFM or continuous, then

On € conv {as,t € T'(T)}.

(it) If O, € conv{as,t € T (Z)} and {a:,t € S} is linearly independent
for every set S C T (Z) such that |S| < n, then F = {Z}.

Now, let us consider the following problem which arises in functional
approximation: Given a compact Hausdorff space T', three functions f,g,h €
C (T), where g and h are positive on T, and a polynomial of degree less than
n, p(¢) such that —g (¢) < p(t) — f(¢t) < h(t) for all t € T, decide whether
there exists another polynomial satisfying the same conditions. Writing
p(t) = 30, Z;it'"1, the problem consists of determining whether Z is the
unique solution of the linear semi-infinite system

n
{f ) —g@®) <Dzt < f(B)+h(t),te T} : (10.3)
i=1
The following result is Theorem 2.1 in [24], which extends the unicity
theorems.of Guerra and Jiménez [23] and Jiménez and Todorov [27] for the
system in (10.3).

Corolario 10.2.2 Let o be a continuous system, and let T € F such that
T (Z) # 0 and {a:, t € S} is linearly independent for all S C T (Z) such that
|S| < n. Then the following statements are equivalent to each other:

(ii) There exists S C T (T), with |S| = n+1, such that {a}z >0, t € S}
is inconsistent.

(i) Op, € conv {ay, t € T (Z)}.
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Example 10.2.1 Consider the system o = {t1z1+t2z2 > t3,t € T'}, where

th—1 -1
T=( tcR3| to <1i3U 0
ts+1 0
Obviously, o is a continuous system with
1 0 0
cdK=cone<+| 0 |, = 1 |, 0
"\ 0 0 -1

so that F' = {02}. Observe that t € T (02) if and only if t3 = (¢1,t2) 02 = 0 s0
that the isolated index in T, (—1,0,0)’, is active at O2. In order to obtain the
remaining elements of 7' (02) we replace t3 = 0 in ”(tl —1,t,t3 + 1)'|| <1,
which yields (¢; — 1)2 +12 <0, i.e., t; = 1 and ¢, = 0. Consequently,

1
T(0)=<{+| 0 }
0

with {as, t € T' (02)} linearly dependent. It can be easily seen that the state-
ments (i) and (iii) in Corollary 10.2.2 hold, but (ii) fails (as well as the linear
independence assumption). Observe also that

A(0s) =span{( (1) )} C D (F,0,)° = R?

so that o is not LFM, and four statements in Corollary 10.2.1 fail at Os.

10.2.3 ~-active constraints
Given T € F and v > 0, we define the set of «y -active constraints at T as
W (Z,7) = {az |t € 17 and ajy = b; for a certain y € T+ vByn} .

In other words, if a; # Op, then a; € W (Z,~) if and only if a7 <
bt + 7 ||lat]|. Obviously, {as, t € T (%)} C W (Z,~). Moreover, if T € int F
there will exist vy > 0 sufficiently small such that W (%,v) \ {0,} = @ for all
v such that 0 < v < vp.

Lemma 10.2.1 Given T € bd F, the following statements hold:
(i) W (Z,v) contains at least a nonzero vector for all v > 0.
(i) If T (%) = 0, then W (T, ) is an infinite set for all v > 0.
(i) If |T| < oo, then W (Z,v) = {at, t € T(T)} for v > 0 sufficiently
small. o :
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Next, we show that the y-active constraints at T allow us to check the
feasibilty of given points of the ball T + vB,, and of given directions at 7.

Lemma 10.2.2 LetT € F andy € T+ By, v > 0. Theny € F if and
only if ayy > by for all ar € W (T, 7).

Lemma 10.2.3 Let T € F and d € R". The following statements are true:
(i) If for a certain v > 0 we have ald > 0 for all a; € W (T, ), then
d€ D(F,%). So D (F,%)° C clecone W (%,7) for all v > 0.
(i) If d € D(F,%) and |T| < oo, then there exists some o > 0 such
that atd > 0 for all a; € W (Z,v) and all positive v < 9. In such a case,
D (F,%)° = cone W (z,).

Example 10.2.2 Consider o1 = {z1—tx3 > 0,¢t € T1}, where T = [1, +oo],
Z = (1,0), and d = (—1,0)' It can be easily realized that
F1={x€R2|w1—93220,—m220}‘

so that T € Fy and d € D (F1,%) = {z € R* | zp < 0}. Nevertheless, a}d =
—1 for all ¢ € T1. Hence, the converse of statement (i) in Lemma 10.2.3 is

not true. On the other hand, since D (F},Z)° = cone { (_01) } and

{(ft>|t21}iffyz$,
Wl(ia’)/)z 1 )
{(Lt)]t>\/fy—2—1}if0<7<%,

we have D (F1,%)° N cone Wi (%,7) = {02} for all 7> 0, and statement (i1)
fails for infinite systems. This example also shows that it is not possible to
replace clcone W (Z,) by just cone W (Z,v) in statement (i).

