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ABSTRACT. Let Z be a metric continuum and n be a positive integer. We
consider the hyperspace F,(Z) of all nonempty closed subsets of Z with at
most n points. Given n > 1, the n-fold symmetric product suspension of Z
is the quotient space Fy,(Z)/F1(Z), denoted by SFy,(Z). In this paper we
prove that if n > 4, X is a finite graph, and Y is a continuum such that
SF,(X) is homeomorphic to SF,(Y), then X is homeomorphic to Y. This
result answers a question posed by Alejandro Illanes.

1. INTRODUCTION

Recently, the study of the uniqueness of hyperspaces has become a relevant
field in continuum theory.

A continuum is a nonempty compact, connected metric space. The set of
positive integers is denoted by N.

Given a continuum Z and n € N, we consider the following hyperspaces of Z:

22 = {ACZ: Aisanonempty closed subset of Z},
F.(Z) = {Ae€2%: Ahas at most n points}, and
Cn(Z) = {A€2%: Ahas at most n components}.
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All these hyperspaces are metrized by the Hausdorff metric H [29, Theorem 2.2].
The hyperspace F,,(Z) is called the n-fold symmetric product of Z.

In 1979 Sam B. Nadler, Jr. introduced the hyperspace suspension of a contin-
wum Z, HS1(Z), in [36]. Later in 2004, S. Macfas defined the n-fold hyperspace
suspension of a continuum Z, HS(Z), where n € N with n > 2 (see [32]).
Furthermore, in 2008, Juan C. Macias introduced the n-fold pseudo-hyperspace
suspension of a continuum HST(Z), in [30]. The study of the (n,m)-fold hyper-
space suspension of a continuum Z, HS? (Z), where n,m € N, and n > m, is a
generalization of the latter research, that has gained recent interest (see [2]).

The n-fold symmetric product suspension of a continuum Z was defined in 2010
by F. Barragdn [3] to be the quotient space F,,(Z)/Fi(Z), denoted by SF,(Z)
for each n € N with n > 2, is obtained from F,(Z) by identifying Fi(Z) to a
one-point set, with the quotient topology.

Given a continuum Z, the symbol ¢z denotes the natural projection gz : F,(Z)
— SF,(Z), and Fz denotes the element qz(F1(Z)), notice that qz|r, (z)—r,(2):
F.(Z)— F1(Z) — SF,(Z) — {Fz} is a homeomorphism. We write ¢} instead of
QZ|FH(Z)—F1(Z)~

For a continuum Z, let H(Z) be any of the hyperspaces defined above. We
say that a continuum Z has unique hyperspace H(Z) provided that the following
implication holds: if Y is a continuum and H(Z) is homeomorphic to #(Y"), then
Z is homeomorphic to Y.

Problem 1.1. Forn € N with n > 2 find conditions on a continuum Z, so that
Z has unique hyperspace SF, (Z).

The problem on finding conditions on a continuum Z in order that Z has
unique H(Z) has been widely studied (see [1], [2], [4]-[6], [8]-[27], [32], [33], [35])-

Recall that a finite graph is a continuum that can be written as the union of
finitely many arcs, each two of which are either disjoint or intersect only at one
or both of their end points.

The following are well-known results regarding this subject, for the particular
case of finite graphs.

(a) If X is a finite graph and n € N, then X has unique hyperspace F,(X)
(see [4, Corollary 5.9]).

(b) If X is a finite graph different from an arc or a simple closed curve, then
X has unique hyperspace Cy(X) (see [1, Theorem 1] and [6, 9.1]).

(¢) If X is a finite graph and n € N with n > 2, then X has unique hyperspace
Cn(X) (see [24] and [25, Theorem 3.8]).
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(d) If X is a finite graph and n,m € N with n > m, then X has unique
hyperspace HS™ (X) (see [2, Theorem 3.6], [15, Theorem 3.2], and [35,
Theorem 5.7]).

Related to Problem 1.1, the aim of this paper is to prove that:

(e) If X is a finite graph and n € N with n > 4, then X has unique hyperspace
SF,(X) (see Theorem 3.8).

2. DEFINITIONS AND PRELIMINARY RESULTS

Given a continuum Z and a subset A of Z, intz(A), clz(A), and bdz(A) denote
the interior, the closure and boundary of A in Z, respectively. If A is a set, |A]
denotes the cardinality of A. If dz is the metric of Z, € > 0, and p € Z, the set
{z € Z:dz(p,z) < e} is denoted by Bz(p,e).

Given n € N, an n-cell is a space which is homeomorphic to [0,1]™. An arc is
an l-cell. A simple closed curve is a space which is homeomorphic to S* in the
plane.

Let Z be a continuum, z € Z, and S be a cardinal number. We say that z
has order less than or equal to B, in Z, written ord(z,Z) < 3, whenever z has
a basis of neighborhoods B in Z such that the cardinality of the boundary of
U in Z is less than or equal to 3, for each U € 8. We say that z has order
equal to B, in Z (ord(z,Z) = B) provided that ord(z,Z) < 8 and ord(z, Z) < «
for any cardinal number o < 8. Let E(Z) = {z € Z: ord(2,Z) = 1} and
R(Z)={z € Z: ord(z,Z) > 3}. The elements of E(Z) (respectively, R(Z)) are
called end points (respectively, ramification points) of Z.

Let n,r € N and let Uy,...,U, be subsets of a continuum Z. We denote
by (Ur,...,Uy) the set (Ui,...,Ur)yz N Fo(Z), where (U,...,Uy)yz = {4 €
22: ACUU---UU, and ANU; # 0, for each i € {1,...,r}}. Recall that the
family of all sets (Uy,...,U,)sz is a basis for the topology in 27 [29, Theorem
1.2].

Given n € N and a continuum Z, we consider the following subspaces of F,,(Z):
En(Z) ={A € F,(Z): A has a neighborhood in F},(Z) which is an n-cell},
R, (Z)={A € F,(Z): ANR(Z) # 0},
ifn>11et N (Z2)={A € F,(Z) — F,_1(Z): AN R(Z) = 0}, and
G(Z) ={z € Z: z has a neighborhood in Z which is a finite graph}.

