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1. Introduction

A continuum is a nondegenerate compact connected metric space. The set of positive integers is denoted
by N. Given a continuum X and n € N, we consider the following hyperspaces of X:

2% = {A C X: A is a nonempty closed subset of X},
Cn(X) ={A € 2%: A has at most n components},
F,(X) ={A €2%: A has at most n points} and
C(X) = Cy(X).
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All the hyperspaces considered are metrized by the Hausdorff metric H [13, Theorem 2.2].

Related to a continuum X, Sam B. Nadler, Jr. [20], introduced the hyperspace suspension of a contin-
uum, HS(X), as the quotient space C(X)/F1(X). Twenty five years later in [15], Sergio Macias gave a
generalization of it, defining the n-fold hyperspace suspension of a continuum, HS,(X), as the quotient
space Cp(X)/F,(X). In 2008, Juan C. Macias [16] introduced the n-fold pseudo-hyperspace suspension of a
continuum, PHS,,(X), as the quotient space Cy,(X)/F1(X). Given a continuum X, let H(X) be any of the
hyperspaces 2%, C,,(X), F,,(X), HS,(X), or PHS,,(X). The continuum X is said to have unique hyperspace
H(X) provided that the following implication holds: if Y is a continuum and #H(X) is homeomorphic to
H(Y), then X is homeomorphic to Y.

One of the problems that has been widely studied lately on the theory of continua and their hyperspaces
is to search for continua with unique hyperspace H(X). The problem of finding conditions for X in order
that X has unique #H(X) has been widely studied for several families of continua, especially for finite
graphs, meshed continua and almost meshed locally connected continua. In [12], Alejandro Illanes proved
that finite graphs have unique C,,(X) and later, in [6] Rodrigo Herndndez-Gutiérrez, A. Illanes and Verénica
Martinez-de-la-Vega studied the uniqueness of the hyperspace C,(X) for locally connected continua and
proved that meshed continua have unique C, (X). Later, adopting some of the techniques presented in [12]
it was proved that finite graphs have unique HS, (X), see [7]. Later, in [8] Maria de J. Lépez jointly with
the second and third authors proved that framed continua have unique HS,(X). In relation to this topic,
German Montero-Rodriguez, M. de J. Lépez jointly with the second and third authors proved that finite
graphs have unique hyperespace F,,(X)/F1(X), for each n > 4, see [19, Theorem 3.8]. Recently, in [18] it
was proved that finite graphs have unique PHS,,(X). Following the study of this property in the hyperspace
PHS,,(X), in the present work we prove that

(1) Meshed continua have unique n-fold pseudo-hyperspace suspension, for n > 1, see Theorem 4.8.

(2) There are almost meshed locally connected continua without unique n-fold pseudo-hyperspace suspen-
sion, see Theorem 5.3.

(3) There exists an almost meshed locally connected continuum that is not meshed with unique 2-fold
pseudo-hyperspace suspension, see Example 5.4.

(4) There exist locally connected continua that are not almost meshed without unique n-fold pseudo-
hyperspace suspension, see Theorem 5.5.

2. Definitions

Let X be a continuum. Given a subset A of X, intx(A4), clx(A), and bdx(A), denote the interior,
the closure, and the boundary of A in X, respectively, and when there is no possible confusion with the
underlying continuum in which A lies, we simply will use A° instead of intx(A). Through this paper, we
write d for the metric associated to the continuum X. Let ¢ > 0 and p € X; the set {z € X: d(p,x) < &}
is denoted by Bx (p,¢), when there is no possible confusion with the underlying continuum in which d lies,
we use B(p,¢) instead of By (p,e). The Hausdorff metric H is defined as follows: for each A, B € 2%,

H(A,B)=inf{e >0: AC N(¢,B) and B C N(g,A)},

where N (g, A) = {z € X : d(z, A) < €}. The hyperspaces F,,(X) and C,,(X) are called the n-fold symmetric
product of X and the n-fold hyperspace of X, respectively. The cardinality of A is denoted by |A|. Let p € X
and g be a cardinal number. We say that p has order less than or equal to 8 in X, written ord(p, X) < S,
whenever p has a basis of neighborhoods % in X such that the cardinality of bdx (U) is less than or equal
to S, for each U € B. We say that p has order equal to 8 in X (ord(p, X) = ) provided that ord(p, X) < 8
and ord(p, X) £ « for any cardinal number o < . Let E(X) = {z € X: ord(z,X) =1}, O(X) = {z €
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X: ord(z,X) = 2}, and R(X) = {x € X: ord(z,X) > 3}. The elements of E(X) (respectively, O(X)
and R(X)) are called end points (respectively, ordinary points and ramification points) of X. A map is a
continuous function.

A finite graph is a continuum which is a finite union of arcs such that every two of them meet at a subset
of their end points.

Given a continuum X, a free arc in X is an arc J with end points p and ¢ such that J — {p, ¢} is an open
subset of X. A mazimal free arc in X is a free arc in X that is maximal with respect to the inclusion. A
cycle in X is a simple closed curve J in X such that J — {a} is an open subset of X, for some a € J. Notice
that if X is not a simple closed curve and J is a cycle in X, then J N R(X) = {a}. Let

Ar(X)={J C X: Jis acycle in X},
Ar(X)={J C X: Jis a maximal free arc in X and |J N R(X)| =1},
As(X) ={J C X: J is a maximal free arc in X} UAr(X),
G(X) = {z € X: x has a neighborhood in X which is a finite graph} and
P(X)=X-G(X).

According to [6, p. 1584] a continuum X is said to be almost meshed whenever the set G(X) is dense in
X. An almost meshed continuum X is meshed provided that X has a basis of neighborhoods B such that
U — P(X) is connected, for each U € B.

Given a continuum X and n € N, the function ¢%: C,,(X) — PHS, (X) is the natural projection, and
F% denotes the element ¢% (F1(X)). Notice that

axle,(x)-m(x): Cn(X) = F1(X) = PHS,(X) — {Fx} is a homeomorphism. (2.1)

Given m € N and Uy, ..., U,, subsets of X, let
(Ur,....Up), ={AcCr(X): ACU1U---UUy and ANU; # 0, for each i € {1,...,m}}.

By [13, Theorem 1.2], it is known that the family of all sets (Uy, ..., U )n, where each U; is an open subset
of X, forms a basis for the topology in C,,(X).

A topological manifold M (possibly with boundary) of dimension n < oo is a metrizable topological space
M such that each point x in M admits an open neighborhood U and a homeomorphism « : U — k(U)
onto an open subset of the Euclidean half-space R = {(z1,...,2,) € R™: 21 > 0}. The points z in M that
correspond to points s(x) in the hyperplane {(x1,...,2z,) € R’ : 2y = 0} form the manifold boundary of
M. The manifold interior of M is defined as the complement of the manifold boundary on M, as in [14, p.
7).

We use the following notations: dim[X] stands for the dimension of X, and dim,[X] stands for the
dimension of X at the point p € X, as in [22, p. 5].

Given a continuum X and n € N, let

L,(X)={A € Cp(X) : A has a neighborhood in C,,(X) which is a 2n-cell},
0L, (X)={A € C,(X) : A has a neighborhood N in C,,(X) such that
N is a 2n-cell and A belongs to the manifold boundary of N},
Dn(X)={A€Cp(X): A¢ L,(X) and A has a basis of neighborhoods
A in Cp,(X) such that for each U € A, dim[U] = 2n

and U N L, (X) is arcwise connected},
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PHL,(X)={B € PHS,(X) : B has a neighborhood in PHS,,(X) which is a 2n-cell},
OPHL,(X)={B € PHS,(X) : B has a neighborhood N in PHS,,(X) such that
N is a 2n-cell and B belongs to the manifold boundary of N'},
PHD,(X)={B e PHS,(X): B¢ PHL,(X) and B has a basis of neighborhoods
B in PHS,(X) such that for each V € B,dim[V] = 2n
and VNPHL,(X) is arcwise connected}, and
PHE(X)={B € PHS,(X) : dimg[PHS,(X)] = 2n}.

By (2.1), we have the following remark.

Remark 2.1. Let X be a continuum and n € N. Then

(a) % (Ln(X) — F1(X)) = PHLL(X) — {Fx},
(b) q}(aﬁn(X)—Fl(X)) HL,(X) — {Fx} and
(©) q?((Dn(X)—Fl(X))= Dn(X) — {Fx}.

S

3. Preliminary results
Lemma 3.1. Let X be a locally connected continuum and J, K € Ag(X). Then

(a) J°NR(X) =0,
(b) bdx (K) C R(X) and
(c) if I°NK #0, then J =K.

Proof. (a) Take p € J°. Let U be an open subset of X such that p € U. Then, there exists an arc L
in J such that p € inty;(L) € L C U N J° Then int;(L) is an open connected subset of X. Moreover,
bdx(int;(L)) € L —inty(L) and L — int;(L) has at most 2 elements. Thus, p ¢ R(X). Consequently,
J°NR(X)=10.

(b) If R(X) =0, by [21, 8.40], we have that X is an arc or a simple closed curve and the result follows.
Suppose that R(X) # 0. Let p € bdx (K) and B be a basis of neighborhoods of p in X.

Case 1. K is a cycle.
Let ¢ € X — K and L be an arc in X with end points p and ¢. Since K — {p} is an open subset of X, we
have that K N L = {p}. Let r = d(p,q) and U € B be such that U C B(p,r) and K ¢ U. Notice that
bdx (U) has at least 3 elements. This implies that p ¢ E(X) U O(X). Therefore, p € R(X).

