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1. Introduction

A continuum is a nonempty compact, connected, metric space. For a continuum X, the space of all sub-
continua of X with the Hausdorff metric is denoted by C(X), and it is called the hyperspace of subcontinua
of X, [16, p. 1]. A Whitney map for C(X) is a continuous function from C(X) into the real line such that,
for each point = in X, u({z}) = 0, and for every two subcontinua A and B of X with A a proper subset
of B, it holds that u(A) < u(B), [16, (0.50) p. 24]. A Whitney level for C(X) is a set of the form pu=1(¢),
for some Whitney map u, where 0 < t < p(X) [11, p. 159]. A topological property P is called a Whitney
property provided that if a continuum X has property P, so does every Whitney level for C'(X); property P
is called a Whitney reversible property provided that whenever X is a continuum such that every Whitney
level for C'(X) has property P, then X has property P; property P is called a strong Whitney reversible

* Corresponding author.
E-mail addresses: dali445@hotmail.com (I.-G. Bautista-Callejas), mauricio.chacon@correo.buap.mx (M. Chacén-Tirado),
escobedo@fcfm.buap.mx (R. Escobedo).

https://doi.org/10.1016/j.topol.2020.107335
0166-8641/© 2020 Elsevier B.V. All rights reserved.


https://doi.org/10.1016/j.topol.2020.107335
http://www.ScienceDirect.com/
http://www.elsevier.com/locate/topol
http://crossmark.crossref.org/dialog/?doi=10.1016/j.topol.2020.107335&domain=pdf
mailto:dali_445@hotmail.com
mailto:mauricio.chacon@correo.buap.mx
mailto:escobedo@fcfm.buap.mx
https://doi.org/10.1016/j.topol.2020.107335

2 I.-G. Bautista-Callejas et al. / Topology and its Applications 283 (2020) 107335

property provided that whenever X is a continuum such that g ~1(¢) has property P for some Whitney map
wfor C'(X) and all 0 < t < pu(X), then X has property P; property P is called a sequential strong Whitney
reversible property provided that whenever X is a continuum such that there is a Whitney map u for C'(X)
and a sequence {t,}°; converging to 0 such that u~1(¢,) has property P for each n, then X has property
P (see [11, Definition 27.1 p. 232]). Many authors have studied these properties, in Chapter VIII of [11]
there is a complete discussion of what was known in 1999.

A point p of a continuum X is called a non-cut point of X provided that X — {p} is connected; otherwise,
the point p is called a cut point of X. The point p is called a non-weak cut point of X provided that every
two points of X — {p} belong to a continuum contained in X — {p}; otherwise, the point p is called a weak
cut point of X. The point p is a shore point of X provided that for each positive number ¢ there exists a
subcontinuum A of X contained in X — {p} and the distance in the Hausdorff metric between A and X
is less than e, [14]; otherwise the point p is called a non-shore point of X. We say that X is a continuum
having only non-cut (non-weak cut, shore) points provided that each point of X is a non-cut (non-weak
cut, shore) point of X. It is easy to see that a non-weak cut point is a shore point, and a shore point is a
non-cut point; and that in locally connected continua these concepts coincide, [8, Remark 3.4]. Although
the notions of cut and weak cut point are not new, [1], [15], recently several authors have been interested in
them in connection with the notion of shore point and problems in continua and hyperspaces, [2], [3], [4],
1, [7), 18], [10], [12], [13], [14], [18], [19].

It is known that the property of having cut points is not a Whitney property, [11, Exercise 43.4]. In
[13], answering Question 43.3 of [11], it was proved that the property of having cut points is not a Whitney
reversible property; it follows that the property of having only non-cut points is not a Whitney property.
In this paper we prove that the property of having only non-weak cut points is a Whitney property, and
that the property of having only shore points is not a Whitney property. We also note that the property
of having only non-cut (non-weak cut, shore) points is not a Whitney reversible property. We do not know
whether having non-shore points is a Whitney reversible property.

