4 1. Groups and Homomorphisms

Suppose that asc=e=csa. Then c=cre=cz(a+b)=(cxa)rb=
ezl — b, asdesired. H

As a result of the uniqueness assertions of the theorem, we may now give
names to e and to b. We call e the identity of G and,ifasb = e = b = a, then
we call b the imverse of @ and denote it by a™.

Corollary 1.11. If G is ¢ group and a e G, then

(@) t=a.

Proof. By definition, (a')! is that element ge G witha tsg—e=g=a™.
But a 15 such an element, and so the uniqueness gitvesg=a. H

Deefinition. Il G is a group and a € G, define the powers of a as follows: if n is
a positive integer, then a" is defined as in any semigroup; define a° = e, define
a™= (a1

Even though the list of axioms defining a group is short, it is worthwhile
to make it even shorter so it will be as easy as possible to verify that a
particular example is, in fact, a group.

Theorem 1.12. If G is a semigroup with an element e such that:

('Y eza=a forallac G; and
(ii') for each a € G there is an element b £ G withb® a = ¢, then G is a group.

Progf. We claim that if x»x = x in G, then x = e. There is an element y c G
with yax =e, and ya(x+x) = y»x =¢ On the other hand, ya(x»x)=
(y*x)nx = exx = x. Therefore, x = e.

Ifhsa =eleot us show that as b = e. Now (@=B)x (@x8) = a+ [(b*a) w 5]
=as[exh] = ez b, and 5o our claim gives a * b = e. (Observe that we have
used associativity for an expression having four factors.)

Ha e G, wemust show that ase = g. Choote be G with bra=e=a+ b
(using our just finished calculation) Then a*e=cax(Fsa)=(asb)*a=
g%a=a,as desired. B

Exercisss
1.23. f Gisa groupand a,, d,..., a, € G, then
(a, kage-wa )t =a vall xwart
Conclude that if n = 0, then (@~ )" = (@)L

1.24. Let a, a;,...,q, be elements of an abelian semigroup. If &y, &y,..., B, is a2
rearrangenent of the a,, then

Oy kg wthy = by kbyk---nby
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Let o and b lie in a semigroup G. If & and & cotmute, then (a#b)" = a"# b" for
every n 2 1; if G is a group, then this equation holds for every n e Z.

A group in which x? = ¢ for every x must be abelian.

(i) Let G be a finite abelian group containing no elements a 3 ¢ with a? = ¢,
Evaluate a, *a, *--- +a,, where a4, a,, ..., 4, is a list with no repetitions, of
all the elements of G.

(i) Prove Wilsor’s theorem: If p is prime, then

(p—1)'=—-1 modp.
(Hint. The nonzero elements of Z, form a multiplicative group.)

i fe=(12..r—1fthnal=(Frr—1..21).
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ii) Find thei
(ii) Fin 1nvers=0f(64125339?).

Show thata: Z,, —» Z,,, defined by a(x) = 4x* — 3x7, is a permutation of Z, ,,
and write it as a product of disjoint cycles. What is the parity of ? Whatisa™'?

Let G be a group, let a e G, and let m, n e Z be (possibly negative) integers.
Prove that a™za" = a™™" = a"»a™ and (a")" = a™ = (a")™

Let G be a group, let a € G, and let = and » be relatively prime integers. If
a™ = ¢, show that there exists b e G with a = b". (Hint. There are integers s and
t with 1 = s + tr)

@ 1.32 (Cancellation Laws). In a gioup G, either of the equations awd =a+¢ and
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brxa=cxaimplies b =c.

Let Gbea group and let e G.

(i) For each ae G, prove that the functions L_: G — G, defined by x—axx
(called feft translation by a), and R,: G — G, defined by x+— x »a™ (called
tight translation by d), are bijections,

(i) Foralla, be G,provethat L, =L o L,and R, =R, ¢ R;.
(iiiy Forall ¢ and b, prove that I, o R, = R, o L,.

Let G denote the tultiplicative group of positive rationals. What is the identity
of G? If a £ G, what is its inverse?

Let # be a positive integer and let G be the multiplicative group of all ath roots
of unity; that is, G consists of all complex numbers of the form e?™¥", where
ke Z What is the identity of G? If 2 e G, what is its inverse? How many
elements does G have?

Prove that the following four permutations form a group ¥ (which is called the
#group)

L, (1334 (2324 (1923
Let R = Ru {0}, and define 10 = oo, /oo =0, cofo =1, and 1 — o0 =
oo = o — 1. Show that the six functions R— R, given by x, 1/x, 1 —x,
141 — x), x/(x — 1), (x — 1)/x, form a group with composition as operatiom.