Recall that, as in [10], a continuum Z is said to be almost meshed whenever
G(Z) is a dense subset of Z.
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Given a finite graph X, a free arc in X is an arc J with end points x and z
such that J — {x, z} is an open subset of X. A maximal free arc in X is a free
arc in X that is maximal with respect to the inclusion. A cycle in X is a simple
closed curve J in X such that J — {a} is an open set in X for some a € J. Let

Ar(X)={J C X: Jisacyclein X},
Ag(X) ={J C X: Jis a maximal free arc in X} U Ag(X), and
Ag(X)={J C X: Jis a maximal free arc and |J N R(X)| = 1}.

The elements of Ag(X) are known as edges of X.

The word map means a continuous function. We shall make use of other
concepts not defined here, which will be taken as in [29].

From now on, when we refer to X as a finite graph, we mean that X has
Fq, ..., E,, edges, with m € N.

Let n € N and let X be a finite graph. Given iy,...,i, € NU{0} such that
i1+ +im = n, we consider Kx (i1,...,%mn) to be the subset of F,(X) such that
each member of Kx (i1, ...,4y) has exactly i; elements in the interior of edge Ej,
for each j € {1,...,m}. Given j,1 € {1,...,m}, define

IC%( = Kx(i1,...,im), provided that ¢; = n, and
Kx(j,1) = Kx(i1,...,im), provided that j # [ and i; + 14, = n.
Notice that K% C (intx(E;)) and clp, (x)(K%) = (E}).

Lemma 2.1. Let n € N. If X is a finite graph, then

(a) Kx(i1,...,0m) is arcwise connected.

(b) Kx(i1,.-yim)NKx(ly,... L) =0 if and only if there is j € {1,...,m}
such that i; # 1 .

(¢) Kx(i1,...,9m) is an open subset of E,(X).

PRrROOF. (a) Let A,B € Kx(i1,...,%y,) with A# B. Let M = {j € {1,...,m}: i;
7é 0} FlX] € M. Let AJ = Aﬂintx(Ej) and B] = BnN lntx(Ej) Let L be an
interval in the real line which is homeomorphic to int y (E;). We identify int x (E;)
with L. Thus, we may suppose that A; = {a1,...,a;} and Bj = {b1,...,b;, },
where a; < --- < a;; and by < --- < b;;. Let p;: [0,1] = (intx (E;)) be defined
as pj(t) = {tby + (1 — t)as,...,th;; + (1 — t)a;,}, for each ¢t € [0,1], which is
continuous, 1,;(0) = A; and p,(1) = B;. Moreover, |u;(t)| = i;, for each t € [0,1].
Let p: [0,1] = Kx(i1,...,0m) be defined as u(t) = U{p;(t): j € M}, for each
t € [0, 1], which is continuous. Thus, u([0,1]) is a locally connected continuum.
Since A, B € u([0,1]), there exists an arc in u([0, 1]) with end points A, B.

(b) The proof is straightforward.



FINITE GRAPHS HAVE UNIQUE n-FOLD SYMMETRIC PRODUCT SUSPENSION 209

(c) Let A € Kx(i1,...,%m). Notice that A € N, (X). Assume that A =
{a1,...,a,}. Let Jy,..., J, be pairwise disjoint arcs of X such that J;NR(X) =0
and a; € intyx(J;), for each ¢ € {1,...,n}. Thus, A € (intx(J1),...,intx(Jy)).
Since (Jp,...,Jy) is homeomorphic to J; X - -+ x J,, we have that (intx(J1),...,
intx(Jy,)) is an open subset of &,(X). If B € (intx(J1),...,intx(J,)) — {4},
then |B| =n. Let j € {1,...,m}. Since |[ANintx (E;)| = ¢;, we may assume that
Ji, e, Jij C intx(Ej). Hence, B N intx(Jl) C intx(Ej), ...,BnN il’ltx(Jij) C
intx (E;). This implies that |[BNintx(E;)| = i;. So, B € Kx(i1,...,4m). Thus,
(intx (J1),...,intx(Jpn)) C Kx(i1,...,%m). Therefore, Lx(i1,...,im) is an open
subset of &, (X). O

Lemma 2.2. Let n € N withn > 4. If X is a finite graph, then the components
of En(X) are the sets Kx (i1,...,0m).

PROOF. Notice that each Kx (i1,...,im) is a subset of N,,(X). Let A € N,(X).
Foreach k € {1,...,m}, let [, = |ANintx (Ex)|. Since |A| = n, then 1+ -+, =
n. Thus, A € Kx(l1,...,ln). Therefore, the union of the sets Kx (i1,...,im) is
N, (X). Corollary 4.4 of [4] implies that NV,,(X) = &,(X). Therefore Lemma 2.1
implies that the sets Kx (i1,...,4y,) are the components of &, (X). O

Lemma 2.3. Let X be a finite graph and n € N with n > 4.
(a) If A € clp,(x)(Kx(i1,-..,9m)), then |ANintx(E;)| < i, for each j €
{1,...,m}.
(b) The only component of £,(X) contained in clp, x)(Kx(i1,...,im)) 15
Kx (i1, im).

PROOF. (a) Let A € clp, (x)(Kx(i1,...,%n)). Suppose that there exists j €
{1,...,m} such that |[ANint x (E;)| > i;. Let {A;}72, be a sequence in Kx (i1, ...,
im) which converges to A. Notice that |[AN E;| > |[ANintx(E;)| > i;. On the
other hand, the sequence {A; N E;}72, converges to AN E; and |A; N Ej| = i;
which is a contradiction.

(b) By Lemma 2.2, Kx(i1,...,%mn) is a component of &,(X) contained in
clp, (x)(Kx(i1,...,%m,)). Suppose that there exists Kx(I1,...,ln) component
of &,(X) distinct of Kx(i1,...,in) contained in clg, (x)(Kx(i1,...,im)). By
Lemma 2.1(b), there exists jo € {1,...,m} such that i;, # ;,.

Case 1. ij, < lj,.

Let Ae Kx(ll, .. .,lm). Thus, ljo = |Aﬂintx(Ej0)|. Since A € C]F”(X)(]Cx(i1,

S im)), by (a), |ANintx (Ej,)| < 44,. Thus, I, <1, which is a contradiction.