Case 2. K is an arc.
Notice that p is an end point of K. Let a be the other end point of K. Let s = min {dlL), @} and let
W be an open connected subset of X such that p € W C B(p, s). By [21, 8.26], W is arcwise connected. Let
g € W — K and L be an arc in W with end points p and ¢. Notice that K ¢ L and a ¢ L. Since K — {a,p}
is an open subset of X, we have that K N L C {a,p}. Hence, K N L = {p}. Suppose that there exists § > 0
such that B(p,d) C K U L. Let C}, be the component of B(p,d) such that p € Cj, and L, = clx(C,). Hence,
L, is an arc. Since X is locally connected, C}, is an open subset of X. Let [, kK be the end points of L,, where
l € Land k € K. Notice that KUL, —{a,l} = C,U(K —{a,p}). Thus, KUL, is a free arc. This contradicts
the maximality of K. Therefore, for any € > 0, B(p,e) ¢ K U L. This implies that there exists an arc M
such that (KUL)NM = {p}. Let z be the other end point of M and r = min{d(p, a), d(p, q), d(p, z)}. Thus,
there exists V € B such that V' C B(p,r). Notice that bdx (V') has at least 3 elements. This implies that
p ¢ E(X)UO(X). Therefore, p € R(X).
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(¢) Given p € J°N K, by (a), we know that p ¢ R(X). Using (b), we have that p € K°. Hence,
J°N K° = J°N K. Consequently, J° N K is a nonempty open and closed subset of the connected set J°.
Thus, J° = J° N K and J C K. By the maximality of J, we have that J =K. O

In [17], Ver6nica Martinez-de-la-Vega computed the dimension of the n-fold hyperspace for a finite graph
G with the following formula

dimy [Cr(G)] = 2n + Z (ord(p, G) — 2), where A € C,(G). (3.1)
PEANR(G)

Lemma 3.2. [6, Theorem 4] Let X be a locally connected continuum, n € N and A € C,(X). Then the
following conditions are equivalent.

(a) dima[C,(X)] is finite,
(b) there exists a finite graph G contained in X such that A C intx(G),
() ANP(X) =0.

Lemma 3.3. [6, Lemma 28] Let X be a locally connected continuum and n > 3. Then D,(X) = {4 €
Cn(X) : A is connected and there exists J € Ag(X) such that A C intx (J)}.

The proof of following result is a modification of [7, Lemma 2.3].

Lemma 3.4. Let X be a locally connected continuum andn € N. If A € Cp(X) — F1(X) and ANR(X) # 0,
then dimgn (4)[PHS,(X)] > 2n + 1.

Proof. From (2.1), we have that dimgy (a)[PHS,(X)] = dima[Cp(X)]. If dima[C,,(X)] is not finite, the
result follows. Suppose that dim[C,,(X)] is finite. By Lemma 3.2, there exists a finite graph G such that
A C intx(G). Notice that dima[C),(X)] = dima[Cy,(G)]. Since AN R(X) # 0 and A C intx(G), we have
that AN R(G) # 0. Thus, by (3.1), dima[C),(G)] > 2n + 1. Therefore, the result follows. O

The proof of following result is a modification of [7, Lemma 2.4].

Lemma 3.5. Let X be a locally connected continuum such that R(X) # O and n € N. Then for each
neighborhood U of FY in PHS,(X), dim[U] > 2n + 1.

Proof. Let U be an open neighborhood of F§ in PHS,,(X) and V = (¢%)~'(U). Then V is an open subset
of Cp,(X). Fix a point p € R(X). Since {p} € V, there exists r > 0 such that B¢, (x)({p},7) C V. Let C be
the component of B(p,r) containing p. Since C'is an open connected subset of X, by [21, 8.26], C' is arcwise
connected. Hence, there exists an arc A such that p € A C B(p,r). Notice that A € V. Thus, ¢%(A) € U.
Therefore, by Lemma 3.4, dimgy (4)[U] > 2n+1. O

The proof of following result is a modification of [7, Lemma 2.9 (b)].

Lemma 3.6. Let X be a locally connected continuum such that R(X) # 0, n € N with n > 3. Then
PHD,(X) = {q%(A) € PHS,(X): A€ C(X) - Fi(X) and AN[R(X) UP(X)] = 0}.

Proof. Given B € PHD,,(X), there exists A € C,,(X) such that B = ¢% (A). Since R(X) # 0, by Lemma 3.5,
B # F¥%, thus, A ¢ Fy(X). Moreover, by Remark 2.1 (¢), A € D,(X). By Lemma 3.3, A € C(X) — F1(X)
and A C intx (J), for some J € Ag(X). This implies that A N[R(X) UP(X)] = 0.
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On the other hand, to prove the opposite inclusion, let A € C(X) — F1(X) be such that AN [R(X) U
P(X)] = 0. In order to prove that ¢%(A) € PHD, (X), by Remark 2.1 (¢), it will be enough to prove that
A € D,(X). By Lemma 3.2, there exists a finite graph G contained in X such that A C intx(G). Since
ANR(X) = 0, we have that AN R(G) = 0. Thus, there exists a free arc L in G such that A C intg(L).
Since A C intx(G), A C intx (L) so we may assume that L C intx(G). This implies that L is a free arc in
X. By [6, Lemma 10], there exists J € Ag(X) such that L C J. Therefore, by Lemma 3.3, A € D,(X). O

The proof of following result is a modification of [7, Lemma 2.10 (a) and (d)].

Lemma 3.7. Let X be a locally connected continuum such that R(X) # 0 and n € N.

(a) Forn >3, the components of PHD,(X) are the sets g% ((J°)1) — {F%}, where J € As(X).
(b) The components of PHEL(X) are the sets g% ((JT,..., T )n) — {F%}, where Ji,...,Jn € Ag(X) and
m < n.

Proof. (a) By Lemma 3.6, PHD,,(X) = U{¢% ((J°)1) — {F%}: J € As(X)}. It is easy to see that the sets
g% ((J°)1) — {F%} are arcwise connected and, therefore, connected. Moreover, the sets ¢% ((J°)1) — {F%}
are open in PHD,, (X) and pairwise disjoint. We conclude that they are the components of PHD,,(X).

(b) By Lemma 3.5, F'} ¢ PHE,(X). Given B € PHE,(X), there exists A € C,,(X) such that B = ¢%(A).
Notice that dima[C,(X)] = dimp[PHS,(X)] = 2n. By [6, Lemma 11], there exist J1,...,JJ, € As(X),
with m < n, such that A € (J7,...,J%, ). This implies that PHE,(X) C U{d% ((JT,...,Io)n) — {F%} :
Ji, .-y Jm € Ag(X)}. To prove the other inclusion, let A € (J7,...,J2)n — F1(X). Thus, AN [R(X) U
P(X)] = 0. By Lemma 3.2, there exists a finite graph G contained in X such that A C intx(G). Since
ANR(X) = 0, we have that ANR(G) = (. Hence, by (3.1), dima[C,(G)] = 2n. Since dimgp (4)[PHS,(X)] =
dim4[Ch(X)] = dima[C(G)], ¢%(A) € PHE(X). Therefore, PHE(X) = U{g% ((J7, ..., I n) — {F%}:
Jiy ooy Im € As(X)}. The rest of the proof is similar to the proof of (a). O

Let X be a locally connected continuum such that R(X) # 0. Given J € Ag(X), let £(J) = cle(x)((J°)1).
Notice that

£(J) = C(J)—{AeC(J): Ais an arc and int;(A) N R(X) # 0}, if Jis a cycle,
c(J), if J is an arc.
Let D1 = {(z,y) € R? : 22 +y?> < 1} and Dy = {(z,y) € R? : 2% + (y+ 1)? < 1}. Let Ly = Dy — intg2 (D).
Notice that if J is a cycle, then £(J) is homeomorphic to the continuum L.
The proof of following result is a modification of [18, Lemma 3.4].

Lemma 3.8. Let X be a locally connected continuum such that R(X) #0, p € X and let J € As(X).

(1) If J is an arc, then {q%({p} U A): A€ E(J)} is a 2-cell in PHS3(X).
(2) If J is a cycle, then {q%({p} U A) : A € E(J)} is homeomorphic to the continuum Lg.

Proof. Let g be the embedding of C'(X) into C(X) given by g(A) = {p} U A. Since the set g(&(J)) N F1(X)
is either the set §) or the set {p}, we have that g(&(J))/F1(X) is homeomorphic to £(J). Notice that in
(1), the set £(J) is a 2-cell, and in (2), it is homeomorphic to continuum Ly. Now, we finish the proof by
mentioning that g(£(J))/F1(X) is clearly homeomorphic to {¢% ({p} UA): A€ &E(J)}. O
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Lemma 3.9. Let X be a locally connected continuum. If Y and Z are either arcs or simple closed curves
of X such that Y N Z = 0, then (Y, Z)s is a 4-cell and {y,z} belongs to its manifold boundary, for each
yeY,zeZ.

Proof. Let f: (Y, Z)2 — C(Y) x C(Z) be defined as f(A) = (ANY, AN Z). Notice that f is a bijection.
Moreover, given a sequence {4, }22; contained in (Y, Z)s which converges to A, for some A € (Y, Z),, we
have that {4, NY}52; converges to ANY and {A4,,NZ}22; converges to ANZ. Thus, {(A,NY, A,NZ)}52,
converges to (ANY, AN Z). Hence, f is a homeomorphism.

By [13, 5.1.1 and 5.2], we have that C(Y) and C(Z) are 2-cells such that Fy(Y) is contained in the
manifold boundary of C(Y) and F;(Z) is contained in the manifold boundary of C(Z). Hence, (Y, Z)2 is
a 4-cell. Let y € Y and z € Z. Since {y} belongs to the manifold boundary of C(Y'), there exist an open
neighborhood U of {y} in C(Y) and a homeomorphism x; : Y — £1(U) onto an open subset of R% such
that x1({y}) = (0,r), for some r € R. Similarly, there exist an open neighborhood V of {z} in C(Z) and a
homeomorphism k2 : V — k2(V) onto an open subset of R such that x2({z}) = (0,s), for some s € R.
Notice that & x V is an open neighborhood of ({y},{z}) in C(Y) x C(Z). Let k1 : U XV — k(U x V) be
defined as k4. (A, B) = (k1(4), k2(B)). Thus, k4 is a homeomorphism, moreover, k4 (U X V) = k1 (U) X ka(V)
is an open subset of ]R?|r X Ri.