We consider now the LOP system obtained by aggregating the inequality
~z9 > 0 to oy; i.e., let 09 = {aga: > bt € T2}, with 75 = T7 U {0}, ag =
(%), and by = 0. Obviously, T = (1,0) € F, = F; and W, (Z,v) =
W1 (Z,7) U {ao} so that

+ D(Fy,%)° =D (F,z)° G coneWs (Z,7) .
Hence, statement (ii) fails even for LOP systems.

Proposicion 10.2.4 Given T € F and v > 0, the following statements
hold:
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(3) If F = {%}, then 0, € int cone W (Z, 7).
(ii) If T € F*, then c € clcone W (Z,7).
(i1) If T is a strongly unique solution of (P), then c € int cone W (Z, 7).
(iv) If T € extr F, then dim cone W (Z,7) = n.

The sets of y-active constraints are too large in order to guarantee the
converse statements in Proposition 10.2.4 separately. Next, we show that all
these sets together provide sufficient conditions for (Q1)-(Q4) in LP (but
not in LSIP). '

Proposicién 10.2.5 Let T € F and |T| < oo. The following statements
hold:

(i) If O, € int cone W (Z,7) for all v > 0, then F = {z}.

(ii) If c € clcone W (T, %) for all v > 0, then T € F™.

(i) If ¢ € intcone W (%,v) for ally > 0, then T is a strongly unique
solution of (P).

(iv) If dim cone W (Z,7) = n for all ¥ > 0, then T € extr F.

The next example shows that it is not possible to replace in Proposition
10.2.5 the finiteness of o by the (weaker) LOP property.

Example 10.2.3 Let og = {2 < Ltz +z2 <1, t € N}, let 01 = oo U
{z1 < 0}, and observe that o1 is LOP. Obviously, 03 € F; = ]|—00,0] x
]—00,1] and 0 ¢ extr F1 even though dim cone Wy (0g,v) =2 for all v > 0.
Consider also 03 = 01 U {z1 > 0,22 > 0}, which is also LOP, with Fy =
{0} x [0,1]. We have 0z € int cone W3 (0z,) for all v >0, but Fy # {02}.
Finally, taking ¢ = (0,—1)', we have ¢ € int cone W, (0g,7) for all v > 0,
although 0z ¢ Fy = {(0,1)'}. :

We have seen that each set W (Z,7), v > 0, is too large for our purpose
of giving a sensible answer to the questions (Q1)—(Q4). An alternative choice
could be (5o W (Z,7), but this set is too small, since :

N W@ ={ateT @)} (10.4)

>0

can be empty even when T € bd F. In fact, if at € (5o W (Z,7), then
ag € W ("x', k_l) for all k € N. Let y* € T + k7B, such that aéy’c = by
'Then lim, y* = 7 and a}Z = by; ie., t € T (T).
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10.2.4 Extended active constraints

We discuss in this section three different sets of extended active con-
straints at T € F' which are motivated and defined as follows:
(a) We can replace N or K in (10.1) by the simpler (and smaller) set,

D= { (Zt) ,t € T}. This suggests the following definition:
t

D(T) = {a eR™| ( a‘,‘f ) € ch}. (10.5)

(b) We can replace in (10.4) each set of y-active constraints, W (z,v),
by its closure, obtaining the set

W () := ()W (Z,7).

>0

Since {W (Z,7) | v > 0} is a contractive family of nonempty sets, when v \,
0, it is possible to write

W (@) = Lm W (7,7%) (10.6)

(limit in the Painlevé-Kuratowski sense) for any arbitrary sequence of pos-
itive real numbers, {7x}5—, such that limg v; = 0.

(c) Finally, we can take the set of active constraints at T € F of a
suitable representation of F'. According to Theorem 5.12 in [16], if G is the
set of accumulation points of

QG ()15 ) #omeer).

then o U {a'z > b,(%) € G} is another representation of F which is LFM if
dim F' = n. Therefore, we consider the set

G(z)::{aeRﬂ(a‘}T)eDuG}. | (10.7)
Proposicién 10.2.6 IfZ € bd F' and o is UB, then W (%) # 0.

Now, we show that D (Z) and W (Z) are essentially the same set.