Case 2. ij, > [,.
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This implies that there exists j; € {1,...,m} such that i;, < ;. In a similar
way as the Case 1, we have a contradiction.
Thus (b) holds. O

Given n € N with n > 2 and a continuum Z, let
SE.(Z) ={A € SF,(Z): A has a neighborhood in SF,,(Z) which is an n-cell}.

Remark. Let n € N. If Z is a continuum, then &,(Z) is an open subset of F,,(Z)
and S&,(Z) is an open subset of SF,,(Z).

Lemma 2.4. Letn € N, with n > 4. If Y is an almost meshed locally connected
continuum, then no neighborhood of Fy in SF,(Y) can be embedded in R™.

PROOF. Let U be an open subset of SF,(Y) such that Fy € Y. We have that,
U — {Fy} is an open subset of SF,(Y), and since the quotient ¢} is contin-
uous, (¢&)~Y(U — {Fy}) is an open subset of F,(Y). Let V = (¢i) '(U —
{Fy}). Let {a} € Fi(Y). Since gy is continuous, there exists 6 > 0 such that
qv(Bp,(vy({a},0)) C U. Since Y is connected, the cardinality of By (a,0) is
not finite. Let b € By(a,0) — {a}. So, {a,b} € Bp,(v)({a},d). Therefore,
¢ ({a,b}) € U. Furthermore, ¢} ({a,b}) € U — {Fy }. Hence, {a,b} € V.

Since Y is an almost meshed locally connected continuum, by [22, Theorem
3.1], £,(Y) is a dense subset of F,(Y). Furthermore, {a,b} € F,_1(Y) and Vis a
neighborhood of {a,b} in F,,(Y) — F1(Y'). Hence, by [22, Theorem 3.5], we have
that V cannot be embedded in R™. Thus, ¢;-(V) = U —{Fy } cannot be embedded
in R™. Since U — {Fy} C U, then U cannot be embedded in R™. O

Lemma 2.5. Letn € N with n > 4.

(a) IfY is an almost meshed locally connected continuum, then ¢3-(€,(Y)) =
SEL(Y).

(b) If X and Y are almost meshed locally connected continua and h: SF,(X)
— SF,(Y) is a homeomorphism, then h(q%(A)) # Fy, for each A €
En(X).

PROOF. (a) By [22, Theorem 3.8(b)], £,(Y) C F,(Y)—F1(Y). Let A € £,(Y) and
let U be a neighborhood of A in F,(Y") such that i is an n-cell. By [13, proposition
1], we may suppose that U C F,,(Y)—F;(Y). Since ¢§- is a homeomorphism, ¢;-(U4)
is a neighborhood of g3 (A) in SF,(Y") which is an n-cell. Thus, ¢35 (A) € SE,(Y).
Therefore, g3 (€,(Y)) C SEL(Y).

On the other hand, by Lemma 2.4, Fy & SE,(Y). Thus, S€,(Y) C SF,(Y) —
{Fy}. Since ¢} is a homeomorphism, in a similar way as before, (¢}) 1 (SE,(Y))
c &E(Y).
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(b) The proof follows from Lemma 2.4 and (a). O

Remark. Let n € N with n > 4. If X is a finite graph, then the components of
SE,(X) are the sets g% (Kx (i1, ..., im))-

Lemma 2.6. Let n € N with n > 4. If X and Y are finite graphs and h :
SF,(X) — SF,(Y) is a homeomorphism, then &,(X) = (¢%) (™ (g5 (En(Y))).

PROOF. By Lemma 2.5(a), we obtain that
0y (En(Y)) = SE(Y) = h(SEn(X)) = (g (En(X))).
U

Lemma 2.7. Letn € N and Z be a continuum. Then E,(Z) is a dense subset of
F.(Z) if and only if S€,(Z) is a dense subset of SF,(Z).

PROOF. Notice that ¢ : F,(Z) — F1(Z) — SF,(Z) — {Fz} is a homeomorphism
and ¢5 (E,.(Z) —F1(2)) = SEn(Z) —{Fz}. Thus, £,(Z) — F1(Z) is a dense subset
of F,,(Z)—F1(Z) if and only if S€,,(Z)—{Fz} is a dense subset of SF,,(Z)—{Fz}.
Then the lemma follows from the fact that F,,(Z) — F1(Z) is dense in F,,(Z) and
SF.(Z) —{Fz} is dense in SF,(Z). O

Lemma 2.8. Let n € N, with n > 4. Let Z,Y be continua such that SF,(Z)
is homeomorphic to SF,(Y). Then Z is an almost meshed locally connected
continuum if and only if Y is an almost meshed locally connected continuum.

PROOF. Let h: SF,(Z) — SF,(Y) be a homeomorphism and assume that Z
is an almost meshed locally connected continuum. By [3, Theorem 5.2], Y is a
locally connected continuum. By [22, Theorem 3.1], we have that &, (Z) is a dense
subset of F,(Z) and hence, by Lemma 2.7, S&,,(Z) is a dense subset of SF,(Z).
Thus, h(SE,(Z)) is a dense subset of SF,(Y). Since h(SE,(Z)) = SE,(Y), by
Lemma 2.7, we deduce that &,(Y) is a dense subset of F,,(Y). Therefore, by [22,
Theorem 3.1], Y is an almost meshed locally connected continuum. O

3. MAIN RESULTS

Theorem 3.1. Letn € N withn > 4. If X andY are continua such that SF, (X)
is homeomorphic to SF,(Y), then X is a finite graph if and only if Y is a finite
graph.

PROOF. Suppose that X is a finite graph. Recall that &,(X) is a dense subset of
F,(X) with a finite number of components [4, Theorem 3.4]. By Lemma 2.7, we
have that S, (X) is a dense subset of SF,,(X). By Lemma 2.5(a), we have that



212 MONTERO-RODRIGUEZ, HERRERA-CARRASCO, LOPEZ, AND MAC{AS-ROMERO

SE,(X) has a finite number of components. Thus, S&,(Y) is a dense subset of
SF,(Y) with a finite number of components. On the other hand, by Lemma 2.8,
Y is an almost meshed locally connected continuum. By Lemma 2.7 and Lemma
2.5(a), we deduce that &,(Y) is a dense subset of F,,(Y) and &,(Y) has a finite
number of components. By [4, Theorem 3.4], Y is a finite graph. O

Let m € N with m > 3. A 0,,-graph is the union of m arcs F, ..., F,, sharing
the same end points u and v and satisfying E; N E; = {u, v}, for i # j (see [35,
p. 221]).