Now, let g : R xR2 — R% be defined as g((a, b), (¢, d)) = (2ac,b,a*—c?,d) and let h : R — R2 xR%
be defined as

h(a,b,c,d) = (( %(\/m+c),b> ( %(\/m—c),d)>.

Notice that g and h are maps. Moreover, hog = ingr R2 and goh = idRi . Hence, g is a homeomorphism. By
definition of f, f~*(U x V) is an open neighborhood of {y, 2z} in (Y, Z)5. Let s : f~1{UXV) — w(f~1{UXV))
be defined as x(A) = go k4 o f(A). Thus,  is a homeomorphism, x(f~1(U x V)) = g(k1(U) x k2(V)) is
an open subset of RY and x({y,z}) = (0,7,0,s). Therefore, {y, 2} belongs to the manifold boundary of
<Y7 Z>2 O

Given J, K € Ag(X), let

D(J, K) = Clcz(X)(a,CQ(X) n <JO,KO>2) n clcz(x)(é‘ﬁg(X) — <JO7KO>2) and
PHD(J,K) = clprs,x)(OPHL(X) N g% ((J°, K°)2)) Nelpms,(x)(OPHLX) — g5 ((J°, K°)2)).

Lemma 3.10. Let X be a locally connected continuum such that R(X) # 0 and let J, K € Ag(X). Then
F2 € PHD(J,K) if and only if JNK # 0.

Proof. Suppose that F'2 € PHD(J, K). Then, there exists a sequence {A, }°; contained in (J°, K°)3 such
that lim ¢% (A,,) = F%. Since ¢% is a map, lim A,, = {a}, for some a € X. Thus, {a} € (J, K)3. Therefore,
JNK # 0.
Now suppose that J N K # (). We consider the following cases.

Case 1. J # K.
Let p € JNKNR(X). Then, there are two sequences {j,}22; and {k, }>2; contained in J° and K°, respec-
tively, such that lim j, = p and lim k,, = p. Thus, lim ¢% ({jn, kn}) = F%. Let J,, and K,, be subarcs of J°
and K°, respectively, such that j, € J2 and k,, € K2, for each n € N. Fix n € N. Notice that (J,, K, )2 is a
neighborhood of {j,, k, } in C2(X). Since J,, and K, are disjoint arcs, by Lemma 3.9, we have that (J,,, K, )2
is a 4-cell such that {j,, k,} belongs to its manifold boundary. This implies that {j,,k,} € 0L2(X). By
Remark 2.1 (b), ¢x ({jn:kn}) € OPHL:(X). Therefore, F3 € clpys,(x)(0PHL(X) N g% ((J°, K°)2)).
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Now, let {p,}52, and {g,}52; be two sequences contained in K° such that limp, = p, limg, = p and
Dn # qn, for each n € N. Let P, and @,, be disjoint subarcs of K such that p, € P; and ¢, € @, for each
n € N. By Lemma 3.9, we have that (P,, Q)2 is a 4-cell and {p,, g, } belongs to its manifold boundary.
By Remark 2.1 (b), {¢% ({pn,qn})}52, is a sequence contained in PHLy(X) — ¢% ((J°, K°)2). Therefore,
F}% € PHD(J. K).

Case 2. J = K.

Let p € JAR(X). Then, there exist two sequences {7, }°2; and {k,}>2, contained in J° such that lim j,, = p,
lim k,, = p, and j, # k,, for each n € N. Let J,, and K,, be disjoint subarcs of J° such that j, € J, and
k, € K2, for each n € N. By Lemma 3.9, we have that (J,, K,,)2 is a 4-cell such that {j,, k,} belongs to its
manifold boundary. This implies that {j,, k,} € L2(X). By Remark 2.1 (b), ¢% ({jn,kn}) € OPHL:(X).
Therefore, F3 € clprs,(x)(0PHL(X) N % ((J%)2)).

Since p € R(X), there exists L € Ag(X) —{J} such that p € L. Thus, p € JNLN R(X). In a similar way
as Case 1, we can prove that F'% € clprs, (x)(OPHL(X) — a3 ((J°)2)). Therefore, F%+ € PHD(J,K). O

The proof of following result is a modification of [7, Lemma 2.15].

Lemma 3.11. Let X be a locally connected continuum with R(X) # 0. If J, K € Ag(X), then PHD(J, K) =
{¢%({p}UG) :p€bdx(J) and G € E(K) orp € bdx(K) and G € £(J)}.

Proof. Let B € PHD(J,K). By Lemma 3.10, we may assume that B # F%. Let A € Co(X) — F1(X)
be such that ¢%(A) = B. Since B € clpyg,x)(OPHL:(X) N ¢% ((J°, K°)2)), there exists a sequence
{A,}22, contained in (J°, K°)s — Fy(X) such that lim¢% (A,) = B and ¢%(A,) € OPHL:(X), for each
n € N. By the continuity of ¢%, lim A,, = A. By Remark 2.1 (b), A,, € 0L2(X), for each n € N. Hence,
A € cloy(x)(0L2(X)N(J°, K°)3). Moreover, since B € clpyg,(x)(OPHL(X) — ¢35 ((J°, K°)2)), there exists
a sequence {B,,}°°; contained in OPHL:(X) — 3% ((J°, K°)2) such that lim B,, = B and B,, # F%, for each
n € N. Given n € N, let D,, be the unique element of Co(X)—F; (X) such that ¢% (D,,) = B,,. Then lim D,, =
A. By Remark 2.1 (b), Dy, € 0Lo(X) —(J°, K°)s, for each n € N. Hence, A € clg,(x)(9L2(X) — (J°, K°)2).
We have shown that A € D(J, K). By [6, Lemma 33|, A = {p} UG, where p € bdx(J) and G € £(K) or
p € bdx (K) and G € £(J). This completes the proof of the first inclusion.

To prove the opposite inclusion, let B = ¢%({p} U G), where p € bdx(J) and G € E(K) or p €
bdx(K) and G € £(J). By Lemma 3.10, we may assume that G # {p}. Let A = {p} UG. By [6, Lemma
33], A € D(J,K). Then, there exists a sequence {A,}52; contained in 9L3(X) N (J°, K°)3 such that
limA, = A and A,, ¢ Fy(X), for each n € N. Hence, ¢%(A,) € OPHLy(X) N ¢%((J°,K°)3). Thus, B €
clpms,x)(OPHL(X)Ng% ((J°, K°)2)). Similarly, B € clpys,(x)(0PHL2(X) —¢% ((J°, K°)2)). Therefore,
B e PHD(J,K). O

Now, we are ready to describe models of PHD(J, K) for each possible case. Let J, K € Ag(X), where X
is a locally connected continuum such that R(X) # (). We consider nine cases.
CaseI. J = K, J is an arc and J ¢ Ap(X).
By Lemma 3.11, PHD(J,J) = {¢%({p} UG) : G € E(N)} U{¢%({q} UG) : G € &E(J)}, where p,q €
J N R(X). By Lemma 3.8, we have that PHD(J, J) is the union of two 2-cells whose intersection is the set
{F%,¢%({p,q}),q%(J)}. It is easy to see that this set is contained in the manifold boundary of both 2-cells.
Case II. J = K, J is an arc and J € Ap(X).
Then J N R(X) = {p}. Thus, PHD(J,J) = {¢%{p} UG) : G € £(J)} which is a 2-cell.
Case IIL. J = K and J € Ar(X).
Then J N R(X) = {q}. Thus, PHD(J,J) = {¢%({q} UG) : G € £(J)} which is homeomorphic to L.
For the remaining cases we assume that J # K.
Case IV. J and K are arcs and J, K ¢ Ag(X).
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Let p1,p2 € JN R(X) and ¢1,92 € K N R(X). Then PHD(J,K) = P; UPy U Q1 U Qy, where P; =
[ UmIUG) : G € &)}, Po = {BUp} UG) : G € EK)}, Q1 = (A Ua}UG) : G € E(J)} and
Qs = {¢5({e} UG) : G € £(J)}. By Lemma 3.8, PHD(J,K) is the union of four 2-cells. Now let us
consider three subcases.
IV(a). JNK = 0.
Then P; NPy =0 = Q1N Qs. Also, P; N Q; = {¢%({pi,q;})} with 7,5 € {1,2}.
IV (b). JN K is an one point set. Suppose that p; = ¢;.
Similar to case IV (a) with the exception that P; N Q; = {F%}.
IV (c). JN K is a two point set. Suppose that p; = ¢1 and ps = ¢o.
Then Py NP2 = {F%,¢% ({p1,p2}), ¢% (K)} and Q1 N Qs = {F%,¢% ({p1,p2}), 4% (J)}. Moreover, P; N Q,; =
[F2,¢% ({pr1,p2})} with i, € {1,2}.
Case V. J and K are arcs, J ¢ Ag(X) and K € Ax(X).
Let p1,p2 € JNR(X) and ¢ € K N R(X). Then PHD(J, K) = P; UP2 U Q, where P; = {¢%({p1} UG) :
Ge&(K)}, Pa={¢%({p2} UG): G e &(K)} and Q = {¢%({q} UG) : G € E(J)}. Thus, PHD(J, K) is the
union of three 2-cells. Now let us consider two subcases.
V(a). JNK = 0.
Then Py NPy = . Also, P; N Q = {¢% ({pi,q})} with i € {1,2}.
V(b). J N K is an one point set. Suppose that p; = gq.
Similar to case V(a) with the slightly difference that Py N Q = {F%}.
Case VI. J, K € Ax(X).
Then PHD(J,K) = {¢%({p} UG) : G € E(K)} U{¢%({q} UG) : G € £(J)}, where p € JN R(X) and
q € KN R(X). Thus, PHD(J, K) is the union of two 2-cells whose intersection is the set {¢%({p,q})}, or
{FZ2} in the case that p = q.
Case VII. J is an arc, J ¢ Ax(X) and K € Ar(X).
Similar to case V with the slightly difference that PHD(J, K) is the union of a 2-cell and two continua Ly.
Case VIIL J € Ax(X) and K € Ar(X).
Similar to case VI with the slightly difference that PHD(J, K) is the union of a 2-cell and a continuum L.
Case IX. J, K € Ar(X).
Similar to case VI with the difference that PHD(J, K) is the union of two continua Ly.

