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THE PROPERTY OF SEMI-KELLEY FOR
HAUSDORFF CONTINUA

MAURICIO CHACON-TIRADO AND MARIA DE J. LOPEZ

ABsTrACT. In this paper we introduce the property of semi-Kelley
for Hausdorff continua. We use this notion to characterize Haus-
dorff continua with the property of Kelley. We prove that if a
product of Hausdorff continua has the property of semi-Kelley, then
each factor continuum has the property of Kelley. Concerning hy-
perspaces, we prove that if either C(X), Cp(X), or 2X has the
property of semi-Kelley, then X has the property of Kelley.

1. INTRODUCTION

The property of Kelley is introduced by J. L. Kelley [12] p. 26, property
3.2] to study contractibility of hyperspaces of metric continua. In 1998,
Janusz J. Charatonik and Wtodzimierz J. Charatonik [3, Definition 3.16],
introduce the property of semi-Kelley for metric continua; in this paper,
they prove that the property of semi-Kelley is a weaker property than
the property of Kelley and generalize several results known for metric
continua with the property of Kelley to metric continua with the property
of semi-Kelley.

In 1999, W. J. Charatonik [7, Definition 2.1] and Wladyslaw Maku-
chowski [16, p. 124] extend, independently, the property of Kelley for
Hausdorff continua; in particular, Charatonik shows an example of a ho-
mogeneous continuum that does not have the property of Kelley, and
Makuchowski uses the property of Kelley to show that several definitions
of local connectivity are equivalent in the hyperspace C(X) of a continuum
X with the property of Kelley. In 2006, J. J. Charatonik and Alejandro
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Tllanes [6] study local connectedness, local arcwise connectedness, strong
local connectedness, and strong local arcwise connectedness at a point
for the hyperspaces of a compact Hausdorff space; moreover, they study
relationships between those variants when the space has the property of
Kelley. In 2017, Sergio Macias [I4] studies the property of Kelley and
the property of Kelley weakly for Hausdorff continua. Hausdorff continua
with the property of Kelley are also studied in [3], [10], [15], and [I7].

The aim of this paper is to extend the property of semi-Kelley to the
class of Hausdorff continua and to provide proofs of some results of [3]
in this new setting. Following this introduction, there are four sections.
In section 2, we recall preliminary results about the Vietoris topology
and limit superior of nets of subcontinua of a Hausdorff continuum. In
section 3, we define the notion of Hausdorff maximal limit continuum
(Definition , and, using this notion, we define the property of semi-
Kelley for Hausdorff continua (Definition [3.15). We use these concepts
to characterize Hausdorff continua with the property of Kelley (Theorem
3.12|), and we also characterize Hausdorff continua with the property of
semi-Kelley (Theorem . In section 4, we study the property of Kelley
for Cartesian products and hyperspaces. We prove that if the Cartesian
product of two Hausdorff continua has the property of semi-Kelley, then
each factor continuum has the property of Kelley (Theorem . Con-
cerning hyperspaces, we show that if X is a Hausdorff continuum which
does not have the property of Kelley and H(X) is a continuum such
that C(X) C H(X) C 2%, then H(X) does not have the property of
semi-Kelley (Theorem {4.2). In particular, we obtain that if the n-fold
hyperspace C,,(X) has the property of semi-Kelley, then X has the prop-
erty of Kelley (Corollary . On the other hand, we prove that if X has
the property of semi-Kelley and A, B € C(X) are such that A C B and
C(X) is connected im kleinen at A, then C(X) is connected im kleinen
at B as well (Theorem . In the last section, we show that the prop-
erty of semi-Kelley is preserved under retractions (Theorem , and,
moreover, semi-confluent images of continua with the property of Kelley
have the property of semi-Kelley (Theorem . We also pose some open
questions.

2. PRELIMINARIES

A continuum is a compact, connected Hausdorff space with more than
one point. A metric continuum is a continuum with a metric d that
generates its topology. Let N = {1,2,...} denote the set of natural
numbers. Given a subset A of a topological space X, the interior of A,
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the closure of A, and the boundary of A, are denoted by int(A), cl(A), and
bd(A), respectively. A space is degenerate if it contains only one point.

For a continuum X, let 2% be the collection of all nonempty closed
subsets of X, called the hyperspace of closed subsets of X, endowed with
the Vietoris topology [I8, Definition 1.7]. It is known that if X is a
continuum, then 2% is a continuum [I8, Theorem 4.9.6 and Theorem
4.10].

We will need the following lemma.

Lemma 2.1. Let X be a continuum. If B is a basis of the topology of
X, then the family of all sets of the form (Uy,...,U,) with n € N and
Ui,...,U, € B is a basis for the Vietoris topology of the hyperspace 2X.

Proof. Let 8 be a basis of the topology of X. Let (V4,...,V,,) be a basic
open subset of 2% and let A € (Vj,...,V,,). For each i € {1,...,m},
choose U; € 8 such that ANU; # 0 and U; C V;. Since 3 is a basis, the
collection {U € g : U c U, V;} is an open cover of A; by compactness
of A, we can find a finite subcover {U,,+1,...,U,} such that ANU; #
() for each i € {m + 1,...,n}. By [18, Lemma 2.3.1], (Uy,...,U,) C
Vi, V). O

We consider C(X) = {4 € 2% : A is connected} as a subspace of 2%.
The elements of C(X) are called subcontinua of X and C(X) is called the
hyperspace of subcontinua of X. Given B € C(X), let C(B,X) = {A €
C(X): B C AcC X}. Notice that C(B,X) = (2% — Upep(X — {0})) N
C(X); thus, C(B, X) is a closed subset of C(X).

Given a continuum X, if A € 2%\C(X), there exist U and V open and
disjoint subsets of X such that A Cc UUV and ANU # 0 # ANV. Notice
that A € (U, V) C 2X\C(X); therefore, C(X) is a closed subset of 2.
By [19, Corollary 2.6], C(X) is connected. Hence, C'(X) is a continuum.
Similarly, sets of the form C(B, X) are continua if B and X are continua
and B C X.

For each n € N, the n-fold hyperspace of X is defined as C,,(X) = {A €
2% : A has at most n components}, considered as a subspace of 2X.

For A C 2% or A C O(X), we denote |JA = {x € X : there exists
A € A such that z € A}.

Given a continuum X and A, B € C(X) with A C B, an order arc in
C(X) from A to B is a subcontinuum A of C(X) such that A and B are
elements of A, any two elements of A are comparable by inclusion, and
for each C € A, A C C C B; see [19, p. 286]. The main theorem about
order arcs is the following.