Theorem 3.2. Letn € N withn > 2. If X is a finite graph with R(X) # 0, then
Nelsr, x)(ax (Ky)) : Ej € As(X)}

_ JH{Fx if X is not a 0,,-graph,
- UFx.ax({w o))}, i X is a 6,,-graph.

PRrROOF. Let E; € Ag(X) and p € intx(E;). Since {p} can be approximated by
elements in K%, we have that {p} € chn(X)(lCﬂ‘(). Thus, Fx € clgp, (x)(gx (K%)).
Hence, F'x € ﬂ{clspn(x)(qx(/@()) : Ej € Ag(X)}. Furthermore, if X is a 0,,-
graph, then u,v € Ej, for each j € {1,...,m}. Since n > 2, we may approxi-
mate {u,v} by elements of K% . This implies that {u,v} € chn(X)(ICg(). Thus,
ax ({u,v}) € clsp, (x)(ax (K% )). Therefore, gx ({u,v}) € Mclsr, (x)(ax (Ky)) :
E; e As(X)}

Suppose that there exists x € ﬂ{CISFn(X)(qX(IC%()) t By € As(X)} —{Fx}.
Let A € F,,(X) — F1(X) be such that gx(A) = x. Since X is a finite graph and
R(X) # 0, we know that |Ag(X)| > 2 and | As(X)| < 2. Given E; € Ag(X),
there exists a sequence {A4;}32, in K% such that {gx(4;)}32, converges to x. In
fact, {A;}32, converges to A. Thus, A C E;. Therefore,

(3.1) Ac(As(X).

Since |A] > 2, by (3.1), we have that | () As(X)| =2, so |[A| = 2.

If X is not a 6,,-graph, we have that | As(X)| < 2. By (3.1), we deduce
that |A| < 2, which is a contradiction. In conclusion, x does not exist. Thus,
Nielsr, o (ax () : B € As(X)} = {Fx}.

If X is a Op,-graph, then ((Ag(X) = {u,v}. Since A C [ As(X) and
since A ¢ Fi(X), then A = {u,v}. In fact, ¢x({u,v}) = x. Therefore, x €
{Fx,qx{u,v})}. Thus,

ﬂ{CISFn(X)(QX(’Cg()) DBy € As(X)} C{Fx,qx({u,v})}.
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O

If M is a manifold, its manifold boundary is denoted by OM.

Theorem 3.3. Let n € N withn > 2 and let Z be a continuum.

(a) If SF,(Z) is homeomorphic to SF,([0,1]), then Z is an arc.
(b) If SE,(Z) is homeomorphic to SF, (S'), then Z is a simple closed curve.

PROOF. Let X be equal to [0,1] or S! and let h : SF,(X) — SF,(Z) be a
homeomorphism. By [3, Theorem 5.2 ], we have that Z is a locally connected
continuum.

Case 1. n € {2,3}.

Allow us to prove that R(Z) = (. In order to do this, let a; € R(Z).
Let ag € Z — {a1}. If gqz({a1,a2}) = h(Fx), then ¢z({a1,a}) # h(Fx), for
each a € Z — {a1,az2}. Therefore, we may suppose that gz ({a1,a2}) # h(Fx).
Let A = {ai,as}. Notice that h=(qz(A)) € SF,(X) — {Fx,h ' (Fz)}. Thus,
(%) 1 (h™1(gz(A))) € F.(X) — F1(X). Since R(X) = ), according to [4, Lemma
5.1], we have that (¢%) ! (h™'(qz(4))) € £,(X). Hence, there exists a neigh-
borhood U of (¢%) " (h™1(qz(A))) in F,(X) — F1(X) which is an n-cell. Thus,
qx (U) is an n-cell that is a neighborhood of h=1(gz(A)) in SF,(X)—{Fx}. Fur-
thermore, there exists a neighborhood U’ of h™1(gz(A)) which is an n-cell such
that U' C qx(U) N (SE.(X) — {Fx,h 1 (Fz)}). So, h(d') is an n-cell that is
a neighborhood of gz(A) in SF,(Z) — {h(Fx), Fz}. Hence, (¢)"*(h(U')) is an
n-cell that is a neighborhood of A in F,,(Z) — F1(Z). Then A € &,(Z). According
to [4, Lemma 3.1], A & £,(Z). Thus, we have a contradiction.

Therefore, Z is either an arc or a simple closed curve.

(Case n = 2) Since SF»(S") is homeomorphic to the real projective plane RIP?
and SF»([0,1]) is homeomorphic to [0,1]? ([3, Examples 3.1 and 3.3]), we deduce
that Z is homeomorphic to X.

(Case n = 3) Since SF»(S!) can be embedded in SF3(S!), then SF3(S!) cannot
be embedded in R3. On the other hand, a model for F3([0,1]) is the unit sphere
(see [27, Section 3]), where F([0,1]) is a diameter. Hence, SF5([0,1]) can be
embedded in R3. Therefore, Z is homeomorphic to X.

Case 2. n > 4.
By Theorem 3.1, Z is a finite graph.

Since |Ag(X)| = 1, by Lemma 2.2, we have that &£,(X) has only one compo-
nent. By Lemma 2.6, £,(Z) is connected. Hence, |Ag(Z)| = 1. Therefore, Z is
an arc or a simple closed curve.
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Claim 1. If B € &,(S') and M is a neighborhood of B in F,(S') which is an
n-cell, then B is in the manifold interior of M.

Proof of Claim 1. Since R(S') = 0, by [4, Corollary 4.4], we have that B €
F,(S8Y) — F,,_1(S'). By [22, Theorem 2.5], there exist pairwise disjoint open and
connected subsets Vi, ...,V of St such that B € (V4,...,V,) C intp, (51 (M).
Notice that V; is homeomorphic to (0,1), for each i € {1,...,n}. So, (V1,...,V4)
is homeomorphic to (0,1)™. Hence, B is in the manifold interior of M.

Claim 2. If A € &,(]0,1]) and AN {0,1} # @, then there is a neighborhood M
of A in F,([0,1]) which is an n-cell such that A € OM.