Lemma 10.2.4 For any fizxed T € F, one has D(ZT)\{0,} C W (%) C
D (Z). Moreover, if o is LB, then 0, ¢ D (%) (and so W (Z) = D (T)).
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Example 10.2.4 Let n = 1 and 0 = {t 'z > —t71,¢t € N}. Since
W(0,7) = @ for all v such that 0 < v < 1, W(0) = 0. Nevertheless,
02 € cl D so that D(0) = {0}

Lemma 10.2.5 Given T € F, one has R [D@)\{0x}] C R4 [G (&) \ {0n}].
Further, if o is LB and UB, then R4 D (Z) = R, G (T).

Proposicién 10.2.7 Given T € F, the following statements hold:
(i) A(Z) C cone W (%) = cone D (%) C cone G (%) C D (F,%)°.
(it) If o is LFM, the five cones in (i) coincide.
(iii) If dim F' = n, then cone G (Z) = D (F, z)°.
() If o is UB and SS, then

cone D (Z) = cone G (z) = D (F,%)°. (10.8)

(v) If D is closed, then A (Z) = cone W (Z) = cone D (T).
(vi) If o is continuous and LB, then A(Z) = cone W (Z) = cone D(Z) =
cone G().

Now, let ﬁs consider again the pathological Example 10.2.1. It can be
1
easily realized that W (02) = D (02) = G (02) = {:I: ( 0) } so that

A (02) = cone W (02) = cone D (0) = cone G (0y)
=span{< (1) )} +R? = D (F,0,)°.

This example shows that (10.8) may fail even though o satisfies the LB
and the UB properties. The following result is an immediate consequence
of Proposition 10.2.7.

Corolario 10.2.3 Let T € F, and let U (Z) be one of the three sets of
extended active constraints (W (Z), D (Z), or G(Z)). Then the following
statements hold:

(i) If O, € int cone U (E), then F = {Z}.

(ii) If c € cone U (T), then T is an optimal solution of (P).

(ii3) If ¢ € int cone U (T), then T is a strongly unique solution of (P).

(iv) If dimcone U (%) = n, then T € extr F.

The converse statements of (i)—(iii) are true if coneU (Z) = D (F,%)°
(sufficient conditions are given in Proposition 10.2.7). Example 10.2.1 shows
again the necessity of these assumptions. Taking T = 0 and ¢ = (0, 1),
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we observe that the converse statements of (i)—(iv) fail for the three sets
of extended active constraints. In fact, o is not LFM, since D (F, 02)% =
{0}° =R2 £ A(0,).

Finally, observe that, for general systems, Proposition 10.2.4 and Corol-
lary 10.2.3 can be seen as providing necessary conditions and sufficient condi-
tions for (Q1)—(Q4), based upon different sets of extended active constraints.

10.3 A sup-function approach in linear semi-infi-
nite optimization

10.3.1 Introduction

Consider the linear semi-infinite programming problem. (LSIP, in brief)

(P): Infdz st. ajx <b, teT,

where, for simplicity, in the constraints system of (P) represented by o; i.e.,
o = {ajx < by, t € T}, the inequalities are in the opposite sign.

Respectively, the SS condition has changed: Assume that there exist
20 e ]R” and € > 0 such that atazo <b;—eforall t € T. In this case we say
that z0 is a strong Slater point (an SS element) of o, and that o satisfies
the SS condition.

According to Proposition 10.2.2 (ii), for the problem (P), the Karush-
Kuhn-Tucker condition (KKT condition, for short) is satisfied at the point
T if —c € A(Z). The KKT condition at Z € F implies the optimality of
this point. In order to get the KKT condition as a necessary optimality
condition, some constraint qualifications are needed. In [16] the follow-
ing constraint qualification is considered: As we have defined before, the
constraints system of (P) is said to be locally FM (or LFM) at Z € F if
D(F,7)° = A(Z) (see, also, [31]). In [10] this property is studied in the con-
text of convex semi-infinite programming, and its relationship with extended
versions of the Slater constraint qualification is analyzed in detail. Also in
[29] different constraint qualifications for the convex SIP are comparatlvely
studied.