Theorem 2.2. Let X be a continuum. If A and B are subcontinua of X
and A C B, then there exists an order arc in C(X) from A to B.
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Proof. Let A and B be subcontinua of X such that A C B. By [13] p.
173, Theorem 5], C'(X) is order-dense (that is, for any R,T € C(X) with
R C T, there exists S € C(X) such that R C S C T). Since A, B € C(X)
and C(X) is a compact Hausdorff order-dense subspace of 2%, by [19,
Theorem 2.4], there is an order arc (in 2%) from A to B, which can be
taken in C'(X) by [19, Theorem 2.3]. O

A mapping is a continuous function. Given a function f : X — Y
between continua X and Y and subsets A C X and B C Y, let f[A4] =
{f(a) : a € A} denote the image of A under f, and let f~'[B] = {x € X :
f(z) € B} denote the inverse image of B under f. The induced function
C(f) : C(X) = C(Y) is defined by C(f)(A) = f[A4] for each A € C(X).
The induced function of a mapping f is also a mapping [I8, Theorem
5.10.1].

A net in a space X consists of a directed set D and a function f: D —
X. We usually denote a net in X by {x4}4ecp, where x4 = f(d) for each
de D.

Given a continuum X and a net {Ag}qep in 2%, S. Mrowka [20, p.
237| defines the limit superior of {A4}aep as follows: limsup{Ag}aep =
{x € X : for each open subset U of X with z € U and for each d € D,
there exists m € D with d < m and U N A4,, # 0}.

Mrowka [20, p. 238, 4.] proves that limsup{As}4ecp is a nonempty
closed subset of X.

We will use the following results concerning the limit superior. The
proofs are left to the reader.

Lemma 2.3. Let X be a continuum, let Y € 2% and let {Aq}acp be a
net in 2X. If for each d € D, there exists m € D such that d < m and
Y NA, #0, then Y Nlimsup{Aq}tacp # 0.

Lemma 2.4. Let f : X — Y be a mapping between continua X and Y.
If {Ag}aep is a net in 2% then f[limsup{Ag}acp] = limsup{f[A4]}aeD-

We prove the following lemma.

Lemma 2.5. Let X be a continuum and let A be a subcontinuum of X.
If {Aa}aep is a net in C(X) converging to A, then A is an element of
lim sup{C(Aq4, X)}aecp, and for each B € lim sup{C (A4, X)}4ep, A C B.

Proof. Let {Agq}taep be a net in C(X) converging to A. By [2, Lemma
3.2], A € limsup{C(A4q, X)}aepn-

On the other hand, let B € limsup{C(A4, X)}4ep. Suppose that there
exists a point a € A — B. We can choose two open subsets U and V' of X
such that BC U,a € V,and UNV = 0. Since (V, X)NC(X) is an open
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subset of C'(X) and A € (V, X) N C(X), we can choose dy € D such that
A, € (V,X)NC(X) for each m € D with dy < m. Since (U)NC(X) is an
open subset of C'(X), B € (U)YNC(X), and B € limsup{C(A44, X)}4ep for
do € D, there exists m € D with dg < m and (U)NC(X)NC(A,, X) # 0.
If B, € (U)NC(X)NC(Ap, X), then A, C Byy U and Ay NV 2 0.
Hence, U NV # (0, a contradiction. Therefore, A C B. a

We recall the Maximum-Minimum Theorem (for the metric case, see
[IT, p. 110] and [22| p. 68]).

Theorem 2.6 (Maximum-Minimum Theorem). Let X be a continuum.
If A is a nonempty closed subset of C(X), then there exists a mazimal
element in A, with respect to inclusion, and there exists a minimal element
in A, with respect to inclusion.

Proof. Let A be a nonempty closed subset of C(X). We use the Kura—
towski—Zorn lemma. Take a chain C C A, that is, every pair of elements
of C are comparable by inclusion. Since A is a closed subset of C'(X) and
C is a chain, we have that cl(|JC) € A. Also, C C cl(|JC) for each C € C;
we have that C has an upper bound in A. By the Kuratowski—Zorn lemma
A has a maximal element, with respect to inclusion. The existence of the
minimal element is similar, taking (C € A as a lower bound of the chain
C. O

The following lemma is similar to [12, Lemma 1.2]; the proof is also
similar and we include it for the convenience of the reader.

Lemma 2.7. Let X be a continuum. If K is a connected subset of C(X),
then |J K is a connected subset of X.

Proof. Let K be a connected subset of C'(X). Suppose, to the contrary,
that | J K is not connected; thus, there exist U; and Us nonempty disjoint
open subsets of | J K such that | JK = U; UUs. Let W7 and W5 be open
subsets of X such that Uy = Wi NYK and Uy = WonY K.

Notice that (W7) N K and (W5) N K are open subsets of K, disjoint and
nonempty, and K = ((W7) N K) U ((W2) N K). Thus, K is not connected,
a contradiction to the hypothesis; therefore, | J K is connected. O

3. THE PROPERTY OF SEMI-KELLEY

In 1998, J. J. Charatonik and W. J. Charatonik [3, Definition 3.2]
introduce the concept of maximal limit continuum for metric continua.
We extend this concept for Hausdorff continua as follows.
Given a continuum X and ¢ C C(X), we define the collection

FU)={B e C(X):C(B,X)NU + 0}.
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Definition 3.1 ([2, Definition 4.5]). Let X be a continuum and let M
and K be subcontinua of X with M C K. We say that M is a Hausdorff
mazimal limit continuum in K provided that, for each L subcontinuum
of X with M C L C K, there is an open subset U of C(X) such that
L € U and the collection F(U) is not a neighborhood of M.

The following lemma follows directly from the definition.

Lemma 3.2. Let X be a continuum and let M, K, and L be subcontinua
of X with M C K C L. If M is a Hausdorff mazimal limit continuum in
L, then M is a Hausdorff mazimal limit continuum in K.

Lemma 3.3 ([2, Lemma 4.7]). Let X be a continuum. If K is a subcon-
tinuum of X, then K is a Hausdorff mazimal limit continuum in K.

In 1999, W. J. Charatonik [7, Definition 2.1] and Makuchowski [16], p.
124] introduce, independently, the concept of the property of Kelley for
continua as follows.

Definition 3.4. Let X be a continuum and let p € X. We say that X
has the property of Kelley at p if, for each K € C({p}, X) and for each
open subset U f C(X) with K € U, there exists an open subset U of X
with p € U such that if ¢ € U, then there exists L € C({q}, X) NU. We
say that X has the property of Kelley provided that it has the property
of Kelley at each of its points.

We will use the following theorem.

Theorem 3.5 (|2, Theorem 4.3]). The following statements are equivalent
for a continuum X :
(1) X has the property of Kelley;
(2) for each open subset U of C(X), the union |JU is an open subset
of X;
(3) the function f : X — 2°(X) defined by f(p) = C({p}, X) for
each p € X, is a mapping.