Proof of Claim 2. We may assume that 0 € A. Since A € &,(]0,1]), A €
F,([0,1]) — F,—1([0,1]). Thus, A = {0,as,...,a,}, for some as,...,a, in [0, 1].
Let a1,...,ay, in [0,1] be pairwise disjoint arcs such that 0 € intjo 1)(a1), a2 €
intp q)(a2), ..., a, € intgqj(an). Let M = (ai,...,an). Hence, A € intp, (0,1
(M). Notice that M is an n-cell which is a neighborhood of A in F,,([0,1]). Since
0 € Jay, we have that A € OM.

From Claim 1 and Claim 2, it follows that &,(S') is not homeomorphic to
&,([0,1]). By Lemma 2.6, we have that &,(X) is homeomorphic to &,(Z). Since
Z is an arc or a simple closed curve, we conclude that X is homeomorphic to
Z. O

From now on when Y is a finite graph, we mean that Y has E7,..., E/ , edges,
with m’ € N.

Theorem 3.4. Let X, Y be finite graphs, let n € N withn > 4 and let h: SF,(X)
— SFE,(Y) be a homeomorphism.
(a) For each E; € As(X), we have that h(qx(K%)) = qv(KJ), for some
B, € As(Y).
(b) The association Ej — E is a bijection between As(X) and As(Y).

PROOF. (a) By Lemma 2.2 and Lemma 2.6, we obtain that h(gx(K%)) = qv
(Ky (i1, - - - ,9m’)), for some component Ky (i1, ...,y ) of E,(Y). Let M’ = {j €
{1,...,m'}:i; # 0} and " = |M’|. For convenience, let M’ = {ji,...,j}.
Notice that Ky (i1, ..., im) C (inty (E}), ..., inty (E] ,)).

We will prove that ' = 1. In order to do this, assume that r’ > 2.
Claim. intFn(y)(CIFn(y)(Ky(il, ey im/))) = /Cy(il, ‘e ,im/).
Proof of claim. Notice that

]Cy(il, ceey im/) C intpn(y)(clpn(y) (Ky(il, . ,im/))).
We will show that intFn(y)(CIFn(y)(}Cy(il, vy tm)) Ty (i1, - e vy s )-
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Let A € intp, (v)(clp, (v)(Ky (i1, .., im’))). We claim that (i) ANR(Y) = 0
and (ii) A € F,(Y) — F,_1(Y).

In order to prove (i), suppose that there exists p € AN R(Y). Let r >
0. Since A € clp,(v)(Ky(i1,...,im)), there exists B € Ky (i1,...,4m/) such
that H(A,B) < 7. Thus, there exists b € B such that dy(p,b) < §. Since
B € (inty(E}),...,inty (£} ,)), there exists E; € {Ej,...,E} } such that
b € inty(E.). Since p € R(Y), there exists Ef € Ag(Y) — {E’} such that
p € E}. Let ¢ € inty (Ef) — B be such that dy(c,p) < 7 and C = (B — {b}) U{c}.
Since dy (c,b) < 3, we have that H(C,B) < §. Hence, H(A,C) < r. Moreover,
|CNinty (E})| = 14 |BNinty (E})|. Since B € Ky (i1, ..., im ), we have that |C'N
inty (E})| = 144;. By Lemma 2.3(a), we have that C' & clp, (v)(Ky (i1, ..., im/)).

Hence, A ¢ intg, (vy(clp, (v)(Ky (i1, ... ,im))), which is a contradiction.

Therefore, AN R(Y') = 0.

In order to prove (ii), suppose that A € F,,_1(Y). Since AN R(Y) = 0, we
have that A € (inty (E;—l), ...,inty (E;-T/ )N Can(y) (Ky (i1, ... ,4m)). By Lemma
2.3(a), we have that |A Ninty (E})| < ij, for each j € M'. Since A € F,,_1(Y),
there exists ji, € M’ such that |A N inty (£}, )| < ij,. Since 7’ > 2, we may take
js € M — {ji}. Let l = n —|A]. Let r > 0. Choose pairwise distinct points
bi,...,b € inty (E} ) — A such that H(A, B) < r, where B = AU {by,...,b}.
Notice that |B Ninty (E})| = |[A Ninty (£7)|, for each j € M" — {js}.

Suppose that |B Ninty (E} )| <i;,. Notice that

Bl = ) [Bninty(E))
jeM’

> [Bninty(E))| + [Bninty (E),)| + |B Ninty (E})
jeM/_{jk7js}

> |Aninty (E))|+ |Aninty (E},)| + [B N inty (B} )].
JEM'—{jk.js}

By Lemma 2.3(a) and since |A Ninty (£, )| < i, it follows that

Bl < > ij+lAninty (B))| +1ij,
JEM' —{jnsjs}
< Z 15 + 15, + 1,

JEM'—{jk.js}

Since Z i; = n, we have that |B| < n which is a contradiction. Thus, |B N
jeM’
inty (E} )| > 4j,. By Lemma 2.3(a), B ¢ clp, (v)(Ky (i1, ...,im)). Hence, given
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r>0,B(A,r) ¢ clp,v)(Ky(i1,...,im)). Therefore, A ¢ intp_ (vy(clp, (v)(Ky (i1,

-yimr))), which is a contradiction.

Therefore, A € F,,(Y) — F,,_1(Y).

According to [4, Corollary 4.4], A € £,(Y). Let C be the component of &,(Y)
that contains A. By Remark 2, we obtain that C is an open subset of F,,(Y).
Since A € clp, (v)(Ky (i1,...,ims)), then C N Ky (i1,...,ip) # 0. By Lemma
2.2, we have that C = Ky (i1,...,4m ). Hence, A € Ky (i1,...,4m ). Therefore,
intp, (vy(clg, (v)(Ky (i1, -, im))) € Ky (i1,...,in ). This concludes the proof of
the claim.

Let A € F,,(X) be such that h(gx(A)) = Fy and let A’ € F,,(Y) be such that
h=(gy(4")) = Fx. Let F = F,(X) — (F1(X) U {A}) and let 7' = F,(Y) —
(F1(Y)U{A’}). We consider the homeomorphism g = (qy |7 )"t oho(gx|r) from
F onto F'.

