Saec. 311  Polynomial Rings over Commutative Rings

the coefficients we first get a, = by¢,. Since p | ay, p must divide one of
by or 6. Since p? ¥ a,, p cannot divide both b, and ¢,. Suppose that p | b,
p ¥ e;. Not all the coefficients b,,..., &, can be divisible by p; otherwise
all the coefficients of £ (x) would be divisible by p, which is manifestly false
since p ¥a,. Let b, be the first & not divisible by p, £ < r < 5. Thus
P |6, 4 and the earlier 8’s. But a, = buey + by 6y + B 265 + "¢ + botas
and .P Iﬂhp Ibl: 1» bl: FITLEL | bl]: so that Plﬁt“"ﬂ HDWBVBI’, P*"mﬁ'*ﬁh
which conflicts with p | bye,. This contradiction proves that we could not

have factored £ (x) and so f (x) is indeed irreducible.

Problems

1. Let D be a Euclidean nng, F its field of quotients. Prove the Gauss
Lemma for polynomials with coefficients in D factored as products of
polynomaals with coefficients in F.

@2 If pis a prime number, prove that the polynomial ¥" — p & irreducible

over the rationals.

® 3. Prove that the polynomial 1 + x + *+- 4+ x*~1, where p is a prime

number, is irreducible over the field of rational numbers. (Hint: Con.

sider the polynomial | + (x + D+ (x + )2 +--- 4+ (x + 1)*" !, and
use the Eisenstein criterion.)

® 4. If m and » are relatively prime integers and if

(x — E)Hﬂu + ax + - + a4"),
n

where the a’s are integers, prove that m| g, and n | a,.

@5 If a 1s rational and ¥ — a divides an integer monhic polynomial, prove
that 2 must be an integer.

3.11 Polynomial Rings over Commutative Rings

In defiming the polynomial ring in one variable over a field F, no essential
use was made of the fact that F was a field; all that was used was that F was
a commutative ring. The field nature of F only made itself felt in proving
that F[x] was a Euclidean ring.

Thus we can imitate what we did with fields for more general rings.
While some properties may be lost, such as “PBuclideamsm,” we shall see
that enough remain to lead us to interesting results. The subject could have
been developed in this generality from the outset, and we could have
obtained the particular results about F[x] by specializing the ring to be a
field. However, we felt that it would be healthier to go from the concrete
to the abstract rather than from the abstract to the concrete. The price we
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