Lemma 3.6 (|2, Lemma 4.16]). Let X be a continuum with the property
of Kelley and let M and K be subcontinua of X. If M C K, then M is
not a Hausdorff mazimal limit continuum in K.

In 1998, J. J. Charatonik and W. J. Charatonik [3, Definition 3.3]
introduce the concept of strong maximal limit continuum for metric con-
tinua. Recently, in [2] Definition 4.10] the authors extend this notion to
a weaker concept for continua. Now we present an alternative definition,
which is equivalent to the original definition in the metric case. With this
new definition, we are able to extend some results in the literature and to
find new ones.
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Definition 3.7. Let X be a continuum and let M and K be subcon-
tinua of X with M C K. We say that M is a Hausdorff strong mazimal
limit continuum in K provided that there exists a net {My}qep in C(X)
converging to M such that C'(K) Nlimsup{C (M4, X)}4ep = {M}.

The following lemma is immediate from the definition.

Lemma 3.8. Let X be a continuum. If K is a subcontinuum of X, then
K is a Hausdorff strong maximal limit continuum in K.

Lemma 3.9. Let X be a continuum and let M and K be subcontinua of
X with M C K. If M is a Hausdorff strong mazimal limit continuum in
K, then M is a Hausdorff mazimal limit continuum in K.

Proof. Let M be a Hausdorff strong maximal limit continuum in K and
choose a net {My}4ep in C(X) converging to M such that C(K) N
limsup{C(My, X)}aep = {M}. Let L € C(X) be such that M C L C K.
Since L € C(K) and L # M, we have that L ¢ limsup{C(M4, X)}depD.
Hence, there exist an open subset U of C(X) and dy € D such that L € U
and U N C(My, X) = 0 for each d € D with dy < d.

Suppose that F(U) = {B € C(X) : C(B, X)NU # 0} is a neighborhood
of M in C(X). Since {M4}4ep converges to M, there exists ng € D such
that My € F(U) for all d € D with ng < d. Therefore, C(My, X)NU # (
for all d € D with ng < d. Let d € D be such that dy < d and ny < d;
then U NC (Mg, X) = 0 and C(My, X) NU # (), a contradiction. So M is
a Hausdorff maximal limit continuum in K. O

By Lemma Lemma and Lemma [3.9] we have the following
corollary.

Corollary 3.10. Let X be a continuuwm with the property of Kelley. If
K is a subcontinuum of X, then K is the only Hausdorff strong mazimal
limit continuum in K.

Proposition 3.11. Let X be a continuum, let K be a subcontinuum of
X, and let {Aq}tacp be a net in C(X) converging to some subcontinuum
A of K. If M is a maximal element, with respect to inclusion, of the set
C(K) N limsup{C(Aq4, X)}acp, then M is a Hausdorff strong mazimal
limit continuum in K.

Proof. Let M be a maximal element, with respect to inclusion, of the set
C(K)Nlimsup{C(Aq, X)}aep- Let U= {U4 C C(X) : U is an open subset
of C(X) and M € U}. Order the set D x4l as follows: If (dy,U;), (d2, Us)
€ D x4, we say that (dl,Z/ﬁ) < (dg,Ug) if and only ifdy <dsand Uy C U,
so D xlis a directed set. For each (d,U) € D x4, define an element M, )
in C(X) as follows: Since M € limsup{C(A4q4, X)}daep, let n € D be such
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that d < n and U N C(A,,X) # 0, and choose M4 € U N C(A,, X).
Since Mgy € U for each (d,U) € D x iU, the net {M411)}(du)yepxu
converges to M in C(X).

We show that C(K) N limsup{C(M g, X)}@uepxs = {M}. Let
B ¢ C(K) N limsup{C(Mquy, X)}@uyepxy- By Lemma since
{M (a1} (a,u)epxs converges to M in C(X),

M € lim sup{C’(M(dM), X)}(d,M)EDXU

and M C B. Now, we prove that B € limsup{C(Ag4, X)}4ep. Let
d € D and let V be an open subset of C(X) such that B € V. Since
B € limsup{C (M), X) }(au)epxy and (d, C(X)) € D x 4, there exists
(dl,ul) € D x U such that (d,C(X)) < (dl,ul) and VﬂO(M(dl,L{l)aX) 7&
(. Let ds € D be such that d; < dy and M(dhth) e U N C(Ad2,X).
Thus, Ad2 C M(d1,Z/l1) and O(M(dl’ul),X) C C(Adz,X). Therefore, yn
C(Adz,X) # () and d < dy. Hence, B € C(K)n limsup{C'(Ad,X)}deD.
By the maximality of M, it follows that M = B. So

C(K) N lim sup{C(M(d’u), X)}(d,M)EDX)J = {M}
It follows that M is a Hausdorff strong maximal limit continuum in K. 0O
The next theorem generalizes [3, Theorem 3.11].

Theorem 3.12. The following statements are equivalent for a continuum
X:
(1) X has the property of Kelley;
(2) for each K subcontinuum of X, K is the only Hausdorff mazimal
limit continuum in K;
(3) for each K subcontinuum of X, K is the only Hausdorff strong
mazximal limit continuum in K.

Proof. The implication (1) = (2) follows from Lemma and Lemma
1.0l

The implication (2) = (3) follows from Lemma [3.§ and Lemma

We show the implication (3) = (1). Let U be an open subset of C'(X)
and suppose that | JU is not an open subset of X. Take a point = €
JU —int(UU) and choose K € U such that € K. Let D={U C X : U
is an open subset of X and x € U} be a directed set with U; < Us if and
only if Us C U, for each Uy, U; € D.

Now, for each U € D, take a point zyy € U—|JU. Notice that {zy }vep
is a net in X converging to z and {{zv }}vep is a net in C(X) converging
to {z}. By Lemma {z} € C(K)nlimsup{C({zv}, X)}vep; by
Theorem take a maximal element M, with respect to inclusion, of
the set C'(K) N limsup{C({zy}, X)}vep. By Proposition M is a
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Hausdorff strong maximal limit continuum in K and, by hypothesis, M =
K. Hence, K is an element of limsup{C({zv}, X)}uep. Since K € U
and X € D, there exists V € D such that X <V and UNC({zv }, X) # 0.
Let By e UNC{zxv}, X), so zy € By € U. Therefore, v € JU, a
contradiction to the definition of 2. Consequently, | JU/ is an open subset
of X. By Theorem [3.5] X has the property of Kelley. a

The following theorem generalizes [3| Proposition 3.15]; the proof in
the metric cases uses Whitney mappings. It is worth mentioning that
Whitney mappings do not exist in general for continua [4, Observation 3].

Theorem 3.13. If a continuum X does not have the property of Kelley,
then there exist M and K subcontinua of X such that M is a nondegen-
erate Hausdorff strong mazimal limit continuwm in K and M C K.