By Lemma 2.5(b), K% C F, and thus Ky (i1, ... ,im) C F'. Since clz(K%) =
(E;j) N F, we have that int z(clz(K%)) = (intx (E )) N F. By the claim and since
F’ is an open subset of F,(Y), we obtain that intz (clz (Ky (i1, ..., im’)))
int £/ (Can(y)(ICy(il, S ,im/)) N .7:/)
intp, (y)(Can(y)(ICy(il, R im/)) N ]:/) nF
th y)(Can(y)(ICy(ih R im/))) n intFn(y)(]:I) nF
th y)(Can(y)(ICy(ih R Zm/))) nF’

Ky (i1, .. i) N F'
Ky (i1, -y mr)-

Notice that g(int}-(clf(le )) = intF (clr (Ky (i1, ..., 4ms))). Thus,
g((intx (E;)) NF) = Ky (i1, ...y ims).

Since intx(clz(K%)) # K% and g(K%) = Ky (i1, .. . ,ims), we have a contradic-
tion. Therefore, r’ = 1.

(b) Since K% is associated to K, then Ej is associated to E}, . Assume
that £ is associated to Ej, and E} = Ej . So, IC{,” = ICZY*". Thus, qy(lC{,h) =
gy (KY). By (a), h(ax (K%)) = (CIX(’Cfx))a this implies that ¢x (K ) = gx (K ).
Consequently, K% = K4 . Hence, E; = Ej. O

The following result shows that the 6,,-graphs have unique n-fold symmetric
product suspension.

Theorem 3.5. Let m,n € N withn > 4. If X is a 0,,-graph, then X has unique
n-fold symmetric product suspension.
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PROOF. Let Y be a continuum and let h: SF,(X) — SF,(Y) be a homeomor-
phism. By Theorem 3.1, Y is a finite graph. By Theorem 3.3, R(Y) # 0. From
Theorem 3.2 and Theorem 3.4, we obtain that

2 = HFx,qx({u,v})}|

Ih({Fx, ax({u,v})})]

(N elsp, (x) (ax () < Bj € As(X)))|
[M{clsr, (v) (kg (’C&))) Ej e As(X)}|
|N{elsr, vy (ay (K3)) : B}, € As(Y)}.

By Theorem 3.2, Y is a 6,,,-graph. By Theorem 3.4(b), X is homeomorphic to
Y. O

Theorem 3.6. Let n € N with n > 4. Let X,Y be finite graphs with R(X) #
0 and R(Y) # 0 such that X is not a Op,-graph, for any m € N, and let
h: SF,(X) — SF,(Y) be a homeomorphism. Then h(Fx) = Fy.
If we also suppose that

(a) Ej € Ar(X) if and only if Ej, € Ar(Y) and

(b) Ej € Ap(X) if and only if E}, € Ap(Y),

then X is homeomorphic to Y.

PRrROOF. By Theorem 3.2,

(3.2) N{clsr, x)(ax(K%)) : Bj € As(X)} = {Fx}.
By Theorem 3.5, Y is not a 6,,/,-graph, for any m’ € N. So, by Theorem 3.2,
(3.3) ({clsr, o (av (K3)) : B), € As(Y)} = {Fy}.

Now, by Theorem 3.4(a), (3.2) and (3.3), we have that
h({Fx}) = [ {clsr, o (Max (K%))) : E; € As(X)}

= ({clsr, vy (av (K{)) : B, € As(Y)} = {Fy}.
For each E; € Ag(X), let
Kn(Ej, X) = clp, (x)(K%) — Fi(X), and K, (B}, ,Y) = clp, vy (K§) — Fi(Y).

Jn’
We consider the homeomorphism g = (¢3) ™! o ho g%.
Claim 1.
(1) 9(Cu(E;, X)) = K}, ).

Jn’

(D) |E; N R(X)| = |E}, N R(Y)|.
(II) If A € K,.(E;, X), then |[AN R(X)| = |g(4) N R(Y)].
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(IV) If A, B € K, (E;,X) satisfy AN R(X) = {p} and BN R(X) = {p}, then
9(A) N R(Y) = g(B) N R(Y).

Proof of Claim 1. (I) It follows from
cp, () (K$) = F1(Y) = clp, (v)- () (KY") = g(clp, x)-r () (K%)) = g(clp, (x)
(KX) = Fi(X)) = g(Kn(Ej, X)).

(IT) Tt follows from (a) and (b).

(ITT) Let A € K,,(E;, X).

Notice that [A N R(X)| = 0 if and only if A € intp, x)((E;)) if and only if
g(A) € intp, (v)((E},)) if and only if |g(4) N R(Y)| = 0.
Case 1. |[E;NR(X)| =1.

|AN R(X)| = 1if and only if A € bdg,(x)((E;)) — F1(X) if and only if
9(A) € bdg, (vy((E},)) — F1(Y) if and only if [g(A) N R(Y)| = 1.
Case 2. |E; N R(X)| =2.

Assume that E; N R(X) = {p, ¢} and E;-h NR(Y)={p,q¢}, where p # ¢q and
p' #q. Let

A1 = {B € bdp,x)((E;)) — F1(X) : BN R(X) = {p}},

Az = {B € bdp,x)((Ej)) — F1(X) : BN R(X) = {p,q}}.

Notice that bdg, (x)({(E;)) — F1(X) = A1 U Az U A3. In a similar way, we define
Ay, Ay, Ay, and we have that bdg, v)(E],)) — F1(Y) = A} U Ay U Aj. Notice
that:
(i) A1, As are open subsets of bdg, (x)((E;)) — Fi(X) and Aj, A, are open
subsets of ban(y)(<E;h>) - F(Y).
(i) As has empty interior in bdg, (x)((E;) ) — Fi(X) and Ay has empty
interior in bdF"(y)(<E;h>) - k().

We know that g(A; U As) € A} U Ay U Ay By (i) and (i), we have that
g(A U Ay) © AL UA,. Similarly, we obtain that g~1(A; UA,) € A1 UAy. Thus,
g(A1 U Ay) = A U A,. Therefore, g(Az) = A;. This completes the proof of
Claim 1(IIT).

(IV) Suppose that A = {p,a1,...,as} and B = {p,by,...,b;} with < s.