2. Non-weak cut, shore and non-cut points in Whitney levels

For the next pair of lemmas we recall that an arc is a space homeomorphic to the closed interval [0, 1],
and an order arc is an arc in a hyperspace such that any two of its elements are comparable by inclusion of
sets, [11, Definition 14.1 p. 110].

In Lemma 2.2 below, we prove that elements of Whitney levels are non-weak cut points if they contain
non-weak cut points of the base continuum. In the proof of this lemma we use several times the following
result due to S. B. Nadler, Jr.

Lemma 2.1. [16, (4.8.1) p. 405]. Let X be a continuum, let u be a Whitney map for C(X) and let 0 <
t < u(X). If A and B are distinct elements of u='(t) such that AN B is a nonempty set, then for each
component K of AN B there exists an arc L in the level u=1(t) having end points A and B and such that
K C L C AUB for each element L of the arc L.

Lemma 2.2. If p is a non-weak cut point of a continuum X, then for each Whitney map p for C(X), for
each 0 <t < u(X) and for each element A of u=*(t) containing p it happens that A is a non-weak cut point

of p=H(t).

Proof. Suppose p is a non-weak cut point of a continuum X. Let y, t and A be as in the lemma, and let
B and C be distinct elements of p=1(t) — {A}. We will prove that there is a continuum £ contained in
p~t(t) — {A} which contains B and C. We analyze two cases:
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(1) The intersection B N C is not a subset of A: In this case we take a point z in (BN C) — A. By
Lemma 2.1, there exists an arc £ in =1 () containing B and C' and such that each of its elements contains
the point z. Since the point z is not in A, we have that A is not in £. Thus, £ is contained in p=1(¢) — {A}.

(2) The intersection BN C is a subset of A: In this case we take points b in B — A and ¢ in C' — A, and
we notice that b, ¢ and p are pairwise distinct points. Since p is a non-weak cut point of X, there exists a
continuum D contained in X — {p} which contains b and ¢. Next we analyze two subcases:

(2.1) u(D) < t: In this subcase we notice that B U D is a continuum containing B as a proper subset.
Thus, u(D) < t < u(B U D). Hence, taking an order arc in C(B U D) from D to BU D [11, Theorem 14.6
p. 112], by continuity of 1 we can find a subcontinuum E of X such that D C E C BUD and u(E) = t.
Similarly, we can find a subcontinuum F of X such that D C F C CUD and u(F') = t. Since the point b is
in BN E and B and E are in the level ;~1(¢), by Lemma 2.1, there exists an arc M in p~1(¢) containing
B and E and such that each of its elements contains the point b. Since point b is not in A, we have that
M is an arc in p~1(¢) — {A}. Similarly, there exists an arc A" in p~1(t) contains both C and F and such
that each of its elements contains the point c. Since the point ¢ is not in A, we have that A is an arc in
p=t(t) — {A}. Moreover, since D is a subcontinuum of E N F and E and F are in the level y=1(¢), there
exist an arc P in p~!(¢) contains both E and F and such that each of its elements contains D, Lemma 2.1.
Since D is not contained in A, we notice that A is not in P. Let L = M UP UN. We have that L is a
continuum contained in p~'(t) — {A} which contains B and C.

(2.2) t < p(D): In this subcase we denote D = C(D) N u~1(t), and we observe that D = ,u|5%D)(t). Thus,
since 1|c(py is a Whitney map for C(D), we have that D is a continuum in p~'(¢), [16, Theorem 14.2 p.
400]. Moreover, UD = D, [16, (1.213.1) p. 205]. This last equality implies that there exist elements H and
K of D containing the points b and ¢ respectively. Since, the point p is in A and it is not in D, we notice
that A is not in D. Thus, D is a continuum in x~!(¢) — {A}. On the other hand, since b is a point in BN H
and B and H are in p~!(¢), by Lemma 2.1, there is an arc B in u~!(¢) containing both B and H, and such
that each of its elements contains the point b. Since the point b is not in A, we have that A is not in B. So,
Bis an arc in p~!(t) — {A}. Similarly, there is an arc C in p~!(t) — {A} containing both C' and K, and such
that each of its elements contains the point c. Finally, in this subcase we denote £ = BU D U C. We have
that £ is a continuum contained in p~!(¢) — {A} which contains B and C. 0O

Theorem 2.3. The property of having only non-weak cut points is a Whitney property.