In LSIP, the set of active constraints at a.point of the boundary of the
feasible set can be empty. In this case the inclusion D(F,Z) C A(z)° = R"
is trivial (it does not provide any local information), and the fulfillment of
the LFM property, as well as of the constraint quahﬁcatmns considered in
[29], is precluded.
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This section deals with the possibility of having no active constraint at
the boundary of the feasible set, and the main feature of our approach
consists in exploiting the (sub)differential properties of the sup-function
f(z) = sup{ajz — b | t € T}. To this aim, two families of quasi-active
constraint sets are introduced. The sets in one of these families are always
non-empty at any point of the boundary of the feasible set, and they play a
crucial role in this theory. The relationship between these families is stud-
ied here and, in particular, it is shown in this section that the members
of both families are mutually embedded under certain assumption relative
to the boundedness for some of them, and the fulfillment of the SS condi-
tion. Also, and again under the same assumptions, two different formulas
for D(F,%)° are derived through an extension of Valadier’s formula for the
subdifferential of the sup-function f(z). Finally, a stability result is given
for the most relevant mapping in our context.

10.3.2 Two sets of quasi-active constraints

Since the set T'(T) can be empty for a LSIP, we shall consider, throughout
' the section, the set of p—active constraints at T € bd(F)

T(Z;p) :={t €T | T > by — p},
with p > 0. Obviously, with Z € F,

T@) = [ T&;p)-

p>0

Associated with the p—active constraints set at z, we shall introduce
the p—active gradients set at T € bd(F)

V(Z;p) = {a: | t € T(T;0)}
= {a; | t € T and a{T > by — p}-

In the previous section different results are derived via some properties
of the set

W(Z;v) :={as |t €T, and aly = by for a certain y € T + B},

where v > 0 and T € bd(F). Actually, W(Z;7) is the set of gradients of
those constraints which are active at the points of a y-ball around T.

Let us recall some relevant properties of this set, established in Lemma
10.2.1 and Proposition 10.2.4.




10.3. A sup-function approach in linear semi-infinite optimization 177

i) If T € bd(F'), we have W(T;v) # 0, for every v > 0.
ii) If 7 is an extreme point of F, then dim(W (Z;+)) = n, for all v > 0.
The boundedness of W(ZT;~) is also related with the properties of the
sup-function
f(z) :=sup{ajx —b; |t € T}.

[ is a proper closed convex function, and F' = {z € R" | f(z) < 0}. If
f(Z) < 0 and f is continuous at Z, a positive scalar § can be found such that
f(z) <0if z € T+ 0B, i.e., T € int(F). Thus, if f is continuous at T and
T € bd(F) then f(Z) = 0. Obviously, if f(Z) < 0 the point T will be an SS
element of 0. The following example shows that the SS condition is, itself,
not enough to preclude the possibility f(Z) < 0 at a point Z € bd(F).

Example 10.3.1 Consider, in R, the system ¢ = {tz < 1, t €]0,00[}.
Obviously, F' =] — 00, 0] and f(0) = —1. This abnormality is a consequence
of dom(f) = F, which provokes that f is not continuous at % = 0.

Next, we add new properties of W (Z;~y) to this pair.

Lemma 10.3.1 If 0 = {ajz < b, t € T} is consistent and W (Z;vo) is
bounded, for a certain vo > 0, then v

inf{b; |t € T and a; € W(T;v)} > —o0.

Proposicién 10.3.1 Given the consistent system o = {ajx < b, t € T},
the sup-function f(z) = sup{aiz — b; |t € T}, and the point T € bd(F), we
have that T € int(dom(f)) if and only if a positive scalar vy exists such that
W(Z; o) is bounded.

Now, we proceed by studying the relationship between the sets V(Z; p)
and W (Z;~). The following examples show that this pair of sets are, in
general, quite different.

Example 10.3.2 Let us consider the system, in R, 0 = {tz < 1, t €
] — 1,1[}. Obviously, v

—x—1, if =<0,
f(z) =sup{tz—1]t€]-1,1[} =
z+1, if =>0.

Thus, F = [~1, 1], and we shall take 7 = 1 € bd(F).
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Straightforward calculations provide

. 1-—p,1], f0<p<2,
V(L;p) =
] - 1a 1[7 Zf P 2> 2a
and
et if 0<v<2,
W(ly) =

]_1’ﬁ[u]%71[’ Zf 7>2

In this example we observe that the sets W (1;~) are even non-connected,
and that none of them contains the origin, which excludes the possibility of
being contained in any of the sets V(1;p), when p > 1. _

The following example shows that V(Z; p) can even be empty, and that
its boundedness at Z does not imply T € int(dom(f)), like it was the case
for W(Z;~) (see Proposition 10.3.1).

Example 10.3.3 Consider, in R, the system o = {t?z < t, ¢ € [1,00[}.
Now, we have

_ 2, _Jz=1, if xZ0,
f(z) = sup{t°z t|t€[1,oo[}—{ too,  if z>0.
Thus, F' =] — 00,0}, and we shall take Z = 0 € bd(F).