Proof. Let X be a continuum without the property of Kelley. By Theorem
let M and K be subcontinua of X such that M C K and M is a
Hausdorff strong maximal limit continuum in K. If M contains more
than one point, the proof is complete.

Suppose that M is a set consisting of one point and let p € X be
such that M = {p}. Since M is a Hausdorff strong maximal limit con-
tinuum in K, there exists a net {My}tqep in C(X) converging to M
such that {M} = C(K) N limsup{C(My, X)}4ep- Also, since M # K,
K ¢ limsup{C(Mg, X)}aep; thus, there exists an open subset V of
C(X) and m € D such that K € V and VN C(M,,X) = 0 for each
n € D with m < n. Let Vi,...,V, be open subsets of X such that
Ke(V,...,V,)nC(X) CV.

CraM 1. There exists a closed subset W of X such that p € int(W)
and KUA €V for each A € (W)NC(X).

Proof of Claim 1. Since p € K, without loss of generality, suppose that
p € V4. Let U be an open subset of X such that p € U and cl(U) C V4.
Define W = ¢l(U). Notice that for each A € (W)NC(X), A C cl(U) C V;.
Hence, K UA € (V1,...,V,.) N C(X) C V. This completes the proof of
Claim 1.

CrAIM 2. There exists a nondegenerate subcontinuum B of X such
that M C BC W and B € limsup{C(Md,X)}deD.

Proof of Claim 2. Let n € D. Since {Mg}4ep converges to M and
M € (int(W)), there is an element s € D with n < s such that M, €
(int(W)). Let By be the component of W that contains M,. By the
Boundary Bumping Theorem [11], p. 101, Theorem 12.10], B; Nbd(W') #
0, so Bs € (W,bd(W)) N C(Ms, X). Hence, (W,bd(W)) N C(Ms, X) # 0.
By Lemma [2.3] (W,bd(W)) N limsup{C(Mg4, X)}aep # 0. Pick B €



250 M. CHACON-TIRADO AND M. DE J. LOPEZ

(W,bd(W)) N limsup{C(My, X)}4ep. By Lemma M C B. Since
M C int(W) and BNbd(W) # 0, B is a nondegenerate subcontinuum of
X. This ends the proof of Claim 2.

Notice that B € C(K U B) N limsup{C (M4, X)}4ep, so let B’ be a
maximal element in C(K U B) Nlimsup{C(Mg, X)}4ecp, with respect to
inclusion, such that B C B’. By Claim 1, K UB € V, so that K UB ¢
lim sup{C (M, X)}4ep- Therefore, B’ # K U B. By Proposition B’
is a Hausdorff strong maximal limit continuum in K U B and, moreover,
B’ contains more than one point. The proof the theorem is complete. [

Corollary 3.14. If a continuum X does not have the property of Kelley,
then there exist M and K subcontinua of X such that M is a nondegen-
erate Hausdorff mazimal limit continuum in K and M C K.

The property of semi-Kelley for metric continua is introduced by J. J.
Charatonik and W. J. Charatonik in [3, Definition 3.16] using the notion
of maximal limit continuum. We extend this concept to continua using
the notion of Hausdorff maximal limit continuum as follows.

Definition 3.15. Let X be a continuum. We say that X has the property
of semi-Kelley provided that for each subcontinuum K of X, if M; and M,
are Hausdorff maximal limit continua in K, then M; C My or My C M;.

By Theorem we obtain the following remark. In the case of metric
continua, the same property holds (see [3, Statement 3.17]).

Remark 3.16. If X is a continuum with the property of Kelley, then X
is a continuum with the property of semi-Kelley.

Lemma 3.17. Let X be a continuum and let M and K be subcontinua of
X such that M is a Hausdorff mazimal limit continuum in K. If M # K,
then there exists S a Hausdorff strong maximal limit continuum in K such
that M C S C K.

Proof. Suppose that M # K. Since M is a Hausdorff maximal limit
continuum in K, there exists an open subset U of C(X) such that K €
U and the set F(U) is not a neighborhood of M in C(X). Let ® =
{V € C(X) : V is an open subset of C(X) and M € V} be a directed
set with V; < Vs if and only if Vo C V; for each V;,Vs € ©. For
each V € © take My € V such that My ¢ F(U). Notice that the net
{My }ven converges to M, and C(My, X)NU = () for each V € D. Hence,
K ¢ limsup{C(My, X)}veon. Since C(M, K) N limsup{C(My, X)}veo
is closed and nonempty (M is an element of it), by Theorem there is
a maximal element S € C(M, K) N limsup{C(My, X)}yeon. Notice that
S C K and S is amaximal element of S € C(K)Nlim sup{C(My, X)}yen.
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By Proposition 3.11], S is a Hausdorff strong maximal limit continuum in
K. O

The next theorem generalizes [3], Theorem 3.18].

Theorem 3.18. The following statements are equivalent for a continuum
X:
(1) X has the property of semi-Kelley;
(2) for each K subcontinuum of X, if My and My are Hausdorff
strong mazimal limit continua in K, then My C My or My C M.

Proof. The implication (1) = (2) follows from the definition of the semi-
Kelley property and Lemma [3.9

We prove (2) = (1). Suppose that X does not have the property of
semi-Kelley; thus, there exist My, My, and L € C(X) such that M; and
My are Hausdorff maximal limit continua in L, with M; and M5 not
comparable by inclusion. Notice that {B € C(L) : My,Ms C B} is a
nonempty closed subset of C(X). By Theorem choose a minimal
element K of {B € C(L) : My, M, C B}, with respect to inclusion. By
Lemma 3.8 K is a Hausdorff strong maximal limit continuum in K.

CrAiM. At least one of the following statements holds:

e if S is a Hausdorff strong maximal limit continuum in K contain-
ing Mj, then S = K;

e if S is a Hausdorff strong maximal limit continuum in K contain-
ing My, then S = K.

Proof of Claim. Let S; and Ss be Hausdorff strong maximal limit
continua in K such that M; C S; and My C Ss. By (2), S; C Sy or
Sy C Sl; thus, S1USy =S5 or S;USy; = .5;. In either case, S1US; C K
and S; U Sy contains M; and Ms. By the choice of K, S; US; = K. So
S1 = K or S; = K, and the claim is proved.

Without loss of generality, suppose that K is the only Hausdorff strong
maximal limit continuum in K containing M;. By Lemma since My
is a Hausdorff maximal limit continuum in L, M is a Hausdorff maximal
limit continuum in K. Since K contains Ms, M; C K. By Lemma [3.17]
there exists a Hausdorff strong maximal limit continuum S in K such
that M; € S € K, a contradiction. Therefore, X has the property of
semi-Kelley. The proof of the theorem is complete. O

4, PrRoDUCTS AND HYPERSPACES

We start this section with a result related to products. In 1997, Roger
W. Wardle [23, Corollary 4.6] shows that if the Cartesian product of two
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metric continua has the property of Kelley, then each factor continuum
has the property of Kelley. This result can be strengthened by assuming
that the product is a metric continuum with the property of semi-Kelley
[3, Theorem 4.1]. We generalize those results below.