Proof. Suppose X is a continuum having only non-weak cut points. Let u be a Whitney map for C'(X),
let 0 <t < p(X), and let A be an element of the level p~1(¢). Take a point p in A. We have that p is a
non-weak cut point of X. By Lemma 2.2, we have that A is a non-weak cut point of g=1(¢). Thus, u=*(¢)

is a continuum having only non-weak cut points. 0O

We recall that the negation of a Whitney property is a sequential strong Whitney reversible property,
[11, p. 233, (c)]. Thus, we have the following corollary.

Corollary 2.4. The property of having weak cut points is a sequential strong Whitney reversible property.
Remark 2.5. From the corollary above it follows that the property of having weak cut points is a strong
Whitney reversible property, and so, it is also a Whitney reversible property, [11, p. 233, (a) and (b)].
Compare with [13, Theorem 2.2] and Question 2.9 below.

The proof of next theorem is given by the Example 2.7 below.

Theorem 2.6. The property of having only shore points is not a Whitney property.
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Fig. 1. A continuum having only shore points.

Example 2.7. We show a continuum having only shore points and such that some of its Whitney levels have
non-shore points. Let Z be the closure in the Euclidean plane of the set {(z,sin 1) : € [-1,1] — {0}}. Let
Y be the continuum obtained from Z by identifying the points (—1,sin(—1)) and (1,sin(1)) to a point. The
continuum Y is represented in (5) of Figure 20 in p. 63 of [11]. Now, let X be the continuum obtained from
Y by identifying the points (0, —1) and (0,1) to a point denoted by p. The continuum X is represented in
Fig. 1. We notice that X is a compactification of the real line having a circle as its remainder, in such a
way that sequences of return points in the spirals converge to point p in the circle. We observe that every
point of X is a shore point, so X is a continuum having only shore points.

On the other hand, let S be the circle in X. If x4 is a Whitney map for C(X) and 0 < ¢ < p(S), then the
level u~1(t) is as the space illustrated in Fig. 2. Denote the circle of this level by C. Notice that if A is an
element of C such that A is the limit of a sequence of elements in x~*(t) — C, then A is a non-shore point
of the level u~1(t).

Remark 2.8. Example 2.7 also proves that having non-shore points is neither a sequential strong Whitney
reversible property nor a strong Whitney reversible property.

In [13, Theorem 2.2], the author shows a continuum Z having only non-cut points and such that every
Whitney level has a cut point. Thus, each Whitney level of Z has a non-shore point. However, we notice
that such continuum Z has many non-shore points. We do not know if there exists a continuum having
only shore points and such that each of its Whitney levels has a non-shore point. So, we ask the following
question.

Question 2.9. Is the property of having non-shore points a (strong) Whitney reversible property?
For next example we recall that a Hilbert cube is a space homeomorphic to a countable cartesian product

of closed unit intervals, and a dendrite is a locally connected continuum which contains no simple closed
curve [17, p. 4 and p. 165, respectively].
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Fig. 2. A small Whitney level for the continuum in Fig. 1.

Example 2.10. Let D3 be the standard universal dendrite of order 3, [6, p. 235]. By [9, Theorem (4.8) p.
691] every Whitney level in the hyperspace of Dj is a Hilbert cube. Thus, each of these Whitney levels is a
continuum having only non-cut points. On the other hand, we know that the dendrite D3 has uncountably
many cut points, [17, Theorem 10.8 p. 168]. By local connectedness, with this dendrite we observe the same
fact for non-weak cut and shore points, [8, Remark 3.4]. So, this example proves the following result.

Theorem 2.11. The properties of having only non-weak cut points, having only shore points and having only
non-cut points are not Whitney reversible properties.
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