Easy calculations yield

: 0, if 0<p<l,
V(l;p) =
L%, if p>1

Obviously f(0) = —1, and the boundedness of these sets is not enough
to guarantee a regular behavior of the system at the considered point.

The following proposition provides conditions giving rise to a richer
relationship between the sets V(Z; p) and W(Z;~).

Proposicién 10.3.2 Let us consider a consistent system o = {a,z < by, t €
T}, and a point T € bd(F). Then the following statements are true:
(i) Defining M := sup{||at|| | az € W(Z;7)}, v > 0, and supposing that
M is finite, then
W(z;v) C V(z;vM);
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(it) Assuming, in addition, that the SS condition is satisfied, 0, ¢
cdW(Z; ) for all v > 0;
(14i) Provided that 0, ¢ clV (T; p), then

. = P
V() Wz L),
where m satisfies 0 < m < inf{ljas|| | a: € V(T; p)}.

10.3.3 - Two alternative ways of approaching the feasible di-
rections cone

In this section we provide two formulas for D(F,Z)°, involving respec-
tively the families of relaxed active constraints sets studied in the previous
section.

Proposicién 10.3.3 Consider the system o = {ajx < b;, t € T} satisfying
the SS condition, and the point T € bd(F). Assuming the existence of a

positive scalar o such that W(Z;vo) is bounded, the following statements
hold:

(1)
D(F,T)° =R, { ) l (conv (V (Z; p)))} : (10.9)

p>0
and dim(F) = n;
(i1) A positive scalar py ezists such that

Or ¢ IV (@; po);

(#i) A real number pg > 0 can be found such that V(T; po) is bounded;

() |

>0

D(F,7)° =Ry { M el (conv (W (z; 7)))}

= cone { ﬂ cl (W (z; fy))}

>0

= cone { ﬂ cd (V(z; p))} .

p>0
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The formula

D(F,Z)° = cone ﬂ c (W(Z;7))
>0

is also established in [19, Lemma 5.1 and Proposition 5.2 (iv)], under stron-
ger assumptions on the coefficient vectors a;. Also the full- dimensionality
of F concluded in (i) constitutes a stronger statement than Proposition 3.1
(i) in that paper. - '

It is also clear that (iv) above leads, as a by-product, to a new Valadier-
type formula

07(®) = () el (conv (W (@) -
~>0

In different papers ([4], [5], [15], [18], etc.) the stability of the LSIP
problem has been investigated in the case that T is an arbitrary (infinite)
set, with no structure (so, the functions ¢t — a; and ¢ — b: have no prop-
eérty at all). The approach followed in these papers is based on the use of
an (extended) metric between the so-called nominal problem, (P), and the
perturbed problem

(Py) Inf (c'Yz st (af)z<b;, teT.

This metric, providing the uniform convergence topology on T, is given

through the formula
a% . az
bl b )| f

where ||.||,, represents the Chebyshev norm. The metric gives rise to the
maximum (supremum) of the perturbations, componentwisely measured.
The space of all the linear SIP problems with the same index set T becomes,
by means of this extended metric, a metrizable space which, in fact, locally
behaves as a complete metric space.

Since this section only deals with the stability of the solution set, it
makes sense to consider, as parameter space, the set © of all the linear
inequality systems, in R?, indexed by T. Thus, we shall neglect the objective
function as far as it has no influence on the feasible set. In this way, if
o ={dix < b, t € T} and 01 = {(a})’z < b}, € T}, the (restricted)
distance between these two systems will be given by

d(Py, P) = max {Ilcl ]l > SUPLET
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a; e
b} bt
We shall consider a slight variance of the already known parameter space
(©,d), namely (©,d') which is a complete metrizable space (d'(c,01) :=
max{1,d(c,01)} is a real metric). Once again, the convergence, in this
space, o, — o, describes the uniform convergence, on T, of the associated
functions (af‘))’ x — by (considered as functions of ¢, and for every fixed z)
to afyz — b(). (Here, oy = {(a})'z < b}, t€T}.)
Next, we consider, in © x R”, the subset

E:= {(c,z) € O, x R™ | z € bd(F), F = solution set of o},

where ©,. C © is the subset of all the consistent systems, and we define the
mapping W : E = R" as follows:

W(o,z) = n cl (conv (W (z;7))) -

>0

d(01,0) = Supger (10.10)

[o9)

In = we shall consider the product topology induced from © x R"; i.e.,
lim,(or,2") = (0,z) if and only if lim, d(or,0) =0 and lim, 2" = z.