Theorem 4.1. Let X and Y be continua. If X XY has the property of
semi-Kelley, then X and Y have the property of Kelley.

Proof. Suppose that X x Y has the property of semi-Kelley and that
X does not have the property of Kelley. By Theorem there exist
M,K € C(X) such that M C K and M is a Hausdorff maximal limit
continuum in K. Let p and ¢ be distinct points in Y and let a € K — M.
Define K = (K x {p, ¢q}) U ({a} xY). Notice that K is a subcontinuum in
X xY.

CraiMm. The set M x {p} is a Hausdorff maximal limit continuum in

K

Proof of Claim. Let £ € C(X xY) be such that M x {p} C L C K.
We show that there exists an open subset {4 of C(X x Y') such that £ € {
and the set F(U) = {B € C(X xY) : C(B,X xY)N4U # 0} is not a
neighborhood of M x {p} in C'(X x Y).

Denote by m : X x Y — X the projection on the first coordinate.
Since M x {p} C L, we have that M C m[L]. Suppose that M = m[L].
Observe that £ C 7 '[M]NK = M x {p,q}. Since L is connected, it
follows that £ C M x {p}. Therefore, L = M x {p}, which contradicts
M x {p} € L. So we have that M C m[L].

Note that 71[£] is a subcontinuum in X and m[£] C K. Since M is a
Hausdorff maximal limit continuum in K, there exists an open subset I/
of C'(X) such that 7m1[£] € U and the set F(U) ={B € C(X): C(B,X)N
U # (0} is not a neighborhood in M. Let C(m) : C(X xY) — C(X)
be the induced mapping and let & = (C(m))~t{U]. Since C(m) is a
mapping,  is an open subset of C(X x Y). Recall that £ € .

We prove that the set F(Y) is not a neighborhood of M x {p} in
C(X xY). Suppose, on the contrary, that F () is a neighborhood of
M x {p} in C(X xY). By Lemma[2.1} since {U x V : U is an open subset
of X and V is an open subset of Y} is a basis for the topology of X x Y,
there exist open subsets Uy, ...,U, of X and open subsets V7,...,V, of
Y such that

M x{p} e (U xV1,...,U, x V) NC(X xY) C F(4).
Notice that M € (Uy,...,U,) N C(X). Hence, there exists an element
B e (Uy,...,U,) NC(X) such that B ¢ F(U); that is, C(B,X)NU = 0.
Since B x {p} € (Uy x V1,..., U, x V) N C(X), we have that C(B x
{p},C(X xY))NU # 0. Let D € C(B x {p},C(X xY)) N4 notice
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B C m[D] and 71 [D] € U. Hence, m[D] € C(B,X)NU, a contradiction.
The proof of the claim is complete.

Similarly, the set M x {q} is a Hausdorff maximal limit continuum in
K. Since M x {p} and M x {¢} are Hausdorff maximal limit continua
in I which are non-comparable, X X Y does not have the property of
semi-Kelley. Therefore, X must have the property of Kelley. Likewise, Y’
has the property of Kelley. This completes the proof of the theorem. [

The following theorem generalizes 3, Theorem 4.5 and Theorem 4.7 |.

Theorem 4.2. Let X be a continuum which does not have the property
of Kelley. If H(X) is a continuum such that C(X) C H(X) C 2%, then
H(X) does not have the property of semi-Kelley.

Proof. Assume that H(X) is a continuum such that C(X) c H(X) c 2%.

Since X does not have the property of Kelley, by Corollary [3.14] there
exist M, K € C(X) such that M is a nondegenerate Hausdorff maximal
limit continuum in K and M C K.

Let a € K — M; by Theorem let A be an order arc in C'(X) from
{a} to K and let M be an order arc in C(X) from M to K. Define
K =F(K)JAUJM. Then K is a continuum and K C C(X) C H(X).

CLAIM 1. The set F1(M) is a Hausdorff maximal limit continuum in
K.

Proof of Claim 1. Let £ be a continuum such that Fy (M) C £ C K.
We show that there exists an open subset il of C'(H(X)) with £ € 4 such
that the set {B € C(H(X)): C(B,H(X)) N4 # 0} is not a neighborhood
of Fi(M) in C(H(X)).

Notice that M = |J F1 (M) C |JL. Suppose that M = |J L. For each
Lefl, LcJFRA(M)=M,soL e C(M). Hence, L C C(M)NK =
{M} U Fi(M). Since L is connected and Fy (M) C L, L = F{(M), a
contradiction. Therefore, M = JFA (M) CJL C UK = K. Since M is
a Hausdorff maximal limit continuum in K, there is an open subset U of
C(X) such that |J £ € U and such that the set

(4.1) {(BeC(X):C(B,X)NU# 0}

is not a neighborhood of M in C(X).
Let Uy,...,U, be open subsets of X such that |JL£ € (Uy,...,U,) N
C(X)cu.

For ease of notation, given a finite family V = {V4,...,V,,} of open
subsets of X, define the set

<V> = <V1,...,Vm>;
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given a finite family U = {V1,...,V,,} of open subsets of H(X), define
the set

(Boneer = Vi, Vindamen,s
a basic open set of the Vietoris topology of 2H(X),

Foreach Le £, L c UL C Uy U---UU,. Consider the finite family
U, = {U € {Uy,..., U} : LNU # (0} of open subsets of X. Hence,
L € UL)NH(X). Observe that {({UL)NH(X) : L € L} is a finite family of
open subsets of H(X). Let U = ({(Ur)NH(X) : L € L})oueo NC(H(X)).
We prove that £ € 4. For each L € £, L € (Ur) N H(X). Therefore,
L CUpe(Ur)NH(X)). Moreover, LN ({Ur) NH(X)) # 0 since L is an
element of it. So we have that £ € {L.

Finally, we prove that the set
(4.2) {BeCH(X)): C(B,H(X)) N AP}

is not a neighborhood of Fy(M) in C(H(X)).