Let «;: [0,1] — E; be a map such that «;(0) = a; and «;(1) = b;, for each
ie{l,...,1}. Giveni € {1,...,1}, since a;,b; € intx(E;), we may suppose that
a;(t) € R(X), for each t € [0, 1].
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If | <s, for each k € {I+1,...,s}, let ai: [0,1] = E; be a map such that
ar(0) = ap and ag(1) =p. Given k € {I+1,..., s}, since aj, € intx(E;), we may
suppose that ay(t) € R(X), for each t € [0,1).

The function «: [0,1] — K, (E;, X) defined by a(t) = {p} UU;_,{i(t)}, for
each t € [0, 1], is continuous, «(0) = A and a(1) = B. Notice that p € a(t)NR(X),
for each ¢ € [0,1]. Given t € (0,1), let w € «(t) N R(X). Thus, w = p or
w e U_{a®)}. Ifw e J_{a;(t)}, then there exists so € {1,...,s} such
that ag,(t) = w. Thus, as,(t) € R(X) which is a contradiction. Thus, w = p.
Therefore, a(t) N R(X) = {p}, for each ¢t € [0,1]. By Claim I(III), we have
9(4) A ROYV)| = 1. Let {s'} = g(4) N R(Y).

Let T = {t € [0,1] : p’ € g(a(t))}. Notice that T is a closed subset of [0, 1]
and 0 € T. Suppose that T # [0,1]. Let to = inf([0,1] — T) and let {¢;}32, be a
sequence of elements in [0, 1] -7 which converges to to. Let w € E} NR(Y)—{p'}.
Then w € g(a(t;)), for each i € N. Since {g(a(t;))}52, converges to g(a(to)),
we have w € g(a(tg)). Since ty € T, then w,p’ € g(a(ty)). By Claim 1(III),
lg(a(to)) N R(Y)| = 1, so we have a contradiction. Thus, T" = [0,1]. Hence,
g(B)NR(Y) = {p'}. Therefore, g(A)NR(Y) = g(B) N R(Y). This completes the
proof of Claim 1.

We are going to define a bijection between R(X) and R(Y).

Let p € R(X). Suppose that p € E;. Fix A € K, (E1,X) such that AN
R(X) = {p}, by Claim 1(I), we have that g(A) € K,(E],,Y). By Claim 1(III),
lg(A) N R(Y)| = 1. Let p’ € Y be such that g(A) N R(Y) = {p’'}. Notice that
p ek,

We claim that p’ does not depend on A and, in fact, it does not depend on the
choice of Eq. That is, if t € {2,...,m} is such that p € E; and B € K,,(Ey, X) is
such that BN R(X) = {p}, then ¢(B) N R(Y) = {p'}. In order to prove this, we
take F1, F;, A and B as described.

Using Claim 1 (I) and (III), we have that g(B) € K, (£, ,Y) and |g(B) N
R(Y)| = 1. Let ¢’ € Y be such that g(B) N R(Y) = {¢'}. Notice that ¢’ € Ef .

We are going to prove that ¢/ = p’.

Fix t € {2,...,n} such that i; +4; = n. Since Kx(1,t) is a component of
En(X), 9(Kx(1,t)) is a component of &,(Y). By [4, Lemma 4.1], there exists a
component (inty (£7 ),...,inty (£ )) of F,(Y) — R,(Y) such that

(3.4) 9(Kx(1,t)) C (inty (Ej,),..., inty(El’T, ).

Claim 2. There are w, z € {l1,...,l,»} such that E}, = | and E = Ej, .
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Proof of Claim 2. Let a € intx(E;) and C = {p,a}. Thus, C € clp, x)(Kx (1,
t))NKn(E1, X). By (3.4) and Claim 1(I), we have g(C) € clp, vy ((inty (E] ), ...,
inty (E] ,))) N K, (£1,,Y). By Claim 1(III), [g(C) N R(Y')| = 1. Since g(C) ¢
F(Y), we have that g(C)Ninty (E7,) # 0. If By, # Ej for each j € {l1,...,1},
then g(C) ¢ clg, (v)((inty (£}, ), ..., inty (£} ,))), which is a contradiction. Thus,
there exists w € {l1,...,l~} such that Ej, = Ej, . In a similar way, there exists
z €{ly,...,lv} such that B} = Ej . This completes the proof of Claim 2.

Now, from equation (3.4) and Claim 2, the following condition is satisfied

(3.5) 9(Kx(1,t)) C (inty (E1, ), inty (Ej, ), ..., inty(El’T, ).

Claim 3. p/,¢' € E|, N E, .
Proof of Claim 3. Fix C € clp, (x)(Kx(1,t)) N K,,(E1, X) such that C N R(X) =
{p}. Since g(A)NR(Y) = {p'}, by Claim 1(IV), g(C)NR(Y) = {p'}. By (3.5) and
Claim 1(I), g(C) € (EY,,E},,...,E; ) N Ky (E1,,Y). Since g(C) € K, (E1,,Y)
and g(C)N R(Y) = {p'}, we have that g(C) —{p'} C inty(E],). Since g(C) €
(B1,, EY,s--- B ), we have that g(C) N Ef # 0. Thus, g(C) N E;, = {p'}.
Therefore, p' € Ej, .

Similarly, if we fix D € clp, (x)(Kx(1,t)) N Kn(Et, X) and D N R(X) = {p},
then g(D) N Ej, = {¢'}. Thus, ¢’ € E, .

Therefore, p', ¢ € Ef, N E;, . This completes the proof of Claim 3.

Let P={E; € Ag(X) :p€ E;} and k = |P].

Suppose that ¢' # p'.

Let Ej € P. Fix C € K,,(E;, X) such that C N R(X) = {p}, by Claim 1(III),
|g(C) N R(Y)| = 1. Let px € Y be such that g(C) N R(Y) = {p*}. Notice
that p*x € Ej} Exchanging E; by E; in Claim 2 and Claim 3, we have that
p,px€ B}, NE, .

In a similar way, we may prove px,¢" € E} N Ejf, . Hence,

(3.6) p',q € Ej,, for each E; € P.

Since Y is not a 0,,/-graph, there exists £, € Ag(Y) such that p’ € E} and
¢ ¢ E\,,orp ¢ E\ and ¢ € E) . It is enough to consider the case when
p' € B\, and ¢' ¢ E} . The other case, also conduces to contradiction.