Let Y and Z be topological spaces, and consider a set-valued mapping
S :Y = Z. We say that S is upper semicontinuous, in the Berge sense, at
y-€ Y if for each open set W C Z such that S (y) C W, there exists an open
set U C ), containing y, such that S(y*) C W for each ylel.

The following result constitutes an stability result, connected with The-
orem 2.2 in [26].

Teorema 10.3.1 Let us consider a consistent system o = {ajx < })t, teT}
satisfying the SS condition, and a point T € bd(F). Assume the existence of
a positive scalar o such that W (Z;o) is bounded. Then the mapping W 1is
upper semicontinuous at (0,%).

10.4 Application to linear semi-infinite optimiza-
tion

In this section we consider the space of all linear semi-infinite optimiza-
tion problems with the same index set, endowed with a suitable topology.
We have provided in [21] a constructive proof of the following generic result:
if we confine ourselves to the class of problems having a bounded set of
coefficient vectors (those vectors appearing in the left-hand side), the set of
those problems which have a strongly unique optimal solution contains an
open and dense subset of the set of solvable problems in the same class.
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10.4.1 Introduction

We consider the linear parametric optimization problem 7, in R™, of the
form
m: Inf {dz st. ajz > b, teT}.

m, as in the previous sections is represented by (c,a,b). The constraint
system of m is represented, as usual, by o = {ajx > b, t € T'}, which allows
us to use the alternative notation = = (¢, o). If we denote the optimal value
of m by v, the optimal set will be

F*:={s*eF|dz =},

and the optimal set mapping F* : II — R”, putting into correspondence
to each m € II the optimal set F*. If z* € F is a strongly unique solution,
this fact trivially entails F* = {z*}. The existence of a strongly unique
minimum has far reaching properties for the convergence analysis of many
iterative numerical procedures. Our aim is to investigate some topological
properties of the problems 7, which have strongly unique solutions. So, we
- need to define the parameter space, which in our approach is the set IT of all
the problems 7 :'(c, o), whose constrains systems have the same index set
T. Obviously, we can identify IT by R™ x (R™+1)T.

From now on, I, represents the consistent problems subset ( 7 € II, <
F # & <= v < 4+00). II, will be the set of solvable problems (melly <
F* # & <= v is attained) and II,, is the class of problems having a strongly
unique (optimal) solution. Obviously, I, C II; C II..

An extended distance 6 : II x I — [0, 00] is introduced in II by means

() -Gl

where ||.||, represents the Chebyshev norm. As (©,d), (II,§) is a Haus-
dorff space, whose topology satisfies the first axiom of countability (i-e., the
convergence is established by means of sequences, since each point has a
countable base of neighborhoods), and describes the uniform convergence
topology in II.Following Greenberg and Pierskalla [22], most of the authors
dealing with stability in linear SIP have considered II equipped with the
topology induced by d as far as this extended metric provides the supre-
mum of the (absolute) discrepancies, between m; and , componentwisely
measured. Nevertheless, let us observe that all the results in this section
are still valid by replacing |||, with any other norm on the vector space

of

6(7r1, 7r) ‘= max {||C1 - C||0° , SuUp
teT
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(p=mn, n+1), |||, and assigning a positive weight 3; (scaling) to the con-
straint associated with the index ¢ € T, provided that two positive scalars
exists B and B, such that S< f; < B, i.e., replacing (71, w) with -

()-GOl

Different authors have considered families of optimization problems (i.e.,
spaces of parameters) forming a Banach space, proving that, under suitable
assumptions on the topological properties of the optimal set mapping F*,
most (in the sense of Bair’s categories) of the optimization problems have
a unique solution (see, e.g., [28] and [32], and the references therein). It
is well-known that, if the given problem = is a continuous linear SIP and
only continuous perturbations of the coefficients of o are allowed, then the
parameter space is Banach. In [34] and [35] we have proved, for continuous
linear SIP, that the set of problems with a unique primal and dual solution
contains a Gy (i.e., a countable intersection of open sets) dense subset of
the class of solvable problems. This result was improved in [6], where it
was proved in a constructive way (based upon a characterization of the
strong uniqueness in continuous linear SIP, due to Nirnberger [30]) that
the previous statement for the primal problems remains true replacing ”G5”
with ”open”. The main purpose of this part is to extend the last generic
result to the more general class of linear SIPs 7 with arbitrary index set
T under the only assumption that the left-hand side vectors of o form a
bounded set. This condition is not too restrictive (it holds if we divide both
members of each constraint ajz > b; such that a; # Op by |la|), and it
is preserved by arbitrary perturbations of finite size. More precisely, our
main result here establishes that the set of problems with a strongly unique
solution contains an open and dense subset of the class of solvable problems
when we are confined to the class

A= {71’ € II | sup|ja:]| < oo} .
teT

(s, ) = max{ncl -
teT

(Observe that A is open and closed in (II, §) .) Our proof is also constructive,
but it requires the application of some sophisticated machinery, including the
new conceptual tools developed in the previous two sections of this paper.