Suppose, on the contrary, that is a neighborhood of Fy(M) in
C(H(X)). Let Wy, ..., W, be open subsets of H(X) such that Fy (M) is
an element of (Wi, ..., Wp,)onx) NC(H(X)) and

Wi, .o s Wi)oueo NC(H(X)) C {B e C(H(X)) : C(B, H(X)) Nl # 0}

Notice that the function p : Fy(X) — X, defined by p({z}) = =
for each {z} € Fi(X), is a homeomorphism. For each i € {1,...,m},
define W; = {z € X : {z} ¢ W, n FA(X)} = pW; N F1(X)]. Since
W; N F1(X) is an open subset of F;(X), W; is an open subset of X for
each ¢ € {1,...,m}. We show that (W;,...,W,,) contains M. Since
Fi(M) c Ui~ W;, it follows that Fy (M) C (J;~,(W; N Fi(X)). Hence,
M = p[Fy (M)] € plUL Vi N 1 (X))] = ULy oDV 0 (X)] = UL, W
Foreachi € {1,...,m}, Fy(M)NW; # 0, so p[F1 (M)]NpWiNF1(X)] # 0;
that is, M N W; # (. Thus, (Wy,..., W, ) N C(X) is a neighborhood of
M in C(X). By (1), there exists an element

(4.3) Be (Wy,...,W,)NC(X) such that C(B,X)NU = 0.

Note that F1(B) € Wi, ..., W )anco NC(H(X)), so C(F1(B), H(X))
NU # (. Take D € C(F1(B),H(X))N4. Since F1(B) C D C H(X), B =
UFi(B) c UD c X. By [6, Lemma 2.2], since D C 2% is a continuum
and DNC(X) # 0, UD is a continuum. Therefore, | JD € C(B, X).

Now we prove that |JD € (Uy,...,U,) NC(X). Given x € |JD, there
exists an element £ € D such that x € E. Since D € U, D C J; . (UL)N
H(X)). Hence, there exists an element L € £ such that E € (Ur) NH(X),
and z € E c YU c U}, U;. Therefore, |JD C |J;—, U;. On the other
hand, let k € {1,...,n}; since JL € (Un,...,U,) N C(X), consider a
point z € (L) N U. Now, there exists an element L € £ such that
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x € LNUy; since D € 4, DN (UL) N H(X)) # 0. Consider E € D such
that E € (UL)NH(X). Since U, € U, ENU, # 0. As E C D, it follows
that (D) NUy, # 0. Therefore, JD € C(B, X)N((Uy,...,U,)NC(X)).
Hence, |JD € C(B, X) NU, contradicting ([@.3). The proof of Claim 1 is
complete.

CrAM 2. The set {M} is a Hausdorff maximal limit continuum in £.

Proof of Claim 2. Let L be a continuum such that {M} C £ C K. We
show that there exists an open subset Y of C(H (X)) such that £ € £l and
the set {B € C(H(X)) : C(B,H(X)) N4 # (@} is not a neighborhood of
{M} in C(H(X)). Asin Claim 1, M C UL Cc UK =K and |JL is a
subcontinuum in X. Since M is a Hausdorff maximal limit continuum in
K, there exists an open subset U of C(X) such that [J£ € U and the set

(4.4) (BeC(X): C(B,X)NU# 0}

is not a neighborhood of M in C(X).
Let Uy,...,U, be open subsets of X such that |JL£ € (Uy,...,U,)
NC(X) C U. We consider the sets (V) and Uy, as in the proof of Claim 1.

Define sl = ({UL) NH(X) : L € L})onxy NC(H(X)). As in Claim 1,
L is an open subset of C(H(X)) and L € §L.

We prove that the set
(4.5) {Be C(H(X)): C(B,H(X)) N # 0}

is not a neighborhood of {M} in C(H(X)).

Suppose that is a neighborhood of {M} in C(H(X)). We consider
an open subset W of H(X) such that {M} € (W)oux)NC(H(X)) C {B €
C(H(X)) : C(B,H(X)) N4 # (@}. Hence, {M} C W and it follows that
M € WNC(X). By (4.4), there exists an element

(4.6) B eWnNC(X) such that C(B,X)NU = 0.

Therefore, C(B,X) N ((Uy,...,U,) N C(X)) = . Note that {B} €
W)onuxy N C(H(X)) and C({B},H(X)) N4l # @. Consider an element
D e C{B},H(X))Nn4. Since {B} C D C H(X), BC D C X. By
[6, Lemma 2.2], since D C 2% is a continuum which intersects C(X),
UD is a continuum. Hence, |JD € C(B, X). As in the proof of Claim 1,
UD e (U,...,U,)NC(X). Therefore, | JD € C(B,X)NU, contradicting
(4.6). The proof of Claim 2 is complete.

By claims 1 and 2, F} (M) and {M} are Hausdorff maximal limit con-
tinua in K; since Fy(M) and {M} are non-comparable, we obtain that
H(X) does not have the property of semi-Kelley. The proof of the theorem
is complete. O
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As a consequence of Theorem .2 we obtain the following result con-
cerning the n-fold hyperspace of a continuum.

Corollary 4.3. Let X be a continuum and let n € N. If C,,(X) has the
property of semi-Kelley, then X has the property of Kelley.

Question 4.4. Let X be a continuum with the property of Kelley. Does
there exist a continuum H(X) with the property of semi-Kelley such that
C(X) C H(X) c 2X?

The following question of Sam B. Nadler, Jr., is still unsolved (see [21]
p. 558, Question (16.37)]).

Question 4.5. Let X be a continuum. If 2% has the property of Kelley,
then does C(X) have the property of Kelley?

With relation to the previous question, we pose the following question.

Question 4.6. Let X be a continuum. If 2% has the property of semi-
Kelley, then does C'(X) have the property of semi-Kelley?

The continuum X given in [I, Example 2.1] has the property of Kelley,
while C(X) does not have the property of semi-Kelley. The following
question is natural and is related to Question

Question 4.7. Let X be the continuum given in [I, Example 2.1]. Does
2% have the property of semi-Kelley?

Given a continuum X and z € X, we say that X is connected im
kleinen at x provided that for each open subset U of X with x € U, there
exists a continuum K such that K C U and z € int(K).

The following result is a generalization of [9, Theorem 2].

Lemma 4.8. The following statements are equivalent for a continuum X
and a subcontinuum A of X:

(1) C(X) is connected im kleinen at A;

(2) for each open subset U of X with A C U, there exists an open
subset U of C(X) such that A e U C (UyNC(X), and, for each
A" eU, A and A’ are contained in the same component of U.

Proof. We prove (1) = (2). Let U be an open subset of X such that
A CU. Since A € (U)yNnC(X) and C(X) is connected im kleinen at A,
there exists a continuum K C (U) N C(X) such that A € int(K). Let
U = int(K) and consider A’ € Y. By Lemma[2.7, [JK is connected; since
A A" C UK C U, A and A’ are contained in the same component of U.
Now, we prove (2) = (1). Let W be an open subset of C'(X) such
that A € W and let U be an open subset of C'(X) such that cl(U) C W.
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Consider open subsets Uy, ...,U, of X such that A € (Uy,...,U,) N
C(X)cU. Let U =U; U---UU,, and let V be an open subset of X
such that A C V C (V) C U. By (2), there exists an open subset V of
C(X) such that A € V C (V) N C(X), and, for each A" € V, A and A’
are contained in the same component of V. Denote by K4 the closure of
the component of V' that contains A. Consider the set K = {B € C(X) :
B C K4 and there exists D € VN (Uy,...,U,) such that D C B}.

