130

Ring Theory Ch.3

out that if I has n-torsion, even for one n > 0, then it must be of finite
charactenistic (see Problem 8.

Problems

R is a ring in all the problems.
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Ifa, b,c,de R, evaluate (@ + b)(¢ + d).

Prove that if a,b e R, then (a + 8)2 = a? + ab + ba + b2, where
by x? we mean xx.

Find the form of the binomial theorem in a general ring; in other words,
find an expression for (@ + 5)°, where n 15 a positive integer.

If every x € R satisfies x? = x, prove that R must be commutative.
(A ring in which x? = x for all elements is called a Boolean ring.)

If R is a ring, merely considering it as an abelian group under its
addition, we have defined, in Chapter 2, what i1s meant by na, where
a € K and n is an integer. Prove that if a, b € R and n, m are integers,
then (na)(md) = (nm)(ab).

If D is an integeral domain and D is of finite characteristic, prove that
the characteristic of D is a prime number.

Give an example of an integral domain which has an infinite number
of elements, yet 15 of finite characteristic.

If £ is an integral domain and if na = O for some a # 0 in D and
some integer 2 £ 0, prove that D is of finite characteristic.

If R is a system satisfying all the conditions for a ring with unit ele-
ment with the possible exceptionofa + & = b + a, prove that the axiom
a +b6 =5+ a must hold n R and that R 1s thus a rnng. (Hint:
Expand {g + 5)(1 + 1) in two ways.)

Show that the commutative ring D is an integral domain if and only
if for a, b,ce D with a # O the relation ab = ac implies that b = ¢,

Prove that Lemma 3.2.2 is false if we drop the assumption that the
integral domain is finite.

Prove that any field is an integral domain.

Useing the pigeonhole principle, prove that if m and n are relatively
prime integers and g and & are any integers, there exsts an integer x
such that x =amodm and x = d modn. (Hinz: Consider the re-
mainders of 6,6 + mya+ 2m,...,a + (n — 1)m on division by n.)

Using the pigeonhole principle, prove that the decimal expansion of
a rational number must, after some point, become repeating.