Remark 3.12. Let X and Y be locally connected continua such that R(X) # @ and R(Y) # 0, and let
J, K € As(X) and Jp,, K, € As(Y). If PHD(J, K) is homeomorphic to PHD(J;,, Kp), then

(a) J and K are as in Case I if and only if J, and K}, are as in Case I,
(b) J and K are as in Case II if and only if J, and K}, are as in Case IT and
(¢) J and K are as in Case III if and only if J, and K}, are as in Case III.

4. Main results

In this section we present the proof of our first main result. The first step is to mention that Ulises
Morales-Fuentes has proven that the finite graphs have unique n-fold pseudo-hyperspace suspension, see
[18, Theorem 5.7]. We prove that if X is a meshed continuum such that | [ 2s(X)| = 2, then X is a finite
graph, and therefore it has unique n-fold pseudo-hyperspace suspension. Finally, we prove that for a meshed
continuum X such that R(X) # 0 and |(As(X)| # 2 the uniqueness of the n-fold pseudo-hyperspace
suspension holds, see Theorem 4.8.

Using [6, Lemma 2] and [5, Theorem 3.1] we have the following properties for meshed continua, which
will be used without quoting them in the proof of Theorem 4.7.
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Lemma 4.1. If X is a meshed continuum, then

(a) X is locally connected,
() JNP(X) =0, for each J € Ag(X), and
() G(X) =UAs(X).

The following result is proved in [4, Theorem 5.1] for case n = 1 and [16, Theorem 4.1 (a)] for case n > 2.

Lemma 4.2. Let X be a continuum and n € N. Then X is locally connected if and only if PHS,(X) is
locally connected.

Given a continuum X and n € N, let
Fn(X) ={A € C(X) : dim4[C,(X)] is finite}.

Theorem 4.3. Let X be a meshed continuum and n € N. If Y is a continuum such that PHS,(X) is
homeomorphic to PHS,(Y), then'Y is a meshed continuum.

Proof. Let h: PHS,(X) — PHS,(Y) be a homeomorphism. Since X is a locally connected continuum,
using Lemma 4.2, we have that Y is a locally connected continuum. Let A € C,,(X) and B € C,(Y) be
such that h(g%(A)) = F¢ and h™1(¢}(B)) = F%. Let K = C,,(X) — (Fi(X)U{A}) and £ = C,(Y) —
(FL(Y) U {B}). Then g: K — L defined by g = (¢%|z)~" o h o ¢%%|x is a homeomorphism. Moreover,
9(F(X)NK) =F.(Y)N L. Since X is meshed, by [6, Theorem 5], we know that §,(X) is a dense subset
of C,(X). This implies that §,(Y) N L is dense in £. Finally, by the density of £ in C,(Y), we conclude
that §,(Y) is a dense subset of C,,(Y). Therefore, by [6, Theorem 5], Y is a meshed continuum. 0O

The following result extends [18, Lemma 5.2].

Lemma 4.4. Let n > 2. If X is a locally connected continuum with R(X) # 0 and |As(X)| > 2, then

{Fx} if INAs(X)] # 2,

cprs, ) (@%({(T°)n) —{F%}) : J€eUAs(X)} =
(Welprs,on (@ (7)) = (X)) : ] € 2520} {{Fg,q;z({p,q})} i N2As(X) = {p.a).

Proof. Let J € Ag(X) and a € J°. Since {a} can be approximated by elements in (J°); — F1(X), we have
that {a} € cle, (x)((J°)n — F1(X)). Hence, F¥ € clpyg, (x)(q%((J°)n) — {F%}). Moreover, if As(X) =
{p,q}, then p,q € J and since n > 2, {p,q} can be approximated by elements in (J°),, — F;(X). Hence,
% {p,q}) € clpus, (x)(@% ((J°)n) — {F%}). This implies the second inclusion.

Now, let B € (clprs, x) (a4 (7)) — {3 }) : J € As(X)}.
Suppose that B # F%. Let A € C,,(X) — F1(X) be such that ¢%(A) = B. Let J € Ag(X). Since B €
clpms, (x)(@%((J°)n) — {F%}), there exists a sequence { B} —; contained in ¢%((J°),) — {F%} which
converges to B. Let A,, € (J°), — Fi(X) be such that ¢% (A,,) = By, for each m € N. Notice that
{A,.}5°_; converges to A. Hence, A C J, for each J € 2Ag(X). Therefore, A C [ As(X). Since [Ag(X)| > 2,
we have that | 2As(X)| < 2.

Consider the following cases.

Case 1. | As(X)] # 2.
Then | 2As(X)| < 1. Hence, |A| < 1. This is a contradiction since A € C,,(X)— F1(X). Therefore, B = F¥.

Case 2. (2s(X) = {p, ¢}
Since A € C,,(X) — F1(X), we have that A = {p,¢}. Hence, B € {F%,q%({p,q})}, as desired.

From these cases, the result follows. O
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Theorem 4.5. Let X be a meshed continuum such that R(X) # 0. If | As(X)| = 2, then X is a finite
graph.

Proof. Let p,q € (™As(X). Thus, p and ¢ are the end points of each maximal free arc. Suppose that
there exists a € P(X). By [5, Theorem 3.3], there is a sequence of pairwise distinct elements contained
in R(X) N G(X) which converges to a. However, this is not possible since R(X) N G(X) C {p, ¢}. Hence,
P(X) = 0. Therefore, X is a finite graph. O

Using Theorem 4.5 and [18, Theorem 5.7] we obtain the following result.

Theorem 4.6. Let X be a meshed continuum such that R(X) # 0. If | ™As(X)| = 2, then X has unique
n-fold pseudo-hyperspace suspension.

The following result extends [18, Lemma 5.1 and Lemma 5.5].

Theorem 4.7. Let X and Y be meshed continua such that R(X) # 0, R(Y) # 0 and |NAs(X)| # 2,
[NAs(Y)| # 2, n> 2 and let h : PHS,(X) — PHS,(Y) be a homeomorphism. Suppose that for each
J € Ag(X), there exists J, € Ag(Y') such that h(g% ((J°)1) — {F¥}) C ¢ ((Jp)n) and As(Y) ={Jp : J €
As(X)}. Then

a) for each J € As(X), h(qx ({(J°)n) = {Fx}) = ay ({(Jy)n) — {F},

(

(b) for each J € As(X), W™ gy ((JR)n N C(Y)) = {F}}) C ax ((J°)n) — {FR},
(¢) the association J — Jy is a bijection between Ag(X) and Ag(Y).

(d) h(F%) = Fy.

If we also suppose that

(1) if J € Ur(X), then Jy, € Ar(Y) and
(2) ZfJ € QlE(X), then Jy, € Q[E(Y),

then X is homeomorphic to Y .

Proof. (a) Let J € As(X) and A be a subarc of J° such that h(¢%(A)) # F}. By Lemma 3.7 (b), we have
that h(g% ((J°)n) — {F%}) and ¢} ((J})n) — {Fy} are components of PHE, (X). Notice that h(¢%(A)) €
B (%)) — {FL D) O (@ ((IE)n) — LFP ). Therefore, Alq ((J°)n) — {FL}) = g ((J2)) — {FY}.

Clearly, (b) follows from (a).

To prove (c), it is enough to prove that the correspondence is one to one. Let J, L € Ag(X) and suppose
that Jj, = L. Using (a) we conclude that ¢% ((J°),) — {F%} = ¢%((L°)n) — {F%}. Let A be a subarc of
J°. Then ¢%(A) € ¢% ((L°),) and A C L°. Therefore, by Lemma 3.1 (¢), J = L.

(d) By Lemma 4.4 and using (a) we have that

h{FRY) = ({elpms, o) (% ((7°)n) = {F})) : J € As(X)}
= (elpms, o) (@ (Ji)n) = {F¥}) : J € As(X)}
= (elprs, o) (@ (T2)n) = () I € As(Y)} = {FP}.

Therefore, h(F%) = F}.
Let g : Cp(X) — F1(X) — Co(Y) — F1(Y) be defined as g = (¢§)~! o h o ¢%. Notice that g is a
homeomorphism. Given J € 2s(X), let K,,(J, X) = cle, (x)((J°)n) — F1(X).
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The proofs of Claim 1 and Claim 2 are similar to the proofs of Claim 1 and Claim 2 from [7, Theorem
3.1], respectively. The proof of Claim 3 is similar to arguments given in [7, Theorem 3.1, p. 88-89].

Claim 1. If J € Ag(X), then

(e) Knl(Jn,Y) = g(Ky(J, X)),

(f) {dima[Cn(X)]: A € Kn(J, X)} = {dimp[Cp(Y)] : B € Kp(Jn,Y)},
(9) [JNRX)| = |JnNR(Y),

(h) if A € Kn(J,X), then |ANR(X)| = |g(A) N R(Y)].

