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Motivation



Motivation 1: Geometry

Quote (Arnold)
“The relations between symplectic and contact geometries are similar to
those between linear algebra and projective geometry. First, the two related
theories are formally more or less equivalent: every theorem in symplectic
geometry may be formulated as a contact geometry theorem, and any
assertion in contact geometry may be translated into the language of
symplectic geometry. Next, all the calculations look algebraically simpler in
the symplectic case, but geometrically things are usually better understood
when translated into the language of contact geometry. Hence one is advised
to calculate symplectically but to think rather in contact geometry terms”

Goal
Introduce contact geometry and contact Hamiltonian systems



Motivation 2: Physics

Quote (Arnold)
“Every mathematician knows it is impossible to understand an elementary
course in thermodynamics. The reason is that thermodynamics is based–as
Gibbs has explicitly proclaimed–on a rather complicated mathematical
theory, on the contact geometry. Contact geometry is one of the few simple
geometries of the so-called Cartan’s list, but it is still mostly unknown to the
physicist–unlike the Riemannian geometry and the symplectic or Poisson
geometries, whose fundamental role in physics is today generally accepted”

Goal
Introduce contact geometry and contact Hamiltonian systems and their
relevance in physics



Motivation 3: Geom., Phys. & More
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Contact Manifolds



Symplectic Vs Contact
Definitions: Nice Vs Ugly

Symplectic Manifold

(M2n,Ω),
dΩ = 0, V ≡ Ωn 6= 0

(General) Contact Manifold

(T 2n+1,D),
“D max. non-int.”

Definition
A contact manifold is a
(2n + 1)-dimensional manifold T ,
endowed with a contact structure,
that is, a maximally
non-integrable distribution
D ⊂ TT of hyperplanes



Symplectic Vs Contact
Definitions: Nice Vs Nice

Symplectic Manifold

(M2n,Ω),
dΩ = 0, V ≡ Ωn 6= 0

Theorem (Darboux)
In the neighborhood of any point
on a symplectic manifold, it is
always possible to find a set of
local coordinates such that the
2-form Ω can be written

Ω = dpa ∧ dqa

(Exact) Contact Manifold

(T 2n+1,D = ker(η)),
V ≡ η ∧ (dη)n 6= 0

Theorem (Darboux)
In the neighborhood of any point
on a contact manifold, it is always
possible to find a set of local
coordinates such that the 1-form η
can be written

η = dw− padqa



Symplectic Vs Contact
Examples

Symplectic Manifold

(M2n,Ω), dΩ = 0, V ≡ Ωn 6= 0

Canonical coordinates:

(q, p) Ω = dpa ∧ dqa

Examples:
1 R2n + standard symplectic

(R2n,Ω), Ω = dpa ∧ dqa

2 Cotangent bundle

(T∗M,Ω)
α = padqa, Ω = dα

Contact Manifold

(T 2n+1, η), V ≡ η ∧ (dη)n 6= 0

Contact coordinates:

(q, p,w) η = dw− padqa

Examples:
1 R2n+1 + standard contact

(R2n+1, η), η = dw− padqa

2 1-jet bundle

(J1M, η) = (T∗M × R, η)
η = dw− α



Symplectic Vs Contact
Reeb Vector Field

Symplectic Manifold

(M2n,Ω), dΩ = 0, V ≡ Ωn 6= 0

Canonical coordinates:

(q, p) Ω = dpa ∧ dqa

Contact Manifold

(T 2n+1, η), V ≡ η ∧ (dη)n 6= 0

Contact coordinates:

(q, p,w) η = dw− padqa

Reeb (Characteristic) vector field:

dη(ξ, ·) = 0 η(ξ) = 1

In contact coordinates:

ξ =
∂

∂w



Symplectic Vs Contact
Symmetries

Symplectic Manifold

(M2n,Ω), dΩ = 0, V ≡ Ωn 6= 0

Canonical coordinates:

(q, p) Ω = dpa ∧ dqa

Canonical transformations:

Ω̃ = dp̃a ∧ dq̃a

= dpa ∧ dqa

= Ω

Contact Manifold

(T 2n+1, η), V ≡ η ∧ (dη)n 6= 0

Contact coordinates:

(q, p,w) η = dw− padqa

Contact transformations:

η̃ = dw̃−p̃adq̃a

= f (dw−padqa)

= f η



Contact Symmetries
Example: the Legendre transformation

Definition

Consider a disjoint partition I ∪ J of the set of indices {1, . . . , n}. A
Legendre transformation on T is given by the relations

w̃ := w− pI qI

p̃I := qI ,

q̃I := −pI ,

while leaving the rest of the coordinates unchanged, i.e. q̃J = qJ , p̃J = pJ .
When I ⊂ {1, . . . , n}, it is a partial Legendre transformation (PLT).
When I = {1, . . . , n}, it is a total Legendre transformation (TLT).

Remark
dw̃− p̃adq̃a = dw− padqa



Symplectic Vs Contact
Submanifolds: Definitions

Lagrange Submanifold

Nn ⊂ M2n s.t. Ω|TNn = 0

Legendre Submanifold

Ln ⊂ T 2n+1 s.t. η|TLn = 0

Theorem (Local characterization)
Consider a disjoint partition I ∪ J of the set of indices {1, . . . , n} and a
function of n variables f (pi, qj), with i ∈ I and j ∈ J.
The n + 1 equations

qi = − ∂f
∂pi

pj =
∂f
∂qj w = f − pi

∂f
∂pi

define a Legendre submanifold Ln of (T , η). Conversely, any Legendre
submanifold is locally defined by these equations for at least one of the 2n

possible choices of the partition of the set {1, . . . , n}.



Symplectic Vs Contact
Submanifolds: Examples

Lagrange Submanifold

Nn ⊂ M2n s.t. Ω|TNn = 0

Examples:
1 Rn in (R2n, dpa ∧ dqa)

N = {qa, pa = ca}

2 Zero section of T∗M
M0 = {(qa, pa) | pa = 0 in T∗q M}

3 Image of df in T∗M
Nf = {(qa, pa) | pa = ∂qa f in T∗q M}

Legendre Submanifold

Ln ⊂ T 2n+1 s.t. η|TLn = 0

Examples:
1 1-graph of f (qa) in J1M

Lf = {qa, pa = ∂qa f ,w = f}

2 TLT(Lf )
In general TLT(Lf ) 6= Lf .
If f (qa) is convex, then

TLT(Lf ) = Lf̃ ,

where

f̃ (pa) := max
qa

[f (qb)− paqa]



Contact Hamiltonian Dynamics



Symplectic Vs Contact
Dynamics: Definition

Hamiltonian:

H : M2n → R

Dynamics:

Ω(XH, ·) = −dH

Hamiltonian:

h : T 2n+1 → R

Dynamics:

η(Xh) = −h £Xhη = fh η

Using Cartan:

−ξ(h) η − dη(Xh, ·) = −dh



Symplectic Vs Contact
Dynamics: Hamilton’s eqs

Hamiltonian:

H : M2n → R

Dynamics:

Ω(XH, ·) = −dH

Hamilton’s eqs:

q̇i =
∂H
∂pi

ṗi = −∂H
∂qi

Hamiltonian:

h : T 2n+1 → R

Dynamics:

−ξ(h) η − dη(Xh, ·) = −dh

Hamilton’s eqs:

q̇i =
∂h
∂pi

ṗi = − ∂h
∂qi−pi

∂h
∂w

ẇ =
∂h
∂pa

pa − h



Symplectic Vs Contact
Dynamics: Example

Hamiltonian:

H = p2

2 + V(q)

Dynamics:

Ω(XH, ·) = −dH

Hamilton’s eqs:

q̇i = pi

ṗi = −∂V
∂qi

Hamiltonian:

h = p2

2 + V(q) + γ w

Dynamics:

−ξ(h) η − dη(Xh, ·) = −dh

Hamilton’s eqs:

q̇i = pi

ṗi = −∂V
∂qi−γ pi

ẇ =
p2

2
− V(q)− γ w



Symplectic Vs Contact
Liouville Theorem

H is conserved:

Ḣ = XHH = 0

Canonical transformations:

£XH Ω = 0

Liouville Theorem:

£XH Ωn = 0

h is NOT conserved:

ḣ = Xhh = − ∂h
∂w h

Contact transformations:

£Xhη = − ∂h
∂w η

Contact Liouville Theorem:

£Xh

(
|h|−(n+1)η ∧ (dη)n) = 0

[Bravetti & Tapias, JPA 48, 245001, (2015)]
[Bravetti & Tapias, PhysRevE 93, 022139, (2016)]

http://iopscience.iop.org/article/10.1088/1751-8113/48/24/245001/meta
http://journals.aps.org/pre/abstract/10.1103/PhysRevE.93.022139


Symplectic Vs Contact
Variational Principles

Lagrange-Hamilton (∼1800):

s =

∫ T

0
L(q, q̇)dt→ extr.

E-L equations:

d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi = 0

Noether theorem:

Herglotz (∼1930):

ẇ = L(q, q̇,w)→ extr.

Generalized E-L equations:

d
dt

(
∂L
∂q̇i

)
− ∂L

∂qi − ∂L
∂w

∂L
∂q̇i = 0

Generalized Noether Theorem:

[Georgieva, Guenther, & Bodurov, JMP 44(9), 3911-3927, (2003)]
[Georgieva, Proceedings of the 12th ICGIQ (2011)]

https://aip.scitation.org/doi/abs/10.1063/1.1597419
https://projecteuclid.org/euclid.pgiq/1436815622


Symplectic Vs Contact
Hamilton–Jacobi

Stationary:

H (q, ∂qs) = c

Evolutionary:

H (q, ∂qs) = ∂s
∂t

Characteristic eqs:

q̇i =
∂H
∂pi

ṗi = −∂H
∂qi

Stationary:

h (q, ∂qw,w) = c

Evolutionary:

h (q, ∂qw,w) = ∂w
∂t

Characteristic eqs:

q̇i =
∂h
∂pi

ṗi = − ∂h
∂qi−pi

∂h
∂w

ẇ =
∂h
∂pa

pa − h



Symplectic Vs Contact
Hamilton–Jacobi

Stationary:

H (q, ∂qs) = c

Evolutionary:

H (q, ∂qs) = ∂s
∂t

Stationary:

h (q, ∂qw,w) = c

Evolutionary:

h (q, ∂qw,w) = ∂w
∂t

[Wang, Wang & Yan, Nonlinearity, 30(2):492, (2016)]
[Wang, Wang & Yan, arXiv:1801.05612, (2018)]

http://iopscience.iop.org/article/10.1088/1361-6544/30/2/492/meta
https://arxiv.org/abs/1801.05612


Symplectic Vs Contact
Algebraic Structures

Poisson bracket:

{F,G} := Ω(XF,XG)

In coords:

{F,G} =
∂F
∂qa

∂G
∂pa
− ∂G
∂qa

∂F
∂pa

Then:
Integrable Systems
Heisenberg Algebra

Jacobi bracket:

{f , g} := η([Xf ,Xg])

In coords:

{f , g} =
∂f
∂qa

∂g
∂pa
− ∂g
∂qa

∂f
∂pa

+ pa

(
∂f
∂w

∂g
∂pa
− ∂g
∂w

∂f
∂pa

)
+ f

∂g
∂w
− g

∂f
∂w

Then:
Contact Integrable Systems
Contact Heisenberg Algebra



Symplectic Vs Contact
Algebraic Structures

Poisson bracket:

{F,G} := Ω(XF,XG)

In coords:

{F,G} =
∂F
∂qa

∂G
∂pa
− ∂G
∂qa

∂F
∂pa

Jacobi bracket:

{f , g} := η([Xf ,Xg])

In coords:

{f , g} =
∂f
∂qa

∂g
∂pa
− ∂g
∂qa

∂f
∂pa

+ pa

(
∂f
∂w

∂g
∂pa
− ∂g
∂w

∂f
∂pa

)
+ f

∂g
∂w
− g

∂f
∂w

[Arnold & Novikov, Dynamical Systems IV, Springer, (2001)]
[Bravetti, Chung & Tapias, JPA 50(10):105203, (2017)]

https://www.springer.com/la/book/9783540626350
http://iopscience.iop.org/article/10.1088/1751-8121/aa59dd/meta


Contact
Hamiltonian dynamics.