Let B" € K,(E),,Y) be such that B’ N R(Y) = {p'}. By Claim 1(III),
lg7H(B") N R(X)| = 1. Let ¢; € X be such that g~ (B’) N R(X) = {g1}. Notice
that ¢; € E).

Remember that g(A) € K,(E7,,Y) and g(A) N R(Y) = {p'}. Moreover, AN
R(X) = {p} and p € E;.
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Since Y satisfies symmetric conditions as X, with similar arguments to Claim
2 and Claim 3, we obtain that ¢1,p € E\ N E;. Thus, E\ € P. By (3.6), we have
that p’, ¢’ € E), , which is a contradiction.

Therefore, ¢' = p'.

Let P' = {E} € As(Y) : p' € E}}. Therefore, E; € P if and only if £} € P'.
Thus, |P| = |P’|. Using this fact and hypothesis (a), (b), ord(p, X) = ord(p’, Y).

Since p’ does not depend on the choice of E; € P nor the choice of B €
Kn(E;, X), we denote it by py. In this way we have a function ¢: R(X) — R(Y)
given by ¢(p) = pp. Notice that ¢ satisfies the following property: if p € R(X)
and A € K, (Ej, X) are such that AN R(X) = {p}, then g(A) € K, (£}, ,Y)
satisfies that g(A) N R(Y) = {pn}.

According to Theorem 3.4, X and Y satisfy symmetric conditions. Hence, anal-
ogously as ¢ was defined, we may construct a function ¢ : R(Y) — R(X) given by
¢(q) = g1 with the following property: if ¢ € R(Y') and B € K,,(E7, ,Y') are such
that BN R(Y) = {q}, then g~ (B) € K,,(E;, X) satisfies that g~!(B) N R(X) =
{an-—11}.

By the properties that satisfy ¢ and ¢, we obtain that ¢ is the inverse of ¢.
Therefore, ¢ is a bijection from R(X) onto R(Y).

Now we can extend ¢ to a homeomorphism between X and Y. Take E; €
Ag(X). If |[E; N R(X)| = 2, then E; is an arc. Let p and g be the end points
of Ej. Then {p,q} = E; N R(X). By Claim 1(II), £’ is an arc with end points
¢(p) and ¢(q). We may consider a homeomorphism ¢;: E; — E} such that
©;(p) = ¢(p) and ¢;(q) = ¢(g). In the case that |E; N R(X)| = 1, assuming that
E;j N R(X) = {w}, we know that E} N R(Y) = {p(w)}. By (a) and (b), there
exists a homeomorphism ¢; : E; — E} such that ;(w) = p(w).

Let ¢ : X — Y be the function defined as ¢(z) = ¢;(z), if z € E;. By [7,
Theorem 9.4, p. 83], ¢ is a homeomorphism between X and Y. O

Theorem 3.7. Let n € N withn > 4. If X is a finite graph such that R(X) # ()
and X is not a O,,-graph, for any m € N, then X has unique n-fold symmetric
product suspension.

PROOF. Let Y be a continuum and let h: SF,(X) — SF,(Y) be a homeomor-
phism. Since X is a finite graph, by Theorem 3.1, Y is a finite graph. By Theorem
3.3 and Theorem 3.5, we obtain that R(Y) # 0 and Y is not a 6,,,/-graph, for any
m’ € N.



222 MONTERO-RODRIGUEZ, HERRERA-CARRASCO, LOPEZ, AND MAC{AS-ROMERO

Let E; € As(X), by Theorem 3.4, we consider E;} € Ag(Y) such that

hlax (%)) = ay (C22). Thus, hax ((E;) — {Fx}) = av ((E},)) — {Fy}. By The-
orem 3.6, we have that h(gx ((E;))) = qv ((E},)). Since gx ((E;)) and gy ((E], ))
are homeomorphic to SF, (E;) and SF, (E}, ), respectively, then SF, (E;) is home-
omorphic to SF,(E’, ). By Theorem 3.3, we have that E; is a cycle if and only if
B, is a cycle and E; in an arc if and only if £’ is an arc.

Let E; € Ag(X). Then E is an arc. Suppose that £ ¢ Ag(Y). Let
g1 Fu(X) = Fi(X) = Fa(Y) — Fi(Y) be defined as g(4) = (6§)~" o ho g% (A).
Since E; € Ag(X), we have that |[E; N R(X)| = 1. Let p € X be such that
E;NR(X) = {p}. Let a € X be the other end point of E;. Take pairwise distinct
points as, ..., a, € intx(E;)—{a}. Let A = {a,az,...,a,}. Notice that A € K.
By Theorem 3.4(a), g(A) € IC{}‘. Using Claim 2 of Theorem 3.3, there exists a
neighborhood M of A in F,(E;) which is an n-cell such that A € M. By [13,
Proposition 1], we may assume that M C IC&. Thus, g(M) is a neighborhood of
g(A) which is an n-cell such that g(A) € dg(M). Since g(A) € KI*, we have that
lg(A)| = n. By [22, Theorem 2.5], there exist pairwise disjoint open and connected
subsets Vi,...,V,, of E} such that g(A) € (Vi,...,V,) C intpn(E;h)(g(./\/l)).
Since Ej, ¢ Ap(Y) and g(A) € ki, we have that g(A) does not have end points
of K} . Moreover, we may assume that V; N R(Y) = 0, for each i € {1,...,n}.
Thus, V; is homeomorphic to (0,1). Therefore, (Vi,...,V;,) is homeomorphic to
(0,1)", which is a contradiction since g(A) € dg(M). Therefore, £ € Ap(Y).

By symmetry, if £ € Ap(Y), then E; € Ap(X).

We have proved (a) and (b) of Theorem 3.6. Therefore, X is homeomorphic
to Y. O

So, as a consequence of Theorem 3.3, Theorem 3.5 and Theorem 3.7, we have
our main result.

Theorem 3.8. If X is a finite graph and n € N with n > 4, then X has unique
n-fold symmetric product suspension.

Related to Problem 1.1, it is reasonable to ask whether this holds for n = 2 or
n=3.

Question 3.9. Letn € {2,3}. If X and Y are finite graphs, R(X) # 0, R(Y) #
0, and SF,(X) is homeomorphic to SF,(Y), is X homeomorphic to Y ?
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