Proof of Claim 1. Let J € 2s(X). Notice that clo, (x)((J°)n) — F1(X) = cle, (x)—F (x)({(J°)n). From this,
clearly (e) is true and (f) follows from (e). Now, since X is a meshed continuum, J NP(X) = @. Thus, by
Lemma 3.2, there exists a finite graph G contained in X such that J C intx (G). Using (3.1), we have that
[{dim4 [Cr(X)] : A € K,(J, X)}| > 3if and only if |JNR(X)| = 2 and [{dima[Cr(X)]: A € K (J, X))} =2
if and only if |J N R(X)| = 1. Notice that J,, also satisfies the same conditions as J, such as J, N P(Y") = 0.
This proves (g). Moreover, given A € K, (J, X). If [ANR(X)| = 2, then | JNR(X)| = 2. Thus, |J,NR(Y)| = 2
and dimy4 [Cp(X)] = max{dimg[C,(X)] : £ € K,(J,X)}. Hence, dimg(4)[Cp(Y)] = max{dimp[C, (Y )]
B € K,,(Jp,Y)}. This implies that |g(A) N R(Y)| = 2. Similarly, if [g(A) N R(Y)| =2, then |[ANR(X)| =

If [ANR(X)| =0, then 2n = dim[C,(G)] = dim[C,,(X)] = dimg4)[Cpn(Y)]. Hence, [g(A) N R(Y)| = O.
Similarly, if [g(A) N R(Y)| = 0, then |[ANR(X)| = 0. Finally, if |ANR(X)| = 1, then |g(A)NR(Y)]| ¢ {0, 2}.
Thus, |g(A) N R(Y)| = 1. This completes the proof of Claim 1. O

Claim 2. If J € Ag(X) and v € JN R(X), then K(v,J) = {4 € Kp,(J,X) : AN R(X) = {v}} is arcwise

connected.

Now, given v € R(X) N G(X), there is J € Ag(X) such that v € J. Let A € K(v,J). By Claim 1,
g(A) € K, (Jp,Y) and there exists a unique point v,(A4) € R(Y) N g(A). Notice that v,(A) € J, and
vp(A) € R(Y)NG(Y).

Claim 3. Let v € R(X)NG(X) and J,L € Ag(X) withv € JNL. If A € K(v,J) and E € K(v,L), then
vp(A) = vp(E) (in other words, vy (A) depends neither on the choice of J nor on the choice of A).

Proof of Claim 3. In order to prove this, take A; and Ej arcs in J and L, respectively, such that v is an
end point of A; and Eq, A; # J and E; # L. Notice that Ay € K(v,J) and F; € K(v, L). By Claim 2, there
exist maps a4: [0,1] — K(v,J) and ag: [0,1] — K(v, L) such that a4(0) = A, aa(1) = Ay, ag(0) = E4
and ag(1) = E. Moreover, since A; U E; is an arc, we may define a map «ag: [0,1] — C(A; U E;) with the
following properties: a(0) = Ay, ap(1l) = Eq and for each ¢t € [0,1], ap(t) NR(X) = {v} and ap(t) ¢ F1(X).
Let a: [0,1] — K(v,J) UC(A1 U Eq) UK(v, L) be defined as

aa(3t) if t € [0, 1],
alt) = ap(3t—1) ifte[L 2],
ag(3t—2) ifte[3,1].

Notice that a(t) € J U L. Thus, g(a(t)) C Jp U Ly, for each t € [0,1]. Let ip = ord(v, X). Since
(JUL)NP(X) =0, by Lemma 3.2 and (3.1), we have that for each ¢ € [0, 1],

2n + (io - 2) = dima(t) [On(X)] = dung(a(t))[C’n(Y)]
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Since vy, (A) is the only ramification point of Y in the set g(A4) = g(«(0)), this implies that ord(vy(A4),Y) =
ig. Let T = {t € [0,1] : v5,(A) € g(a(t))}. Notice that T is a closed subset of [0,1] and 0 € T. Suppose that
T #[0,1] and let R be a component of [0,1] — 7. Then ¢y = inf R € T and there exists a sequence {r,, }>°_;
of elements of R which converges to tg. Since (J, U Ly) N R(Y') is finite, we may assume that there exists
w € (JpULp)NR(Y) such that w € g(a(ry)). Hence, w, vy (A) € g(a(ty)). Notice that w # vp,(A). Hence,
dimg(q(t,)) [Cn(Y)] > 2n + (ig — 2), a contradiction. Therefore, T' = [0, 1]. On the other hand, we know that
vp(E) is the only ramification point of Y in the set g(E) = g(a(1)). Consequently, vy (A) = v, (E). This
proves Claim 3. O

From now on, we simply write vy, instead of vj,(A). Thus, we have a function

¢:R(X)NG(X) — RY)NG(Y)

v — Up
Since Y satisfies similar conditions to those of X, we have that ¢ is a bijection.
Claim 4. There exists a homeomorphism ¢ : G(X) — G(Y') such that ¢|rx)ng(x) = ©-

Proof of Claim 4. Let J € 2Ag(X).

Case 1. [JNR(X)|=2.
Suppose that JNR(X) = {p, ¢}. Thus, pn,qn € Jp. Since J and J;, are arcs, we may consider a homeomor-
phism ¢y : J — Jp, such that ¢ ;(p) = pr and ¢ ;(q) = qp.

Case 2. |J N R(X)| = 1, assuming that J N R(X) = {a}.
Notice that Jp, N R(Y) = {ap}. By (1) and (2), we may take a homeomorphism ¢; : J — Jj such that
wj(a) = ap. Hence, we define ¢ : G(X) — G(Y) given by ¢(x) = ps(z), where x € J. Therefore, ¢ is a
homeomorphism. O

If X is a finite graph, then G(X) = X. Thus, ¢(X) = G(Y) is a nonempty open and closed subset of Y.
Therefore, G(Y) =Y and X is homeomorphic to Y. Now, suppose that X and Y are not finite graphs.

Claim 5. If a € P(X) and {am}3_, is a sequence contained in G(X) N R(X) which converges to a, then

{d(am)}5_, converges.

Proof of Claim 5. Let {¢(b;)}2, be a convergent subsequence which converges to some z € Y. By [5,
Theorem 3.3], z € P(Y). We are going to prove that lim ¢(a,,) = z. Suppose to the contrary that

there is 1 > 0 such that for each N € N, there exists k& > N such that ¢(ax) ¢ B(z,€1). (4.1)

Since lim ¢(b;) = 2, there exists N1 € N such that if I > Ny, then ¢(b)) € B(z,%). By [6, Lemma 3],
there exists a basis B of open connected subsets of X such that, for each U € B, U — P(X) is connected.
Let V; € B be such that a € V; and diam(V;) < 1. Thus, there is No > Nj such that if m > N, then
am € Vi —P(X). Let Iy > Ny. Hence, by, € ¢~ (B(z, %F))N (V1 —P(X)). By (4.1), there exists k1 > Ny such
that ¢(ak,) ¢ B(z,e1). Notice that ag,,b;, € Vi — P(X). Since V; — P(X) is an open connected subset of
X, by [21, 8.26], V1 — P(X) is arcwise connected. Then, there exists an arc a in V4 —P(X) with end points
ag, and b, . Hence, 71 = ¢(a1) is an arc with end points ¢(ag,) and ¢(b;,). Notice that diam(y;) > 5.
Now, let V5 € B be such that a € V5, diam(V3) < % and aq N V5 = (. Thus, there is N3 > N such that if
m > Ns, then a,, € Vo — P(X). Let I, > N3. Hence, by, € ¢ (B(z, %)) N (Vo2 — P(X)). By (4.1), there
exists ko > N3 such that ¢(ag,) ¢ B(z,1). Notice that ay,, b, € Vo — P(X). Then, there exists an arc as
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in V5 — P(X) with end points ay, and b;,. Therefore, 75 = ¢(a2) is an arc with end points ¢(ag,) and ¢(by,)
and diam(y2) > 5. Proceeding in a recursive way, we obtain

o a sequence {V; — P(X)}2, such that each V; — P(X) is an open connected subset of X, a € V; and
diam(V;) < 1,

a sequence {¢(ag,)}2, such that ¢(ag,) ¢ B(z,e1) and ay, € V; — P(X),

a subsequence {¢(b;,)}72; of the sequence {¢(b;)}°; such that lim ¢(b;,) = z and b, € ¢~ (B(z, %)) N

(Vi = P(X)),

a sequence {«;}32, of pairwise disjoint arcs such that o; C V; — P(X) whose end points are ax, and by,

and a; N Vi = 0,

a sequence {v;}72, of pairwise disjoint arcs such that v; C G(Y'), where v; = ¢(o;), diam(y;) > %, and

o(ag,), ¢(by,) are the end points of ;.

[¢]

o

o

@]

We may assume that the sequence {¢(ag,)}$2; converges to some point w € Y. Notice that the sequence
{7i}$2, is contained in C(Y). By [21, 4.17], we may suppose that {v;}32, converges to some v € C(Y).
Since ¢(ay,;) ¢ B(z, %), for each i € N, we have that w # z. Notice that w, z € 7. Thus, v € C(Y) — F1(Y).

!'is a homeomorphism, we have that lim g=1(v;) = g~!(), where g7 1(y) € C(X) — Fy(X). On

Since g~
the other hand, since lim ax, = a, limb;, = a and lim diam(«;) = 0, we have that lim o; = {a}.

Fix i € N. Since ay,, b, € G(X) N R(X) and a; N P(X) = 0, we have that a; = J; U--- U J;,, where
Ji, .oy Js; € Ug(X). Thus, v; = ¢(J1) U -+ U @(Js,). By definition of ¢, v; = (J1)p U -+ U (Js,)n. Notice

i

that ((J1)j U+ U (Js)p)r = (J1)p)1 U+ - U((Js,)})1- Hence,

gy (SR U--- U (L)) = {19} = ¢ ((J)R)) U - - U gy (s )Dp) — {79}

By (b), we have that

h=H gy (TR U U (Js)i)1) = {F2}) € gk ((F)n) U+ U gk (T2 )n) — {Fx }-

Consequently, ¢~ '(((J1)j U -+ U (Js)s)1 — Fi(Y)) € (Jf U--- U J)n — Fi(X). This implies that
g ()1 — F(Y)) C (i) — F1(X) and g~ '(v;) C ;. Therefore, g~1(vy) C {a}, a contradiction. This
proves Claim 5. O

Claim 6. Ifa € P(X) and {an }55_; s a sequence contained in G(X) such that lim a,, = a, then {¢(am)}_;
converges.

