Sec. 2.6 Normal Subgroups and Quotient Groups

for any integer n, in which case the factor group should suggest a relation
to the integers mod n under addition. This type of relation will be clarified
in the next section.
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If H is a subgroup of G such that the product of two right cosets of
H in G is again a right coset of H in G, prove that H is normal in G.
If G is a group and / is a subgroup of index 2 in G, prove that H is
a normal subgroup of G.

If N is a normal subgroup of G and H is any subgroup of G, prove
that NH is a subgroup of G,

Show that the intersection of two normal subgroups of G is a normal
subgroup of G.

If H is a subgroup of G and N is a normal subgroup of G, show that
H n N is a normal subgroup of H.

Show that every subgroup of an abelian group is normal.

Is the converse of Problem 6 true? If yes, prove it, if no, give an
example of a non-abelian group all of whose subgroups are normal,

Give an example of a group G, subgroup H, and an element a € G

such that aHa™ ! = HbutalHa™ ' # H.

Suppose H is the only subgroup of order o(H) in the finite group G.

Prove that H is a normal subgroup of G.

If H is a subgroup of G, let N(H) = {ge G| gHg"' = H). Prove

(a) N(H) is a subgroup of G.

(b) His normal in N(H).

(c) If His a normal subgroup of the subgroup K in G, then K « N(H)
(that is, N(H) is the largest subgroup of G in which  is normal).

(d) His normal in G if and only if N(H) = G.

. If N and M are normal subgroups of G, prove that NM is also a

normal subgroup of G.

Suppose that N and M are two normal subgroups of G and that
Nn M = (¢). Show that for any ne N, me M, nm = mn.

If a cyclic subgroup 7" of G is normal in G, then show that every
subgroup of 7" is normal in G.

Prove, by an example, that we can find three groups E ¢ F < G,
where E is normal in F, F is normal in G, but E is not normal in G.

. If Nis normal in G and a € G is of order o(a), prove that the order,

m, of Na in G/N is a divisor of o{a).
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If N is a normal subgroup in the finite group such that ig(N) and
o(N) are relatively prime, show that any element x € G satisfying
x*™ = ¢ must be in N.

Let G be defined as all formal symbols x'y/, i = 0, 1, = 0,1,2,...,
n — | where we assume
oy = xy/ ifand onlyifi = i, j = j'
myme n>2
=y 'x
(a) Find the form of the product (x'y/)(#*Y) as &Y.
(b) Using this, prove that G is a non-abelian group of order 2n.
(c) If n is odd, prove that the center of G is (¢), while if n is even
the center of G is larger than (e).
This group is known as a dikedral group. A geometric realization of
this is obtained as [ollows: let y be a rotation of the Euclidean plane
about the origin through an angle of 2n/n, and x the reflection about
the vertical axis. G is the group of motions of the plane generated by
yand x.
Let G be a group in which, for some integer n > 1, (ab)* = a"b*
for all a, 5 € G. Show that
(a) G = (¥ | x € G) is a normal subgroup of G.
(b) G* V = (¥ '|xe G} isa normal subgroup of G.
Let G be as in Problem 18. Show
(a) @ "6 = 6" ' foralla beG.
(b) (aba™'s=")™* M = cforalla, beG.
Let G be a group such that (ab)? = a”b” for all a, b € G, where p is
a prime number. Let § = {(x € G|x” = ¢ for some m depending
on x}. Prove .
(a) Sis a normal subgroup of G.
(b) If G = G/S and if £ € Gis such that #* = & then £ = ¢.

Let G be the set of all real 2 x 2 matrices (S :) where ad # 0,

under matrix multiplication. Let N = {((l) lb): Prove that

(a) N is a normal subgroup of G.
(b) G/N is abelian.

Homomorphisms

The ideas and results in this section are closely interwoven with those of the
preceding one. If there is one central idea which is common to all aspects
of modern algebra it is the notion of homomorphism. By this one means
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Sec. 27 Homomorphisms

(b) If gug™" € U for all g€ G, ue U, prove that U is a normal
subgroup of G.

. Let U = {xyx" 'y~ ' | x,y € G}. In this case U is usually written as

G’ and is called the commutator subgroup of G.

(a) Prove that G’ is normal in G.

(b) Prove that G/G’ is abelian,

(c) If G/N is abelian, prove that N = G".

(d) Prove thatif His a subgroup of Gand H 5 G’, then H is normal
in G.

If N, M are normal subgroups of G, prove that NM/M =~ N/N n M.

Let V be the set of real numbers, and for a, b real, a # 0 let

T:V = V defined by 1,(x) = ax + b. Let G = {1, a, b real,

a # 0)and let N = {1,, € G}. Prove that V is a normal subgroup

of G and that G/N = group of nonzero real numbers under multi-

plication.

. Let G be the dihedral group defined as the set of all formal symbols

X')", i=01 j=0,1,...,n =1, where x? =¢ YV =¢ v=

7 'x. Prove

(a) The subgroup N = {e, »,»*,..., "'} is normal in G.

(b) That G/N =~ W, where W = {l, ~1} is the group under
the multiplication of the real numbers.

Prove that the center of a group is always a normal subgroup.

Prove that a group of order 9 is abelian.

If G is a non-abelian group of order 6, prove that G & S,.

If G is abelian and if N is any subgroup of G, prove that G/N is
abelian.

Let G be the dihedral group defined in Problem 8. Find the center
of G.

Let G be as in Problem 13. Find G’, the commutator subgroup of G.
Let G be the group of nonzero complex numbers under multiplication
and let N be the set of complex numbers of absolute value | (that is,
a + bie Nifa> + b* = 1). Show that G/N is isomorphic to the
group of all positive real numbers under multiplication.

Let G be the group of all nonzero complex numbers under multi-
plication and let G be the group of all real 2 x 2 matrices of the form

( s b , where not both a and b are 0, under matrix multiplication.
~b a

Show that G and G are isomorphic by exhibiting an isomorphism of
G onto G.