Applications



Symplectic Vs Contact
Applications

Mechanics
(of conservative systems)

Equilibrium StatMech
(microcanonical measure)

Optimal Control
(Pontryagin Min Principle)

Mechanics
(of dissipative systems)

Equilibrium StatMech
(any target measure)

Optimal Control
(PMP in Thermodynamics)



Contact Hamiltonian Mechanics

h = H(q, p)+ f (q, p,w)

q̇i =
∂H
∂pi

+
∂f
∂pi

ṗi = −∂H
∂qi−

∂f
∂qi−pi

∂f
∂w

ẇ = pa
∂H
∂pa
− H + pa

∂f
∂pa
− f

Moral: we can obtain different dissipative systems
[Bravetti, Cruz & Tapias, AnnPhys 376 (2017) 1739]

http://www.sciencedirect.com/science/article/pii/S0003491616302469?


Contact Hamiltonian Mechanics
Example

h = 1
2 p2 + V(q)+ γ w

q̇ = p

ṗ = −∂V
∂q
−γ p

ẇ =
1
2

p2 − V(q)−γ w

Moral: mechanical systems with linear dissipation
[Bravetti, Cruz & Tapias, AnnPhys 376 (2017) 1739]

http://www.sciencedirect.com/science/article/pii/S0003491616302469?


Contact Hamiltonian StatMech

Remind: Contact Liouville Theorem

dµh = |h|−(n+1)η ∧ (dη)n

Choose:

h = [ρ(q, p)ρ(w)]−1/(n+1)

Obtain the desired invariant measure:

dµh = ρ(q, p)ρ(w) dp dq dw

Moral: equilibrium StatMech, sampling distr.
[Bravetti & Tapias, PhysRevE 93, 022139, (2016)]

http://journals.aps.org/pre/abstract/10.1103/PhysRevE.93.022139


Contact Hamiltonian StatMech
Example

h =
[
e−βH(q,p)ρ(w)

]−1/(n+1)

dµsys = e−βH(q,p)dp dq

Moral: dynamics for the canonical ensemble
[Bravetti & Tapias, PhysRevE 93, 022139, (2016)]

http://journals.aps.org/pre/abstract/10.1103/PhysRevE.93.022139


Contact Hamiltonian ThDynamics

1st Law of TD:

dw− padqa = 0

Prop1[TD Phase Space (TPS) is contact]:(
T 2n+1 = {q, p,w} , η = dw− padqa)

Prop2[TD systems are Legendre submanifolds]:

LS = {q, p = ∂qS,w = S(q)}
Prop3[Conservation of the equilibrium]:

LS invariant ⇐⇒ h|LS = 0

[Mrugała et al, RepMathPhys 29, 1 (1991)]

http://www.sciencedirect.com/science/article/pii/003448779190017H


Contact Hamiltonian ThDynamics
Example

Entropy Maximum Principle:
max
u∈U

∫ tf
0 Ṡ dt + S(q(tf ))

q̇i = Fi (q, ∂qS; u) (Balance equations)
qi(0) = qi

0 (Initial Conditions)

Then [Pontryagin Min Principle]

H(q, p; u) = (pa−∂qaS) Fa(q, ∂qS; u)
H(q∗, p∗; u∗) = min

u∈U
H(q∗, p∗; u)

pi
∗(tf ) = ∂qiS|q∗(tf )

Moral: Thermo-dynamics from Optimal Control
[Bravetti & Padilla, arxiv.org/abs/1804.03309]

https://arxiv.org/abs/1804.03309


Further subjects
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Ongoing & Future Works
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Announcements

1 Course on Contact Geometry and TD
[Bravetti, IJGMMP, 1940003, (2018)]

2 Course on Multi-scale models
[Modelos Multiescalas: teorı́a y aplicaciones]

3 Postdoc Positions at CIMAT
[Convocatoria postdocs 2019]

https://www.worldscientific.com/doi/abs/10.1142/S0219887819400036
http://modelosmultiescala.eventos.cimat.mx/
https://www.cimat.mx/node/153


Thank you!



Contact Gravity



Contact Quantum Mechanics 1



Contact Quantum Mechanics 2



Contact Quantum Mechanics 3



Contact Shape Dynamics
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