Notice A € Vv n (Uy,...,U,). We prove that V N (Uy,...,U,) C K:
Let Be VN {(U,...,Uy,); since B €V, it follows that B C K,4. Taking
D = B, we obtain B € K. Therefore, V N (Uy,...,U,) C K. Now we
prove that KC is a connected set. Take elements By, B, € K; notice that
By, By C Ky4. Since K 4 is a continuum, by Theorem [2.2] let By and B, be
two order arcs in C(X) from B; to K4 and from By to K 4, respectively.
Notice that B; € K and By € K. Hence, By U B is a connected set in IC
containing By and Bs. Therefore, K is connected.

We prove that K C U. Let B € K and let D € VN (Uy,...,U,) such
that D € B € K4 C cl(V) C U. Moreover, since D € (Uy,...,Uy,),
then DNU; # 0 for each i € {1,...,n}. Hence, BNU; # 0 for each i €
{1,...,n}. Since BC U, U =U,U---UU,, and (Uy,...,U,)NC(X) C U,
it follows that B € U. Therefore, K C U.

Since K C U, cl(K) C cl(U) C W. We have that cl(K) is a continuum
contained in W that has A in its interior. Therefore, C(X) is connected
im kleinen at A. |

The following theorem generalizes [3, Theorem 4.9].

Theorem 4.9. Let X be a continuum with the property of semi-Kelley
and let A and B be subcontinua of X with A C B. If C(X) is connected
im kleinen at A, then C(X) is connected im kleinen at B.

Proof. Assume that C'(X) is not connected im kleinen at B. We will
prove that C(X) is not connected im kleinen at A.

By Lemma there is an open subset U of X with the following
properties: (a) B C U and (b) for each open subset U of C(X) with
B el C(U)yNC(X), there exists an element B’ € U such that B and B’
are contained in distinct components of U.

CramM. For each a € A, there exists a Hausdorff maximal limit con-
tinuum A’ in A with the following properties: (c) a € A’ and (d) for
each open subset U of C'(X) with A’ € U C (U) N C(X), there exists an
element J € U such that B and J are contained in distinct components
of U.

Proof of Claim. Let a € A and let
D ={W CU:W is an open subset of X and a € W}
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be a directed set with Wy < Wy if and only if W5 C W1, for each W1, W5 €
D.

Given W € D, notice that a € BNW, a € BNU,and B C U =
W UU. Hence, B € (WU)NC(X) C (U)nC(X). Take an element
B(W) e (W,U)NC(X) such that B and B(W) are contained in distinct
components of U, and choose a point a(W) € B(W) N W. Notice that
the net {a(W)}wep converges to a. By Lemma

{a} € C(A) Nnlimsup{C({a(W)}, X)}wep.

By Theorem take a maximal element A’ of C(A) N limsup
{C{a(W)}, X)}wep, with respect to inclusion. By Lemma and
Proposition A’ is a Hausdorff maximal limit continuum in A. By
Lemma acA.

Now we prove (d). Let & be an open subset of C'(X) with A’ € U C
(U) N C(X). Since A’ € limsup{C({a(W)}, X)}wep and U € D, then
there exists an element W € D such that U < W and C({a(W)}, X)NU #
0. Now, let J € C{a(W)},X)NU, so a(W) € J C U. Therefore, J
and B(W) are contained in the same component of U, and J and B are
contained in distinct components of U. The proof the claim is complete.

Now we use Lemma [4.8]to prove that C'(X) is not connected im kleinen
at A. Let U be an open subset of C'(X) such that A e Y C (U) N C(X).
We show an element A’ € U such that A and A’ are contained in distinct
components of U. Let Uj,...,U, be open subsets of X such that A €
(U1,...,U,)NC(X) C U. For each i € {1,...,n}, choose a; € ANU,,
and let A; be a Hausdorff maximal limit continuum in A, as given by the
claim applied to the point a;. Since X is a continuum with the property
of semi-Kelley, there exists j € {1,...,n} such that A; C A; for each
i€ {l,...,n}. Notethat A; € (U1,...,U,)NC(X) C (U)NC(X) and, by
the definition of A;, there exists an element A" € (Uy,...,U,)NC(X) C U
such that A’ and B are contained in distinct components of U. Since
A; C AC B, A and A are contained in distinct components of U. By
Lemma C(X) is not connected im kleinen at A. The proof of the
theorem is complete. O

To finish this section, we give an example of a metric continuum X
without the property of semi-Kelley that satisfies Theorem [£.9]

Example 4.10. Given p,q € R?, let pg denote the convex straight line
segment from p to ¢. For each n € N, define a,, = (0,1), b, = (0,—1),
c=(-1,0),d = (1,0), and e = (0,0). Set X = cdUJ{ca,Udb, : n € N}.
We prove that X does not have the property of semi-Kelley. Let K =

[—3. 3] x {0}, My =[—3,0] x {0}, and M, = [0, 1] x {0}; notice that M;
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and M, are Hausdorff maximal limit continua in K and the sets M; and
M, are not comparable.

Let A € C(X); we prove that C'(X) is connected im kleinen at A if
and only if at least one of following two statements holds: (i) A contains
a point z such that X is connected im kleinen at z or (ii) A — ce # () and
A—ed# 0.

Suppose that C(X) is connected im kleinen at A and that A does not
contain a point x such that X is connected im kleinen at xz. There exist
p,q € (—1,1) such that p < g and A = [p,¢] x {0}. Suppose ¢ < 0.
We contradict Lemma, as follows: Let U = X — {c,d}; notice that
the component of U that contains A is e¢d — {¢,d}. For each n € N, let
pn = (p, (1 +p)%) and let ¢, = (g, (1 +q)%) be points in ca,. Notice that
Pnqn and pq are contained in distinct components of U and that {p, g, }52,
converges in C(X) to pg. This contradicts Lemma Therefore, ¢ > 0.
In a similar way, we prove that p < 0. Hence, A —ce # () and A —ed # 0.

Now suppose that either (i) or (ii) holds. If (i) holds, by [I7, Corollary
4], C(X) is connected im kleinen at A. If (ii) holds and (i) does not hold,
there exist —1 < p < 0 and 0 < ¢ < 1 such that A = [p,q] x {0}. We use
Lemma, let U be an open subset of X such that A C U; let V and
W be the two distinct components of X — {e}; notice that V' and W are
openin X and VNU # 0 # WNU. Defineld = (U, VNU,WNU)NC(X);
notice that & C (U)NC(X) and, for each A’ €U, e € A’. Sincee € A, A
and A’ are contained in the same component of U. By Lemma[L.8] C(X)
is connected im kleinen at A.