10.4.2 Summary

We would like to summarize some properties of the sets defined before
which will be used in what follows. :
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Proposicién 10.4.1 In relation to the problem m € Il,, a point T € F
and the associated sets M, D(F;Z), A(Z), D(Z) and W(Z;~), the following
statements are true:

(i) m € intIl, if and only if the SS condition is satisfied.

(it) If m € 11, then c € clM.

(iii) If ¢ € rintM, then 7 € ;.

() 7 € intlls if and only if © € (intll,) N1Is and c € intM. In fact,
condition c € intM is equivalent to the boundedness of the optimal set of
T, F*.

(v) T € F* if and only if c € D(F; ).

(vi) If ® € A and the SS condition is satisfied, then

coneD(Z) = D(F;%)°.

(vii) D(Z)\ {0} C W (Z;7) for every v > 0.
(viti) T is a strongly unique solution of 7 if and only if

c € intD(F; ).

- (iz) If T € extF, then dim W (Z;v) = n for every v > 0.
(z) Assume that w € A, that the SS condition is satisfied and ¢ # Oy,.
Then
7 € int (g N A)

if and only if there exists T € F and a set C C D(%), |C| = n, such that
c € coneC and for every set C satisfying such a condition, we have that all
the possible subsets of n elements of C U {c} are linearly independent.

Corolario 10.4.1 In relation with I1, the following statements hold:
(i) g, = & if and only if |T| < n.
(41) sy N A is open in s N A if and only if |T| >n+1 > 3 fails.

10.4.3 The main result

-

Now, we are in a position to present the main result in this section and
to mention that its proof, given in [21], is constructive.

Proposicién 10.4.2 If |T| > n, then the open set int (I, N A) is dense in
I, NA.

Remark 10.4.1 Let us examine the assumptions in Proposition 10.4.2.
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If |T| < n, we have A = II and I, = & (by Corollary 10.4.1 (i)),
whereas II; # @ by Proposition 10.4.1 (iil). So, the assumption |T| > n is
not superfluous. S

If 0o > |T| >n, A=1II and A can be removed from the statement.

If T is infinite, we shall prove that it is not possible to eliminate A (or
replace A by its complementary set I'\A) in the Proposition 10.4.2. In fact,
Example 1 in [14] shows the existence of a system o = {atx > b, t € T}
(with unbounded coefficients) and p > 0 such that F, = clB for all ¢! :=
{(a,})'m > b;, t € T'} such that '

< p.

a% . ag

bi b/ lloo
Let m = (c,0) ¢ A with ¢ # Op. If m = (c*,01) ¢ A satisfies 6 (m1,m) <
min {p, ||c|lo, } , then we have 71 € II;\ILsy. Hence, Ils, does not intersect a
certain open subset of Il;.

The next example illustrates the constructive character of the proof of
Proposition 10.4.2.

sup
teT

Example 10.4.1 Let us consider the linear SIP, in R3,

x : Inf(—x3)
st. —2x; —xzg3 > —t2—2t, teT :=[-1,1].

Obviously, m € II; N A. In fact, F = {:c eR3 |23 < g(wl)}, where

9 5
z1/2+ 16’ for 1 < vt
—(z1 +1)?, for — Z <z < -1,

g(z1) = 4 0, for —1<z1 <1,

b

—(z1 —1)%, for 1<z <

> o

9 5
L —m1/2+ﬁ, f0r1<$1,

so that

F* = {5€R3|§= (51,552,0),, € [-1,1], zo ER},
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and m ¢ int(Ils N A) by Proposition 10.4.1 ().

Certainly we have, for instance, ¢ = %(a_l +a1) € M, but dimM =
2.We follow the constructive process described in the proof of Proposition
10.4.2, but the number of steps is reduced to two, given the particular struc-
ture of .

We start by adding ag to the pair {a_1,a1}, and observe that the set

{0’0 + (0’77’ O)/ y @1, (1,1} )

with 1 # 0, is linearly independent.

Note that the point (0,0,—1), is an SS point of w, and the problem
built in the first step is m = (cl,al,bl) with b* = b, ¢! = (0,7/3,-1) and
a' defined as follows:

(J,l — (0, 77/3’ _1)/a =0,
b at, t € TN\ {0}.