We may assume that there exists a sequence {.J,,}%_; of pairwise distinct elements of 2g(X) such that
G, € Jm, for each m € N. By [6, Lemma 8|, we obtain that {J,,, }5°_, converges to {a}. Let ry, € J, NR(X),
for each m € N. Thus, {r,,}55_; is a sequence contained in G(X)N R(X) which converges to a. By Claim 5,
there exists z € Y such that lim ¢(r,,) = z. Notice that ¢(ry,) € (Jm)n, for each m € N. By [6, Lemma §],
we obtain that {(J,,)n}5o_; converges to {z}. Since ¢(anm) € (Jm)n, im ¢(an,) = 2, for each m € N. This
proves Claim 6.

Moreover, let a € P(X), {am}35_; and {a,}5°_; be sequences in G(X) which converge to a. By Claim 6,
{p(am)}_; and {¢(al,)}o0—; are convergent sequences. Now, let boy_1 = aj and bgy = aj, for k € N.
Hence, {b,,}55_; is a sequence in G(X) which converges to a. By Claim 6, there exists z € Y such that
lim ¢(by,) = 2. Since {¢(am)}2>_; and {¢(al,)}>>_, are convergent subsequences of ¢({b,})5°_;, we have
that lim ¢(a,,) = z and lim ¢(a,,) = 2. From this, we may associate to each a € P(X) a unique element of
P(Y') which will denote by ag. Consequently, we define a map ®: X — Y given by
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() = o(z) if z € G(X),
zy if x € P(X).

Since Y satisfies similar conditions as X, the following claim is true.

Claim 7. Ifb € P(Y) and {bm }°_, is a sequence contained in G(Y') which converges to b, then {¢~ 1 (bm)}55_,
converges to an unique element by—1 € P(X), which does not depend on the sequence {by, }5e_;.

From Claim 7, we have that ® is one to one. Now, let b € P(Y). By [5, Theorem 3.3|, there exists
a sequence {b,,}5°_; contained in G(Y) N R(Y) which converges to b. Thus, by Claim 7, the sequence
{671 (bm)} 55—, converges to an unique element by-1 € P(X). Notice that ®(by-1) = b. Hence, ® is surjective.
Therefore, ® is a homeomorphism and X is homeomorphic to Y. O

The proof of following result, except Case 2, is a modification of [7, Theorem 3.2].

Theorem 4.8. Let X be a meshed continuum such that R(X) # 0 and n > 2. If | ™As(X)| # 2, then X has
unique n-fold pseudo-hyperspace suspension.

Proof. Let Y be a continuum and let h: PHS,(X) — PHS,(Y) be a homeomorphism. By Theorem 4.3,
we know that Y is a meshed continuum. Moreover, if Y is an arc or a simple closed curve, by [18, Theorem
5.7] it follows that X is homeomorphic to Y. This is a contradiction since R(X) # 0. Hence, R(Y) # 0.
Moreover, by Theorem 4.6, we have that |[(2s(Y")| # 2. We consider two cases:

Case 1. n > 3.

Since the definition of PHL,, (X) is given in terms of topological properties, we have that h(PHL, (X)) =
PHL,(Y). This implies that h(PHD, (X)) = PHD,(Y). Given J € Ag(X), by Lemma 3.7 (a), we
know that h(q%% ((J°)1) — {F%}) is a component of PHD, (X). Hence, there exists Jj, € Ag(Y) such that
h(g% ((J°)1) — {F%}) = ¢ ((J)1) — {F$} C ¢ ((J5)n). Moreover, with similar arguments for Y, we have
that As(Y) = {Jp : J € Ag(X)}. Thus, (a), (b), (¢) and (d) from Theorem 4.7 are satisfied.

Now we verify conditions (1) and (2) from Theorem 4.7. Let J € Ag(X) be such that |J N R(X)| = 1.
We will show that if J is an arc, then J, is an arc (and, by symmetry, the converse implication also holds).
Suppose that J is an arc with end points p and ¢, where ¢ € R(X). Suppose that Jj is a cycle. Let A
be a subarc of J such that p € A and ¢ ¢ A. We know that h(¢% ((J°)1) — {F%}) = ¢4 ((J5)1) — {Fy}.
Let D = ¢%(A) and E = h(D). Thus, E € ¢} ((J3)1) — {Fy}. Then there exists B € (J5)1 — Fi(Y)
such that ¢}(B) = E. Notice that B is a subarc of Jj. Since X and Y are meshed continua, we have that
JNP(X)=0=J,NnP(Y). By Lemma 3.2, there exist finite graphs M in X and My, in Y such that J C M°
and J, C MP. By (3.1), 2n = dima[C,,(M)] = dima[Cp(X)] = dimp[PHS,(X)] = dimg[PHS,(Y)] =
dimp[C,(Y)]. Thus, BN R(Y) = (. Since C(J},) is a 2-cell such that its manifold boundary is Fy(Jp,),
we have that B has a neighborhood M in (J9); — F1(Y') which is a 2-cell and B belongs to its manifold
interior. Hence, ¢§ (M) is a neighborhood of E in ¢§((J;)1) — {Fy}} such that ¢f} (M) is a 2-cell and E
belongs to its manifold interior. Since h(F%) = Fy, it implies that (¢% )~ o ho ¢ (M) is a neighborhood of
Ain (Jp)1 — F1(Y) which is a 2-cell and A belongs to its manifold interior. This is a contradiction since A
belongs to the manifold boundary of C(J). Therefore, J, is an arc. Moreover, by Claim 1 (g) of Theorem 4.7,
we have that |J, NR(Y)| =1 and J;, € A (Y). Consequently, J € Ap(X) if and only if J, € Ag(Y"). Thus,
conditions (1) and (2) from Theorem 4.7 are satisfied. Therefore, X is homeomorphic to Y.

Case 2. n = 2.

Notice that h(PHE(X)) = PHE(Y). Given J € As(X), by Lemma 3.7 (b), there exist Jy, Kj, € Ag(Y)
such that h(g% ((J°)2) — {F%}) = ¢3¢ ((J3, K;)2) — {F2}. By Lemma 3.5, we have that Fz ¢ 0PHL2(X),
FE ¢ OPHL(Y) and h(OPHL2 (X)) = OPHL:(Y). Thus,
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hMOPHLy(X) Nax ((J°)2)) = OPHL(Y) N g5 ((J5, Kf)2), and
hOPHL:(X) — g% ((J%)2)) = OPHLL(Y ) — g5 ((J5, KF)2)-

Hence, W(PHD(J,J)) = PHD(Jn, Kp). By Remark 3.12, we have that J, = K. Consequently,
W% (%)) — (F21) = 2 ((J5)) — (F2} and h(g& ((J°)1) — {F2}) € 2 ((Jg)2). Moreover, under similar
arguments for Y, we have that Ag(Y) = {J, : J € As(X)}. Finally, by Remark 3.12 (b) and (c¢), conditions
(1) and (2) from Theorem 4.7 are satisfied. Therefore, X is homeomorphic to Y. O

The notions of framed and almost framed continua appear in [11, p. 48]. Given a continuum X, notice
that (J{J : J is a free arc in X} is dense in X if and only if [ J{J° : J is a free arc in X} is dense in X. By
[6, Lemma 1], we have that (| J{J : J is a free arc in X} is dense in X if and only if G(X) is dense in X.
From this the following remark holds.

Remark 4.9. Let X be a locally connected continuum. Then X is almost framed if and only if X is almost
meshed. Moreover, X is framed if and only if X is meshed distinct to a simple closed curve.

Theorem 4.10. If X is a meshed continuum and n € N, then X has unique n-fold pseudo-hyperspace
SUSPENSION.

Proof. Suppose that X is a meshed continuum and let n € N. By [18, Theorem 5.7], we may assume that
X is not a finite graph. So that we consider the following two cases:

Case 1. R(X)# (P and n = 1.
Since PHS1(X) = HS1(X), by [8, Theorem 3.4] the result follows.

Case 2. R(X) # 0 and n > 2.
As a consequence of Theorem 4.6 and Theorem 4.8, we have that X has unique n-fold pseudo-hyperspace
suspension. O

5. Locally connected continua without unique hyperspace

Given a continuum X, a nonempty closed subset K of X, and n € N, let

Fo(X,K)={A€ Fy(X): ANK # 0} and
Co(X,K)={A € Cp(X): ANK #0}.

For two disjoint continua X and Y, and given points p € X and ¢ € Y, let X U, Y be the continuum
obtained by attaching X to Y, identifying p to ¢.

Given a continuum X with metric d, a closed subset A of X is said to be a Z-set in X provided
that, for each € > 0, there is a map f. : X — X — A such that d(f.(z),z) < ¢ for all z € X. A
map between compacta f : X — Y is called a Z-map provided that f(X) is a Z-set in Y. Let € > 0
and A € 2%, the generalized closed d-ball in X of radius ¢ about A, denoted by Cjy(e, A), is defined as
follows: Cy(e,A) = {x € X : d(z,A) < e}. Whenever A = {p}, we write C(g,p) instead of C(g,{p}).
A metric d for X is said to be convex provided that, for any p,q € X, there exists m € X such that
d(p,m) = d(p,q) = d(m,q). By [2, 22], if X is a locally connected continuum, then X admits a metric
convex.

Given a locally connected continuum X with convex metric d and ¢ > 0, define ®, : 2X¥ — 2% by
O.(A) = Cy(A,€). By [13, Proposition 10.5], ®. is a map.