If A C B and A satisfies (i) or (ii), then B satisfies (i) or (ii). Hence,
C(X) is connected im kleinen at B if it is connected im kleinen at A.

5. MAPPINGS
A surjective mapping f : X — Y between continua is said to be

e a retraction, provided that Y C X and f(y) = y for each y € Y;
in this case, we say that Y is a retract of X;

e open, provided that for each open subset of X, its image under f
is an open subset of Y;

e monotone, provided that the point-inverse f~!(y) is connected
for each point y € Y

e confluent, provided that for each subcontinuum @ of Y, each com-
ponent of the inverse image f~![Q] is mapped onto Q under f;

e weakly confluent, provided that for each subcontinuum @ of Y,
there is a component of the inverse image f~![Q] which is mapped
onto @ under f;
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e semi-confluent, provided that for each subcontinuum @ of Y and
for each two components C; and Cs of the inverse image f~1[Q)],

either f[C1] C f[Ca] or f[Co] C f[Ci].

In this section, we prove that the property of semi-Kelley is preserved
under retractions (Theorem and, moreover, semi-confluent images of
continua with the property of Kelley have the property of semi-Kelley
(Theorem [5.4)).

We start with a lemma, generalizing [3, Lemma 5.1].

Lemma 5.1. Let X and Y be continua such that Y is a retract of X,
and let K be a subcontinuum of Y. If M is a Hausdorff mazimal limit
continuum in K when K is considered as a subcontinuum of Y, then M
is a Hausdorff mazimal limit continuum in K when K is considered as a
subcontinuum of X.

Proof. Suppose that M is a Hausdorff maximal limit continuum in K
when K is considered as a subcontinuum of Y. Let r : X — Y be a
retraction. Choose a subcontinuum L of X with M C L C K. Since M
is a Hausdorff maximal limit continuum in K when K is considered as
a subcontinuum of Y, there exists an open subset U of C(Y') such that
L €U and the set {B € C(Y): C(B,Y)NU # 0} is not a neighborhood
of Min C(Y). Let C(r) : C(X) — C(Y) be the induced mapping and let
V = C(r)~'{U]; then V is an open subset of C'(X) such that L € U C V.
Observe that {B € C(X) : C(B,X)NV 0} nCY)={B e C(Y):
C(B,Y)NU # 0}. Hence, {B € C(X) : C(B,X)NV # 0} is not a
neighborhood of M in C(X). O

The following theorem follows from Lemma [5.1

Theorem 5.2. Let X and Y be continua and let r : X =Y C X be a
retraction. If X has the property of semi-Kelley, then Y has the property
of semi-Kelley.

The following result generalizes [3, Lemma 5.3].

Lemma 5.3. Let X and Y be continua such that X has the property of
Kelley, let f : X — Y be a weakly confluent mapping, and let K be a
subcontinuum of Y. If A is a Hausdorff strong mazimal limit continuum
in K, then there exists a component E of f~1[K] such that f[E] = A.

Proof. Suppose that A is a Hausdorff strong maximal limit continuum in
K. Let {Aq}aep be anet in C(Y) converging to A such that

C(K)Nlimsup{C(A4,Y)}aep = {A}.
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Since f is weakly confluent for each d € D, choose a component By of
f71[A4] such that f[Bg] = A4, so By € C(X). Since {By} C C(X) for
each d € D, limsup{{Bi}}aep C C(X). Let B € limsup{{Ba}}4en-

Cramv 1. f[B] = A.

Proof of Claim 1. Consider the induced mapping C(f) : C(X) —
C(Y). Notice that C(f)[{Ba}] = {Aa4} for each d € D. By Lemma [2.4

C(f)limsup{{Ba}}icp]| = limsup{C(f){Ba}|}aep = limsup{{Aa}}acp
= {A}. Hence, C(f)(B) € {A}. This finishes the proof of Claim 1.

Let E be the component of f~1[K] such that B C E. It follows that
A= f[B]C f[E]C K.

CrLaM 2. f[E] C A.

Proof of Claim 2. Suppose that A C f[E] C K; since A is a Hausdorff
strong maximal limit continuum in K, we have that f[F] is not an element
of limsup{C(A4,Y)}secp. Hence, there exists an open subset U of C(Y)
such that f[E] € U, and there exists an element dy € D such that U N
C(Ay4,Y) =0 for each d € D with dy < d. Without loss of generality, we
may choose Uy, ...,U, open subsets of Y and U = (Uy,...,U,) N C(Y)
for some n € N. Since A C f(F) € U, renumbering the sets Uy, ..., Uy, if
necessary, we may suppose that {1,...,m} = {i € {1,...,n} : U;NA # (i}
for some m € N. Since (Uy,...,Uy,) N C(Y) is an open subset of C(X)
that contains A, choose dy € D such that Ag € (Uy,...,Un) N C(Y) for
each d € D with d; < d.

Observe that C(f)~![U] is an open subset of C'(X) and E € C(f)~'{U].
Let U = |JC(f)"![U]. Since X has the property of Kelley, by Theorem
U is an open subset of X. Notice that B C E C U, so B € (U).

Since dy € D, (U)NC(X) is an open subset of C'(X) containing B and
B € limsup{{Bgy}}4ecp, there exists an element dy € D with dy < d,
d; < dg, and (U)NC(X)N{By,} # 0. Therefore, By, € (U) NC(X) and
Bg, C U. For dy € D, take a point bg, € By, C U; then there exists an
element Vy, € C(f)~[U] such that by, € Vg,. Notice that C(f)[Va,] € U.
Now, f[de U de] = f[de} U f[de] = f[de] U Adz € C(Adz’y)’ which
implies f[Va,|U Ag, ¢ U as dy < ds. Since f[Vg,] € (Uy,...,U,) NC(Y)
and Ag, € (Ur,...,Un)NC(Y) by di < da, it follows that f[Vy,]UAqg, €
(Uy,...,Up)NC(Y), a contradiction. This proves Claim 2.

By claims 1 and 2, E is a component of f~![K] such that f[E] = A. O

As a corollary of Lemma [5.3] we obtain the following theorem, whose
proof is the same as the one given in [3| Theorem 5.5] for metric continua.
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Theorem 5.4. Let X and Y be continua. If f : X — Y is a semi-
confluent mapping and X has the property of Kelley, then Y has the
property of semi-Kelley.

The property of semi-Kelley is not preserved by confluent mappings,
even in the metric case ([3, Example 5.8]). On the other hand, it was
shown very recently that the property of semi-Kelley is preserved under
open mappings and under monotone mappings of metric continua [8, The-
orem 7 and Theorem 8]. In connection with these results, the following
question is interesting and natural.

Question 5.5. Is the property of semi-Kelley preserved under (a) mono-
tone, (b) open mappings?
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