Since ¢! = % (aé +al; + a%), we have ¢t € intM;. In fact, the new problem

w1 Inf((n/3) zg — x3)
st.nre—2z3 > 0, t=0,
=2ty —x3 > —t>—2[t|, T\ {0},

also admits (0,0, 1), as an SS point, and & (m1,m) < €/3, provided that
In| < /3. For the sake of simplicity we take n > 0.

Let us check that the optimal value of 1 is zero. The block of constraints
associated with T\ {0} conjointly entail x3 < 0. In addition, the objective
function can be expressed as 3 (nz2 — x3) +% (—x3) and both terms are non-
negative at any feasible point of 1. So, the optimal value of this problem is
zero, and it is attained if x3 = x§ = 0. The constraints associated with the
indices in T\ {0} also yield x7 € [-1,1] and F} = [-1,1] x {0} x {0}.

We start Step2 from the constructive proof, by choosing % = (1,0, 0) €
FyNextFy. We know that the associated W1(%;v) is full-dimensional, despite
the fact that the only binding constraint at T is the one corresponding to
t=0.

The way in which we combine Steps 2 and 3 from the proof, consists
of modifying, firstly, two constraints in m in order to get three active con-
straints at T with linearly independent associated coefficient vectors. To this
avm, we choose ty € (0,1) such that (to)2 + 4ty < €/2 and, then, we re-
place both constraints in 71 associated with —~to and to by new constraints
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—2txz1 — x3 > —2t, which are obviously binding at T. Finally, the indepen-
dent term of the remaining constraints is changed to —t* — 2|t| —n. In this
manner we have built the problem

T2 . Inf((n/3) 2 — 11:3)
st. nzg—x3 > 0, t=0,
-1 —x3 > -2, t€ {—to,to}.

9tz —xz3 > —t2—2|t|—n, t € T\ {0, ~to, %0}

It is clear that ¢ € intAs (%) C intD (Fy,Z)° (in fact,

# =g af+al).

with {a2,,,a3,a2 } linearly independent), and Proposition 10.4.1 (viii) ap-
plies to conclude that T is a strongly unique optimal solution for me. It
is also evident that (0,0,—1)/ is an SS point for this problem and that
§(my,m) < €/2. Hence, my is the parameter we were looking for, since
7y € int (s N A) and & (m,m2) < & (w1, m2) + 6 (m1,m) <e.

10.4.4 Stability analysis

Proposition 10.4.2 shows that an arbitrary small perturbation of the data
of a given linear SIP, 7, with a bounded left-hand side of vectors provides
a new problem of the same class, 7, such that the problems in a certain
neighborhood of 7 have strongly unique solutions. It remains to determine
the stability properties of the approximating problem 7 and the existing
relationships between the values and the optimal sets of both problems.

Let us recall the well known definition of Hadamard well-posedness of
optimization problems, see [9].

Definition 10.4.1 = € II, is called strongly Hadamard well-posed if F* is a
singleton (i.e., F* = {z*}) and for every sequence {m}3—; C Il converging
to w in (II,0) and every sequence {:L'k}zc;l such that =¥ € Fy, k= 1,2,..,,
one has limy zF = z*.
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The following result shows that the problem 7 in Proposition 10.4.2
constitutes a kind of regularized problem associated with the problem ,
from which the procedure has started.

Proposicién 10.4.3

(i) Assume that & € int (Ils, N A). Then, at the parameter 7, the
feasible set mapping F is continuous, the value function v is a (real-valued)
continuous function and the optimal set valued mapping F* is a function
(valued in R™, provided that F* is restricted to the set of parameters having
a unique optimal solution) which is also continuous at 7. Moreover, T is
strongly Hadamard well-posed.

(i) If m (the problem in IIg N A from which the process described in
the proof of Proposition 10.4.2 starts, providing T) satisfies the SS condition
and F* is bounded,

then the following statements hold:

_ (a) There will exist a pair of positive scalars € and p such that
6 (m,T) < & yields the Lipschitz inequality |v — 3| < pé (7, 7).

(b) F* is usc at m, which is equivalent to the closedness of this
mapping at w. In other words, if {7} re; C int (Ily, NA) converges to
in (I, 8) and we have a sequence {?c'k}zozl such that 7% € ﬁ,:,
k=1,2,.., and limy % = z*, then we can assert that z* is optimal for .

At the end, we would like to mention that the results obtained in this
paper are of a special importance in the vector semi-infinite optimization,
where we have used many times the obtained knowledge of the behavior of
the feasible set (see, [12], [38] and [39]).
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