Lemma 5.1. Let n € N and K, L be closed subsets of a locally connected continuum X. Then Fp,(X,L) is a
Z-set in Cp(X,K), for each m € {1,...,n}.
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Proof. Let € > 0 and m € {1,...,n}. We assume that the metric for X is convex. Given A € C,, (X, K),
by [13, Proposition 10.6], we have that Cq(5,A4) € Cpn(X, K). Moreover, Cy(e, A) ¢ F,(X). Let f. =
<I>%|CW(X7K). Hence, f. is a map from C, (X, K) to C,(X, K) — F;,(X, L). Notice that Cq(5,A) C N(e, A)
and, clearly, A C N(e,Cy4(5,A)). Thus, H(C4(5,4),A) < &, which is equivalent to H(f-(4),A) < e.
Therefore, F,,(X, L) is a Z-set in C,, (X, K). O

Theorem 5.2. [1, Corollary 10.3] (Anderson’s homogeneity theorem). If h : A — B is a homeomorphism
between Z-sets in a Hilbert cube Q, then h extends to a homeomorphism of Q onto Q.

Theorem 5.3. Let X be an almost meshed locally connected continuum and n € N. Suppose that there exist
a contractible closed subset R of P(X) and pairwise disjoint nonempty open subsets Uy, ..., Up+1 of X such
that

(a) X—R=U1U---UUpy1 and
(b) R Cclx(U;), for eachie {1,...,n+1}.

Then X does not have unique hyperspace PHS,,(X), for each m < n.

Proof. Let m < n and fix p € R. By [6, Theorem 18], there exists a dendrite D without free arcs and
disjoint to X such that Y = X U, D is a locally connected continuum not homeomorphic to X.

By the proof of [6, Theorem 22], we have that C,,(Y") is homeomorphic to C,,(X). In fact, the homeomor-
phism h : Cpp, (X) — Cp,(Y) constructed in such proof satisfies h(A) = A, for each A € C,,,(X)—C, (X, R).
In particular, h(F1(G(X))) = F1(G(X)) and since X is almost meshed, we obtain that

hF1(X)) = h(cle,, x) F1(9(X))) = cle,,(v) FL(G(X)) = Fi(X).

Let g%y @ Cn(Y) — Cn(Y)/Fi1(X) be the quotient function and ¢%y (Fi(X)) = {Fyy}. Since
AR ()= (X)5 Plen, () - (x) and ¢% y|c,, (v)—Fi (x) are homeomorphisms, PHS,,(X) — {F¥'} is home-
omorphic to Cp, (Y)/F1(X) — {F¥y }. Thus, PHS,,(X) is homeomorphic to Cy,(Y)/Fi(X).

In order to conclude, we only need to show C,,(Y)/F1(X) is homeomorphic to PHS,,(Y). First, we
are going to prove that ¢y*(Cpn (Y, RU D)) and ¢% 3 (Cpn(Y, R U D)) are Hilbert cubes. By [6, Theorem
16], we know that C,,(Y,R U D) is a Hilbert cube. Notice that ¢}*(C,,(Y, R U D)) is homeomorphic to
Crn(Y,RUD)/F1(Y,RU D) and ¢% 5 (Crn (Y, RU D)) is homeomorphic to Cy,, (Y, RU D)/F1(Y, R). By [3,
Theorem 1.2 (21)], we know that D is contractible. Thus, R U, D is contractible. Hence, F;(Y,R U D)
and F;(Y, R) are contractible. Since Y is locally connected, by Lemma 5.1, we have that F; (Y, RU D) and
Fy (Y, R) are Z-sets of Cy,, (Y, RU D). By [10, Corollary 2.7], we have that C,,,(Y, RUD)/F;(Y, RU D) and
Cn (Y, RUD)/Fy(Y, R) are Hilbert cubes. Therefore, ¢y’ (Cy, (Y, RUD)) and g%y (Cp (Y, RUD)) are Hilbert
cubes.

Claim. The space bdpgs,, vy (a5 (Cm (Y, RUD))) is a Z-set of ¢7*(Cy (Y, RU D)).

Proof of Claim. We denote the metric of PHS,,(Y) by H. Let ¢ > 0. Since C,,(Y) is compact, we have
that ¢}* is uniformly continuous. Thus, there exists § > 0 such that if A, B € C,,,(Y) with H(A,B) < 4,
then H (g} (A), ¢ (B)) < §. By [6, Theorem 22, Claim 2], there exists a map

95 : Con(Y, RU D) —s C,,,(Y, RU D) — bdg,,, (v)(Com (Y, RU D))

such that H(gs(A), A) < 4, for each A € C,,,(Y,RU D).
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On the other hand, by [10, Remark 2.6], the one point sets of the Hilbert cube are Z-sets. Thus, there is
a map

7 gy (Cn(Y, RU D)) — ¢y (Cr(Y, RU D)) — {Fy'}

such that H(y(B), B) < §, for each B € ¢{*(Cp,,(Y,RUD)). Let f = ¢¥|c,.(v)—r (v)- By [10, Lemma 2.8],
we know that bdpyg,, vy (¢ (Crn (Y, RU D))) = ¢y*(bdc,, (v)(Cm (Y, RU D))). Hence, we define the map

fe 1 ¢ (Con(Y, RU D)) — ¢7'(Cpn (Y, RU D)) — bdpus,, v (q7' (Cn (Y, RUD)))

by f-(B) = ¢ ogso f~! o~(B), for each B € ¢§*(Cp,(Y,R U D)). Given B € ¢{*(C,,(Y,R U D)), we
have that H(gs(f " (v(B))), f~(v(B))) < 9. Thus, H(q% (95(f ' (v(B)))), a% (f~(7(B)))) < 5. Therefore,
H(f.(B),v(B)) < 5. Since H(y(B), B) < 5, we have that H(f.(B), B) < €. This proves the claim. O

Using arguments that are analogous to those of the previous claim, we obtain that bdc,, (v)/r ( X)(qg’}y
(Cn(Y,RUD))) is a Z-set of ¢¢ - (Crn (Y, RU D)).

By [10, Lemma 2.9 (b)], there exists a homeomorphism Ay : ¢%¥ y(Cin (X)) — ¢5/(Crn (X)) such that
hi(q%.y (A)) = ¢*(A), for each A € Cp,(X). Thus,

h1(gX y (bde,, (v) (Crm (Y, RU D)))) = ¢y (bdc,, (v) (Cr (Y, RU D)))
and therefore,
hi(bde,, (v)/r (x)(@X y (Cn (Y, RU D)))) = bdpps,, (v) (a7 (Cm (Y, RU D))).
Hence, hl|bdcm<y>/pl<x>(q)’?,y(Cm(YRUD))) is a homeomorphism between the Z-sets bdg,,(v)/r (x)(4% y

(Cm(Y,RUD))) and bdpgs,,v)(q7 (Crmn (Y, RU D))), by Anderson’s homogeneity theorem (Theorem 5.2)
there exists a homeomorphism

h2 : QQ,Y(GH’L(Y;RU D)) — q$(07n(KRU D))

such that ha(A) = hi(A), for each A € bdg,, (v)/r (x)(@X y (Cm (Y, RU D))).
Let h: Cp(Y)/F1(X) — PHS,,(Y) be given by

h(A) = hi(A) if Ae Cp(Y)/Fi(X) — ¢}y (Cn(Y,RU D)),
ha(A) i A € gy (C(Y,RU D).

Then, A is a homeomorphism, and the theorem is proved. O
Let m € N and
Zs = (=11 x {0 U (=2} x [0, 4] :m > 2) U (KL} x [0, 4] :m > 23).
The continuum Z3 has unique hyperspace C2(Z3) [6, Example 39].

Example 5.4. The continuum Z5 has unique hyperspace PH S3(Z3) but it does not have unique hyperspace
PHS (Z3) = HS1(Z3).
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Notice that Zs is an almost meshed locally connected continuum such that P(Zs) = {(0,0)} and Z3 is
not meshed continuum. Using Theorem 5.3, we have that Z3 does not have unique hyperspace PHS1(Z3).

Let 8 = (0,0). Suppose that Y is a continuum such that PH S5(Z3) and PHS5(Y) are homeomorphic. Let
h : PHS5(Z3) — PHS5(Y) be a homeomorphism. By Lemma 4.2, we have that Y is locally connected.
Moreover, by [18, Theorem 5.7], Y is not a finite graph. Hence, R(Y) # (. Since |Ag(Z3)| > 2, using
Lemma 3.7 (b), we have that |Ag(Y)| > 2. Also, given J € 2g(Z3), by Lemma 3.7 (b), there exist Jp,, K}, €
2As(Y) such that h(qgZ, ((J°)2) —{F3,}) = ¢& ((J5, K} )2) — {F} }. Notice that h(OPHLy(Z3)) = OPHLy(Y)
and, by Lemma 3.5, we have that FZ ¢ OPHLy(Zs) and FY ¢ 9PHLy(Y). Thus,

WOPHL(Z3) N %, ((J°)2)) = OPHL(Y) N G3-((J5, K3)2), and
WOPHL(Zs) — q,((J°)2)) = OPHLA(Y) — g5 ((J5, K})2).-

Hence, W(PHD(J,J)) = PHD(Jn, Kp). By Remark 3.12, we have that J;, = Kp. Consequently,
h(a2, (7°)2)— {F2, ) = @3 ((J2)2) — {F2} and h(aZ, ((7°)1) — {F2,}) € g ((5)a). Moreover, under similar
arguments for Y, we have that Ag(Y") = {J}, : J € As(Z3)}. In the same way as in the proof of Theorem 4.7,
we conclude the association J — .Jj is a bijection between g(Z3) and Ag(Y), and h(F3,) = Fy. Thus,
g : Cy(Zs) — Fi(Z3) — Co(Y) — Fi(Y) defined as g = (¢3)~" o ho ¢, is a homeomorphism. Hence, (e)
and (f) of Claim 1 from Theorem 4.7 hold. Notice that JNP(Zs) = 0, for each J € Ag(Z3). Using (f) and
Lemma 3.2, we conclude J, NP(Y) = 0, for each J;, € Ag(Y).
By Remark 3.12 (b) and (c), we have that

(1) Y does not have cycles and
(2) J € Ag(Zs) if and only if J, € Ar(Y).

Since, J NP(Z3) = 0 and J, N P(Y) = 0, for each J € Ag(Z3), proceeding as in Claims 1 to 4 from
Theorem 4.7, we define a homeomorphism ¢ : G(Z3) — G(Y'). Let

G2(Z3) = (1-1,0) x {0) U ((J{{—7} x [0, 3] : m > 23)

and

Gp(Z3) = ((0,1] x {0 U ({5} x [0, 5] - m = 23).

Notice that G(Z3) = G1(Z3) UGp(Z3). Let G1(Y) = ¢(G1(Z3)) and Gp(Y') = ¢(Gp(Zs)). Thus, G(Y) =
g](Y) U gD(Y) Let 07 € Cly(g](Y)) — g[(Y> and 6p € Cly(gD(Y)) — gD(Y)

Let 1 = 1. Since 0; € cly (G1(Y)), there exists i1 € G;(Y) such that dy (01,11) < e1. Let (I1) € ™As(Y)
be such that I; € (I1)n. Let g2 = min{dy(ﬁj,(h)h),%} and Iy € G(Y) be such that dy(0;,12) < eo.
Let (Ig)h c le(Y) be such that I, € (Ig)h. Notice that (Ig)h #+ (Il)h- Let e5 = min{dy(aj,(fg)h),%}
and I3 € Gr(Y) be such that dy(05,l3) < e3. Let (I3), € As(Y) be such that I3 € (I3),. Notice that
(I3)n ¢ {(I1)n, (I2)n}. Proceeding in a recursive way, we construct the sequence {l,,,}5°_; contained in G(Y")
which converges to 8; and a sequence of pairwise different elements {(1I,,)x}>°_; contained in 2g(Y") such
that I, € (Im)rn € G1(Y), for each m € N. Using [6, Lemma 8], we have that {(I,,)n}5°_; converges to
{0:}. Analogously, there exists a sequence of pairwise different elements {(D,,)n}20_; contained in Ag(Y)
which converges to {p} and (D,,)n C Gp(Y), for each m € N. Thus, {(1,)n U (Dm)r}_; converges to
{01,0p}.

On the other hand, given m € N, by Lemma 3.7 (b), there exist L,,, N,, € 2s(Z3) such that
9 Y {(Im)5, (Dm)5)e) = (LS, N2Yo — {F%}. Since (Im)n # (Dm)n, by Theorem 4.7 (a), we have that
Ly, # Np,. Thus, g7 ((Im)5, (Dm)5)2) = (LS, N2 )2. Notice that we may suppose that {L,,}3_; and
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{Np}5o_; are two sequences of pairwise different elements of 2Ag(Z3). Let a,, € Ly, for each m € N. Since
Zs is compact, we may suppose that {a,, }5°_; converges to a, for some a € Zs. By [6, Lemma 8], we have
that {L,,}2°_; converges to {a}. Hence, by [9, Theorem 4.1], a € P(Z3). Thus, a = . Analogously, we can
prove that {N,,}5°_; converges to {0}. Thus, {L,, U N,,}5°_, converges to {6}.

Given m € N, notice that g~ (cle, (vy— £, (v) (((Im) 5 (Dm)5)2)) € (Lims Nin)2, and therefore, g~ (1, )n U
(Din)n) C Ly, U Ny, Suppose that 07 # 0p. Thus, {g7 ((In)n U (Dim)r) }55_; converges to g~ ({01,0p}).
Hence, ¢~ 1({01,0p}) C {6}, a contradiction. Therefore, §; = 60p. Since cly(G(Y)) = cly(G;(Y)) U
cly (Gp(Y)), we have that |cly (G(Y)) — G(Y)| = 1. Let 0, € cly(G(Y)) —G(Y) and ® : Z3 — Y be
defined as

o(z) = {qb(z) if 2 € G(Zs),
6, ifz=0.
Hence, ® is an embedding from Z5 into Y. By definition of ®, we know that ®(Z3) = cly (G(Y)). Notice
that, ®(Z3) NP(Y) = {6x}. This implies that P(Y") is a subcontinuum of Y. Let

Tz, = Intey(25)— 1 (25) ((C2(Z3) — F1(Z3)) — §2(Z3))

and

Ty = inte,(v)—m ) (C2(Y) = F1(Y)) = F2(Y)).

Notice that g(Tz,) = Ty . Using the same arguments as in [6, Example 39], we have that Tz, is disconnected
and, if Y # cly (G(Y)), then Ty is pathwise connected. Hence, Y = cly (G(Y)). Therefore, Z3 has unique
hyperspace PHS5(Z3).

Theorem 5.5. Let X be a locally connected continuum that is not almost meshed. Suppose that there exist
p € P(X) and e > 0 such that B(p,2¢) C P(X) and Cy(e,p) is contractible. Then, for everyn € N, X does
not have unique hyperspace PHS,(X).

Proof. By [6, Theorem 18], there exists a dendrite D without free arcs and disjoint to X such that ¥V =
X U, D is a locally connected continuum not homeomorphic to X.

Let E = Cy(e,p). By Lemma 5.1, we have that Fi(E) is a Z-set of C,(X,FE) and C,(Y,E U D).
Using [6, Theorem 22, Claim 2], we have that bdc, (x)(Cn(X, E)) U F1(E) is a Z-set of C, (X, E) and
bde,(vy(Cn(Y, E U D)) U Fi(E) is a Z-set of C, (Y, E'U D). Moreover, by [6, Lemma 19], we have that
bde, (x)(Cn(X, E)) U Fi(E) = bde, vy (Cn(Y, EU D)) U F1(E). Hence, the identity map

id : den(X)(Cn(Xa E)) U Fl(E) — den(y)(Cn(Y, FEU D)) U Fy (E)

is a well-defined homeomorphism. By [6, Theorem 16], we know that C, (X, F) and C,, (Y, EUD) are Hilbert
cubes. Thus, by Anderson’s homogeneity theorem (Theorem 5.2), the identity map can be extended to a
homeomorphism hy : Cp (X, E) — C, (Y, EU D).
We define h : C,(X) — C,(Y) by
hA) = {hl(A) if AeC,(X,E),
A if Ae Cp(X)—-Cr(X,E).

Notice h is a homeomorphism such that h(Fy (X)) = F1(X).
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Let ¢y : Cu(Y) — Cn(Y)/F1(X) be the quotient function and ¢% (F1(X)) = {F¥y}. Since
a%le, (x)-m(x)s Ple,x)-mx) and ¢% ylc, (v)-m(x) are homeomorphisms, then PHS,(X) — {Fy} is
homeomorphic to C,,(Y)/F1(X) — {F%y }. Thus, PHS,(X) is homeomorphic to C,,(Y)/F1(X).

We will prove that C,(Y)/Fi(X) is homeomorphic to PHS,(Y). First, we are going to prove that
gy (Cn (Y, EUD)) and ¢ y (Cn (Y, EUD)) are Hilbert cubes. Notice that ¢y (Cy, (Y, EUD)) is homeomorphic
to Cn(Y,D)/F1(Y,E U D) and g% y(Cn(Y, E'U D)) is homeomorphic to C,(Y, E U D)/Fi(Y, E). By [3,
Theorem 1.2 (21)], we know that D is contractible. Thus, E U, D is contractible. Hence, F; (Y, E U D)
and Fy(Y, E) are contractible. Since Y is locally connected, by Lemma 5.1, we have that Fy(Y, E U D) and
Fi(E) are Z-sets of C, (Y, E U D). By [10, Corollary 2.7], we have that C,(Y,E U D)/F,(Y,E U D) and
Cn(Y, EUD)/F (Y, E) are Hilbert cubes. Therefore, ¢3-(Cy, (Y, EU D)) and ¢% y (Cy (Y, EU D)) are Hilbert
cubes.

Similar to the Claim from Theorem 5.3 was proved, the following Claim can be shown.

Claim. The space bdpps, (v)(qy (Cn(Y, EUD))) is a Z-set of ¢5-(Cn (Y, EUD)) and the setbde, (v)/r, (x)(dx.y
(Cn(Y,EUD))) is a Z-set of ¢% y(Cn(Y, EU D)).

Using [10, Lemma 2.9(b)], the function f: ¢% y (Cn(X)) — ¢§(Cr (X)) defined by f(q% y (4)) = ¢5-(4),
for each A € C,,(X), is a homeomorphism. Thus,

f(gx y (bde, (v)(Cn (Y, EU D)))) = g3 (bdc, (v (Cn(Y, EU D)))
and therefore,
f(bde, (v)/rx)(@%,y (Cn(Y, EU D)))) = bdpus, (v)(qy (Cn(Y, EU D))).
Hence, f‘bdcn<y>/pl<x>(q§,y(Cf(Y,EUD))) is a homeomorphism between Z-sets bdc, (v, r (x) (2% y (Cn(Y,
E U D))) and bdpgs, (v)(¢3(Cn(Y, E U D))), by Anderson’s homogeneity theorem (Theorem 5.2) there

exists a homeomorphism g : ¢% y(Cpn(Y, EU D)) — ¢3-(C(Y, E U D)) such that g(A) = f(A), for each

A € bde, (vy/rx) (@x,y (Cn(Y, EU D))).
Let h: C,(Y)/F1(X) — PHS,(Y) be given by

(4) = {f(A) if A€ Cu(Y)/Fi(X) = g} y (Ca(Y, EU D)),
9(4) if A€ g%y (Cu(Y, EUD)).

Then, & is a homeomorphism. Therefore, X does not have unique hyperspace PHS,,(X). O
Question 5.6. Is Theorem 5.3 still true if we remove the assumption that R is contractible?
Regarding to Theorem 5.5, we ask:

Question 5.7. Let X be a locally connected continuum such that X is not almost meshed and let n € N.
Does X have unique hyperspace PH S, (X)?
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